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PREFACE TO THE REISSUE OF
NUCLEAR STRUCTURE (VOLUMES I AND 11)

Many of our colleagues have called our attention to an apparent need
for access to the present volumes, which have been out of print for some
time. Especially they have had in mind younger scientists entering nuclear
physics as well as other areas such as the structure of mesoscopic systems in
which the generality of concepts from nuclear structure has manifested
itself. We therefore welcomed the interest expressed by World Scientific
Publishing Company in a reissue of the work.
Since the first edition published in 1969 (Vol I) and 1975 (Vol II), there
has, of course, been an enormous development in the field of nuclear
physics based on the refinement of the experimental arts. The field has
expanded in so many directions, in connection with the increase in
accessible energy, angular momentum, and nuclear species, and the new
phenomena, which have been revealed, have stimulated conceptual
developments concerning the significant degrees of freedom and their
interplay in nuclear dynamics. Thus, in connection with the reissue of the
original text, we have considered the possibility of adding material covering
these developments. However, we quickly recognized that it would be
impossible for us to provide an assessment of this vastly expanded subject
with anything like the degree of comprehensiveness aimed at in the original
text. At the same time, this text continues to describe the basis for the understanding of nuclear structure as we see it today, and, therefore, we feel it the

vi

PRZFACE TO THE REISSUE

most appropriate to reissue the text in its original form. It is our hope that
such a reissue may contribute to the basis for the exploration and
digestion of current developments in a wide field.

Aage Bohr
Ben R. Mottelson
Copenhagen, 1997
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PREFACE

While the first volume of the present treatise was concerned primarily
with nuclear properties associated with single-particle motion, the second
volume deals with aspects of nuclear dynamics associated with the various
types of collective deformations that may occur in the nucleus. The collective as well as the single-particle degrees of freedom constitute elementary
modes of excitation, and a central theme in the developing understanding
of nuclear structure has been the effort to achieve a proper balance in the
use of concepts referring to these two contrasting facets of nuclear dynamics.
The earliest discussion of nuclei as built out of neutrons and protons
was based on independent-particle motion in a collective central field, in
analogy to the picture that had been successfully employed in the description of atomic structure.' The development took a new direction as a result
of the discovery of the dense spectrum of narrow resonances in neutroninduced reactions, which drew attention to the strong coupling between the
motion of the individual nucleons in the nucleus (see Vol. I, p. 156), and led
to a description of nuclear dynamics in terms of collective degrees of
freedom similar to the vibrational modes of a liquid drop (Bohr and
Kalckar, 1937). A few years later, the discovery of the fission process
provided a striking example of such collective motion.
A new major turn in the development resulted from the analysis of the
accumulated evidence on nuclear binding energies and moments, which
demonstrated convincingly the existence of nuclear shell structure (Haxel,
Jensen, and Suess, 1949; Mayer, 1949; see also Vol. I, pp. 189 ff.). One was
then faced with the problem of reconciling the simultaneous occurrence of
single-particle and collective degrees of freedom and of exploring the
' A vivid impression of this early phase in the exploration of nuclear structure is conveyed by the
discussions of the Seventh Solvay Meeting (Gamow, 1934; Heisenberg, 1934).

xvii
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PREFACE

variety of phenomena that arise from their interplay (Rainwater, 1950;
Bohr, 1952; 1Iill and Wheeler, 1953; Bohr and Mottelson, 1953).
In the evolution of an appropriate framework for the description of
nuclear structure, the concept of a deformation in the nuclear density and
potential has been the unifying element. The deformations represent the
collective degrees of freedom and, at the same time, affect the motion of the
individual nucleons, thereby providing the organizing agent responsible for
the collective ,notion itself. The roles of the many different types of deformations that may occur in the nuclear systems constitute the topic of the
present volume.
In the analysis of collective motion in the nucleus, the study of
rotations has played a special role, due to the unique simplicity of these
degrees of freedom. (Indeed, the response to rotational motion has been a
key to the development of dynamical concepts ranging from celestial
mechanics to the spectra of elementary particles.) The special position of
the rotations and the extensive empirical evidence on rotational spectra
motivate the treatment of this mode as the first topic of the present volume
(Chapter 4).
The occurrence of rotational spectra is a feature of nuclei with equilibrium shapes that deviate from spherical symmetry (collective mode
associated with spontaneously broken symmetry). The simple quantitative
relationships that govern these spectra make possible a detailed study of
single-particle motion in the nonspherical nuclei. This analysis, discussed in
Chapter 5, constitutes a major extension of the evidence on single-particle
motion obtained from the study of spherical nuclei, and at the same time
provides a basis for exploring the coupling of rotational and single-particle
motion.
Chapter 6 contains a discussion of the great variety of collective
vibrational modes and of the many couplings between the different elementary modes of excitation. The writing of this chapter has gone through
numerous drafts reflecting the increasing awareness of the vast scope of the
field and of the possibilities for obtaining a highly unified theoretical
framework in terms of the particle-vibration coupling.
In the original plan, it was envisaged that the analysis of the collective
modes in terms of the motion of the individual nucleons would be a subject
for Volume 111, t o be introduced through the study of interaction effects in
configurations involving a few nucleons. However, the evolution of Volume
I1 has led to the incorporation of the microscopic theory of collective
motion following directly from the analysis of the particle-vibration coupling. With this change of plan, the first two volumes have emerged as
self-contained and at the same time present a more comprehensive view of
nuclear dynamics than was originally envisaged2
*The reader encountering references to Volume 111. which occur in Volume I. should consult the
Subject Index of Volume I1 for a discussion of the relevant topics.

PREFACE

xix

z),

As in Volume I, the material in Volume I1 is divided into text (
illustrative examples ( H ), and appendices ( pfs ). The examples, especially
in Chapter 6, play a somewhat expanded role, since it was deemed desirable
to exploit this dimension in order to develop a number of topics without
interrupting the coherent presentation of the text.
In the preparation of the present volume, we have had the benefit of
criticisms, discussions, and direct help from a large circle of colleagues. We
as well as the readers owe a special debt to Peter Axel, without whose
patient and imaginative suggestions the presentation would have been even
more impenetrable, and to Ikuko Hamamoto whose probing testing of the
entire material has been both an inspiration and a major contribution to
clarity and consistency. We should also like to express our appreciation to
Bertel Lohmann Andersen, Sven Bjmnholm, Ricardo Broglia, Sven Gosta
Nilsson, David Pines, John Rasmussen, Vilen Strutinsky, and Wladek
Swiatecki for valuable discussions and suggestions.
I t has been our immense good fortune, throughout the more than
fifteen challenging years of struggle with the present treatise, to have the
continued and never-failing support of the outstanding team comprising
Lise Madsen, Henry Olsen, and Sophie Hellmann. A special tribute is due
to Sophie Hellmann who, with undiminished strength and enthusiasm, has
fulfilled her unique role even though the campaign was to extend beyond
her eightieth year: to o u r gratitude and admiration, we should like to add
our deep appreciation for the pleasure and inspiration it has been to work
together with her.
AAGEBOHR

BEN R. MOTTELSON
Copenhugen
I075
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ROTATIONAL SPECTRA

Ch. 4

OCCURRENCE OF COLLECTIVE ROTATIONAL
MOTION IN QUANTAL SYSTEMS’

A common feature of systems that have rotational spectra is the
existence of a “deformation”, by which is implied a feature of anisotropy
that makes it possible to specify an orientation of the system as a whole. In
a molecule, as in a solid body, the deformation reflects the highly
anisotropic mass distribution, as viewed from the intrinsic coordinate frame
defined by the equilibrium positions of the nuclei. In the nucleus, the
rotational degrees of freedom are associated with the deformations in the
nuclear equilibrium shape that result from the shell structure. (Evidence for
these deformations will be discussed on pp. 133ff. ( E 2 moments) and in
Chapter 5 (deformed single-particle potential).) Rotational-like sequences
are also observed in the hadron spectra and are referred to as Regge
trajectories (see, for example, Fig. 1-13, Vol. I, p. 65), but the nature of the
deformations involved has not yet been identified.
Collective motion having a structure similar to the rotations in space
may occur in other dimensions, including isospace and particle-number
space, if the system possesses a deformation that defines an orientation in
these spaces. The rotational bands then involve sequences of states differing
in the associated angular-momemtum-like quantum numbers, such as isospin and nucleon number. (Such sequences occur in superfluid systems (see
pp. 393ff.) and may also occur as excitations of the nucleon (see pp. 20ff.).)
The deformation may be invariant with respect to a subgroup of
rotations of the coordinate system, as for example in the case of axially

‘Spectra associated with quantized rotational motion were first recognized in the absorption of
infrared light by molecules (Bjerrum, 1912). The possible occurrence of rotational motion in nuclei
became an issue in connection with the early attempts to interpret the evidence on nuclear excitation
spectra (see, for example, Teller and Wheeler, 1938). The available data, as obtained, for example, from
the fine structure of a decay, appeared to provide evidence against the occurrence of low-lying
rotational excitations, but the discussion was hampered by the expectation that rotational motion would
either be a property of all nuclei or be generally excluded, as in atoms, and by the assumption that the
moment of inertia would have the classical value, as for rigid rotation. The establishment of the
rotational mode in nuclei followed the recognition that such a mode was a necessary consequence of the
existence of strongly deformed equilibrium shapes (Bohr, I95 I); the occurrence of such deformations
had been inferred at an early stage (Casimir, 1936) from the determination of nuclear quadrupole
moments on the basis of atomic hyperfine structure. The analysis of E 2 transitions gave additional
evidence for collective effects associated with deformations in the nuclear shape (Goldhaber and
Sunyar, 1951; Bohr and Mottelson, 1953a). The identification of rotational excitations came from the
observation of level sequences proportional to I ( I + 1 ) (Bohr and Mottelson, 1953b; Asaro and
Perlman, 1953) and was confirmed by the evidence of the rotational intensity relations (Alaga et a/.,
1955). The development of the Coulomb excitation process provided a powerful tool for the systematic
study of the rotational spectra (Huus and ZupanEiE, 1953; see also the review by Alder ef al., 1956).
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symmetric deformations. In such a situation, the deformation only partially
defines the orientation of the intrinsic coordinate system, and the rotational
degrees of freedom are correspondingly restricted. A first step in the
analysis of the rotational spectra is therefore an analysis of the symmetry of
the deformation and the resulting rotational degrees of freedom. This topic
will be discussed in Sec. 4-2 for the case of axially symmetric systems,
which are of special significance for nuclear spectra; systems without axial
symmetry will be considered in Sec. 4-5. (The consequences of symmetry in
the deformation represent a generalization of the well-known restriction of
molecular rotational states imposed by identity of nuclei; see pp. 11 and
180.)
The occurrence of rotational degrees of freedom may thus be said to
originate in a breaking of rotational invariance. In a similar manner, the
translational degrees of freedom are based upon the existence of a localized
structure. However, while the different states of translational motion of a
given object are related by Lorentz invariance, there is no similar invariance applying to rotating coordinate frames. The Coriolis and centrifugal forces that act in such coordinate frames perturb the structure of a
rotating object.
In a quanta1 system, the frequency of even the lowest rotational
excitations may be so large that the Coriolis and centrifugal forces affect
the structure in a major way. The condition that these perturbations be
small (adiabatic condition) is intimately connected with the condition that
the zero-point fluctuations in the deformation parameters be small compared with the equilibrium values of these parameters, and the adiabatic
condition provides an alternative way of expressing the criterion for the
occurrence of rotational spectra (Born and Oppenheimer, 1927; Casimir,
193 1).
A simple illustration of this equivalence is provided by a system
consisting of two particles bound together by a potential possessing a
minimum for separation R (the equilibrium separation). The motion of the
system can be described in terms of rotation and radial vibrations. The
frequency of the rotational motion, for the lowest states, is

where M , is the reduced mass. The frequency of the vibrational motion
depends on the amplitude A R of zero-point vibration

4
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The condition that the fluctuations in shape be small compared with the
average deformation, AR<< R , is therefore equivalent to the adiabatic condi.
simple system illustrates the manner in which the
tion w , , ~ < < o , ~ ~This
rotational modes emerge as a low-frequency branch in the vibrational
spectrum, in a situation where the vibrational potential energy possesses a
minimum for an anisotropic shape.
The relationship between members of a rotational band manifests itself
in the regularities of the energy spectra and in the intensity rules governing
the transitions to different members of a band. For sufficiently small values
of the rotational angular momentum, the analysis can be based on an
expansion of energies and transition amplitudes in powers of the rotational
frequency or angular momentum. These expressions acquire a special
simplicity for systems with axially symmetric shape and in this form are
found to provide a basis for the interpretation of an extensive body of data
on nuclear spectra (Sec. 4-3).
The dependence of matrix elements on the rotational angular momentum reflects the response of the intrinsic motion to the Coriolis and
centrifugal forces and can be analyzed in terms of the coupling between
rotational bands based on different intrinsic structures, as discussed in Sec.
4-4 (see also pp. l l l f f . and pp. 130ff.). For large values of the angular
momentum, the rotational perturbations may strongly modify the intrinsic
structure of the system. The structure of nuclear matter under these extreme
conditions is a matter of considerable current interest (see pp. 41 ff.).
The discussion of rotational bands in the present chapter is based on the
geometry of the deformed intrinsic structure. The states in a rotational band can
also be characterized in terms of representations of symmetry groups; the group
structure then expresses the symmetry of the rotating object. The bands described
by representations of compact groups terminate after a finite number of states;
thus, the U, symmetry group applying to particle motion in a harmonic oscillator
potential has been exploited to illuminate features of nuclear rotational spectra
associated with the finiteness of the number of nucleons that contribute to the
anisotropy (Elliott, 1958; see also the discussion on pp. 93 ff.). Bands continuing to
indefinitely large values of the angular momentum can be associated with representations of noncompact symmetry groups (see the discussion in Chapter 6, p.
41 1).

4-2 SYMMETRIES OF DEFORMATION.
ROTATIONAL DEGREES OF FREEDOM
A separation of the motion into intrinsic and rotational components
corresponds to a Hamiltonian of the form

H = Hintr(q,p) + Hrot,a(f'J

(4-3)

3 4-2

SYMMETRIES

3

t

5

The intrinsic motion is described by the coordinates q and conjugate
momenta p , which are measured relative to the body-fixed coordinate frame
and are therefore scalars with respect to rotations of the external coordinate
system. The orientation of the body-fixed frame, defined by the deformation of the system (see p. l), is specified by angular variables denoted by w.
The rotational Hamiltonian does not depend on the orientation w (if no
external forces act on the system) and is a function of the conjugate angular
momenta P,. The labeling of the rotational Hamiltonian in Eq. (4-3)
indicates that the rotational motion may depend on the quantum numbers
a specifying the intrinsic state.
The eigenstates of the Hamiltonian (4-3) are of the product form
(4-4)

For each intrinsic state a, the spectrum involves a sequence of rotational
levels, specified by a set of angular momentum quantum numbers denoted
by I in Eq. (4-4).
The discussion of the consequence of symmetry in the present section
is independent of the explicit relationship between the set of variables
q , p , w , P,, in which the Hamiltonian approximately separates, and the
variables describing the position, momenta, and spins of the individual
particles. This relationship is connected with the microscopic analysis of the
collective rotational mode and is implicit in the treatment of this mode in
terms of the intrinsic excitations, as discussed in Sec. 6-5h (see also p. 210).
4-2a Degrees of Freedom Associated with Spatial Rotations
Rotational motion in two dimensions (rotation about a fixed axis) has
a very simple structure. The orientation is characterized by the azimuthal
angle 9, and the state of motion by the eigenvalue M of the conjugate
angular momentum. The associated rotational wave function is
(4-5)

The orientation of a body in three-dimensional space involves three
angular variables, such as the Euler angles, w=+,O,\CI (see Fig. 1A-1, Vol. I,
p. 76), and three quantum numbers are needed in order to specify the state
of motion. The total angular momentum Z and its component M = I, on a
space-fixed axis provide two of these quantum numbers; the third may be
obtained by considering the components of I with respect to an intrinsic (or
body-fixed) coordinate system with orientation w (see Sec. 1A-6a). The
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intrinsic components Z,,2,3 commute with the external components Ix,y,r,
because
are independent of the orientation of the external system (are
scalars). The commutation rules of the intrinsic components among themselves are similar to those of Zx,y,r, but involve an opposite sign (see Eq.
(1A-91)). As a commuting set of angular momentum variables, we may thus
choose 12, Z,, and 13. The eigenvalues of I , are denoted by K (see Fig. 4-1),
and have the same range of values as does M ,
K = Z , Z - I, ...,- I

(4-6)

2

t

I

Figure 4-1 Angular momentum quantum numbers describing rotational motion in three
dimensions. The t axis belongs to a coordinate system fixed in the laboratory, while the 3
axis is part of a body-fixed coordinate system (compare the 3~ and X’systems defined in
Fig. 1A-I, Vol. I, p. 76).

For specified values of the three quantum numbers I , K , and M , the
rotational wave function is given by (see Eq. (IA-97))

(4-7)
where the functions 53hK are the rotation matrices. The result (4-7) can be
obtained by a transformation from the fixed coordinate system to a rotated
system coinciding with the intrinsic frame (see Vol. I, p. 89). For K=O, the
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-9 functions reduce to spherical harmonics (see Eq. (1A-42))

The wave function (4-8) is independent of $, but normalized, as in Eq. (4-7),
with respect to integration over all three Euler angles.
For K=O, the rotational wave function is the same as for the angular
motion of a point particle with no spin. For finite K , the rotational motion
corresponds to the angular motion of a particle with helicity h = K (see Eq.
(3A-5)).
While I2 and I, are constants of the motion for any rotationally
invariant Hamiltonian, the commutator of I , with the Hamiltonian depends
on intrinsic properties of the system. In general, therefore, the stationary
states involve a superposition of components with different values of K ,
(4-9)
The third rotational quantum number is denoted by 7, and the amplitudes
c,,(K) depend on the relative magnitude of the moments of inertia, as will
be discussed in Sec. 4-5.
4-2b Consequences of Axial Symmetry

If the system possesses axial symmetry, two consequences ensue:
(a) The projection I , on the symmetry axis is a constant of the motion.
(b) There are no collective rotations about the symmetry axis.
The first implication is well known from classical mechanics and
expresses the invariance of the Hamiltonian with respect to rotations about
the symmetry axis. More generally, I , is a constant of the motion if the 3
axis is a symmetry axis for the tensor of inertia.
Implication (b) is a feature of the quanta1 description expressing the
impossibility of distinguishing orientations of the intrinsic frame that differ
only by a rotation about the symmetry axis. This consequence of the axial
symmetry is similar to the absence of collective rotations for a spherical
system. It follows that the quantum number K represents the angular
momentum of the intrinsic motion and has a fixed value for the rotational
band based on a given intrinsic state. (In diatomic molecules, the angular
momentum of the collective rotational motion is perpendicular to the
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symmetry axis because the nuclei can be treated as mass points and
because the electrons do not rotate collectively in the axially symmetric
binding field.)
The restriction on the rotational degrees of freedom resulting from
axial symmetry corresponds to the constraint
(4-10)

where J , is the operator representing the component of intrinsic angular
momentum. The condition (4-10) implies that the operations associated
with rotations about the symmetry axis, which are generated by I,, have
prescribed values determined by the intrinsic structure.
Since the axial symmetry makes it impossible to distinguish orientations
differing only in the value of the third Euler angle
this variable is redundant.
The constraint (4-10) ensures that the total nuclear wave function, which is a
product of intrinsic and rotational wave functions (see Eq. (4-4)), is independent of
the value of +. In fact, a rotation of the intrinsic frame through an angle A+ about
the 3 axis multiplies the intrinsic wave function by the factor exp { - iJ,A+} and the
rotational wave function by exp { d,A+}; the total wave function is therefore
invariant, for J , = 1, (= K ) . Instead of treating the Euler angle as a redundant
variable, one may constrain to have a definite value, such as = 0 or = - (p; see
the comment on the helicity wave function in Appendix 3A, Vol. I, p. 361. If
were fixed, the normalization constants in Eqs. (4-7) and (4-8) would be multiplied
by ( 2 ~ ) ' ' ~ .

+,

+

+

+

+

+

4-2c 9? Invariance

A further reduction in the rotational degrees of freedom follows if the
intrinsic Hamiltonian is invariant with respect to a rotation of 180" about
an axis perpendicular to the symmetry axis. Rotations about different axes
perpendicular to the symmetry axis are equivalent; for definiteness, we
choose a rotation 9?= 9T'J.rr) with respect to the 2 axis. (For systems with
axial symmetry but not spherical symmetry, 9 invariance is the only
possible additional rotational invariance; in fact, invariance with respect to
any other rotation would imply an infinity of symmetry axes and hence
spherical symmetry.)
The 9 invariance implies that the rotation 9T' is part of the intrinsic
degrees of freedom, and is therefore not to be included in the rotational
degrees of freedom. We can express this constraint by requiring that the
operator 9?e,which performs the rotation 9 by acting on the collective
orientation angles (external variables), is identical to the operator q,which
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performs the same rotation by acting on the intrinsic variables
ge=
Bi

(4- 1 1)

The condition (4-11) is analogous to the constraint (4-10) associated with
the invariance under infinitesimal rotations about the symmetry axis.
Intrinsic states with K=O can be labeled by the eigenvalue r of 9i,

(4-12)

+

The eigenvalues of 9iare ? 1 because 9?’= g2(277)= 1 for a system with
integer angular momentum.
The operation ge acting on the rotational wave function (4-8) inverts
the direction of the symmetry axis (0-77-0, +-++n), and we obtain

The constraint

=

9etherefore implies
I

(-1) = r

(4-14)

and the rotational spectrum contains states with only even values or only
odd values of I ,

(4-15)

The constraint 9e= r halves the domain of independent orientation angles
and removes every other I value from the rotational spectrum.
The intrinsic states with K#O are twofold degenerate, as a consequence of the 9 invariance. We shall use a notation such that K is taken
to be positive, and the rotated states with negative eigenvalues of J, are
denoted by E,

If the intrinsic states are expanded in components of total angular momen-
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tum J, the phase convention (4-16) implies (see Eq. (1A-47))
J

(4- 17)
J+K

@~=eXp{i7TJ2}@~=
x(-I)

CJQJ,-K

J

where Q,, - r K are components of a J multiplet with J, = 5 K.
The effect of 9?eon the rotational wave function is given by

9egh,(

0 )=

exp { - i7~1,)g h K ( w )
I+K

(4-18)

In the derivation of Eq. (4-18), we have employed the relation (1A-47) and
the fact that the matrix elements of I , have the opposite sign from those of
I, (see Eqs. (1A-93)). In order to fulfill the condition (4-11), the nuclear
wave functions must therefore have the form

z=K,K+l,

...

(K>0)

(Note that 9i2=
9:=(
- 1)*'.) From the two intrinsic states CP, and QR, we
can thus form only a single rotational state for each value of I , as a
consequence of the restrictions in the rotational degrees of freedom imposed by the 23' invariance of the deformation.
The wave function (4-19) is not of the simple product form (4-4), but
involves a sum of two such terms, associated with the degenerate intrinsic
states. The superposition of the two components represents an interweaving
of intrinsic and rotational degrees of freedom, which gives rise to interference effects with no counterpart in a classical system. The matrix
elements of an operator F between symmetrized states of the type (4-19)
can be written
(K212 M2 I F I K I I , M 1)

I4-2
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in terms of matrix elements for unsymmetrized states

(4-21)

In deriving the result (4-20), we have used the relation

expressing the condition that any physical operator must transform in the
same manner under the equivalent operations 5?e and 5?i.
The second term in Eq. (4-20) involves the phase factor
a=( - 1)

I+K

(4-23)

which is referred to as the signature (following the terminology applied to
Regge trajectories). The contribution of this term to the matrix element
alternates in sign for successive values of 1 (if we assume the operator F
itself to be a smooth function of orientation angles and angular momenta).
The signature-dependent term in the matrix elements implies that the
rotational bands with K Z O , in a system with axial symmetry and 9'
invariance, tend to separate into two families distinguished from each other
by the quantum number u.
The occurrence of two interfering terms in the matrix element (4-20) is
a specific quanta1 effect. For matrix elements between two states in the
same band, the signature-dependent term contributes if the operator F can
invert the sign of 1, and thereby produce effects equivalent to a rotation 5?
of the entire system.
Rotors with 9 symmetry were first encountered in the spectra of diatomic
homonuclear molecules (see, for example, Herzberg, 1950; pp. 130ff.). For such a
system, the quantum number r , for states with vanishing electronic angular
momentum about the axis, can be expressed in the form r = re1P(12),where rel
represents the r quantum number of the electronic wave function, while P(12)
represents the spatial exchange of the nuclei. The statistics for the identical nuclei
implies the relation P( 12) = ( - l)', where S is the total nuclear spin. For the total
rotational angular momentum L, exclusive of the nuclear spins, we therefore
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obtain, from Eq. (4-14), the condition
L

( - 1) = re'( -

(4-24)

which expresses the restriction on the rotational motion associated with the
statistics (Hund, 1927).
The conventional notation in molecular spectroscopy characterizes the
electronic wave function as positive or negative with respect to reflection in a plane
containing the molecular axis. The operation, denoted in the following by 9 with
eigenvalue s, is the product of 9 and the parity operation 9 (see p. 16). The
electronic state of the molecule is labeled by the quantum numbers sel( = + or -)
and the parity re',which is referred to as g (gerade; re'
= + 1) or u (ungerade,
re,=
- 1). Thus, for example, an electronic 'Z; state has TG = seI= - 1 and hence
rel= repel= 1 ; the upper left-hand index is the electronic spin multiplicity, while
the letters X,rI,A, ... give the component A of the electronic orbital angular
momentum with respect to the symmetry axis ( = 0,1,2,...).
The redundance in the degrees of freedom associated with the 9 invariance,
as discussed in the present section, is associated with a lack of uniqueness of the
variables (q,w) when regarded as functions of the particle coordinates x . Thus, the
two sets of variables (q,w) and (q',w'), related by

+

(4-25)
refer to the same x. The condition 9;'9e=
1, therefore, expresses the requirement
that wave functions and operators be single-valued functions of x. (The transformation to the variables (q,w ) and the associated invariance conditions can be
exhibited in a simple form in a model describing the dynamical degrees of freedom
in terms of the amplitudes for quadrupole deformation; see Appendix 6B.)
The lack of uniqueness in the orientation angles considered as a function of
the particle variables is connected with the fact that these angles are taken to be
symmetric functions of the coordinates (and momenta) of the identical particles.
Such a description is especially appropriate in the characterization of collective
deformations in a system like the nucleus, where the particles move throughout the
volume of the system and are, therefore, continually exchanging positions. In some
situations, one can employ an alternative approach that involves a labeling of the
constituent particles. Thus, for example, in a two-body system, the orientation is
usually chosen as the direction from particle 1 to particle 2. This procedure is the
one employed in characterizing the orientation of a molecule and leads to angle
variables that are single-valued functions of the coordinates. The consequences of
the identity of the particles are expressed in a different form in the two approaches.
When the orientation angles are symmetric functions of the variables of the
identical particles, the exchange of two such particles is an intrinsic operator, and
the intrinsic states carry the appropriate permutation symmetry. When the definition of the orientation angles involves a labeling of the particles, the exchange acts
also on the orientation angles, and the requirements of permutation symmetry may
lead to restrictions in the rotational spectrum.
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4-2d 9 and TSymmetry
If the intrinsic Hamiltonian is invariant with respect to space reflection
and time reversal, the operations 9 and T a c t on the intrinsic motion but
do not affect the orientation angles.
Since 9
' commutes with J,, the intrinsic states can be labeled by the
parity quantum number
(4-26)
and all the states in the band have the parity 7 ~ .For K=O bands, the
quantum numbers IT and r are distinct; each may, independently of the
other, take the value + 1 or - 1.
For a 7and $-invariant intrinsic Hamiltonian, we can choose
phases for the intrinsic states such that 9?F=1 (compare Eq. (1-39)). From
Eq. (4-16) then follow
Y@K(4)= @ r k )

where the phase factor (is the value ofY2(see Eq. (1-41)). Since time
reversal does not affect w, the rotational wave function is transformed into
its complex conjugate, and we obtain (see Eqs. (1A-38) Tnd (4-19))

in accordance with the general phase rule (1-40).
The transformation under time reversal, combined with Hermitian
conjugation, gives the relation
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for the intrinsic matrix elements of an operator depending on the internal
variables. The phase factor c characterizes the transformation of the operator F under particle-hole conjugation (see Eq. (3B-2 1)).
For the diagonal matrix element in a K=O band, the relation (4-29)
yields

(K=OIFJK=O)=O

for

c=

+1

(4-30)

For bands with KfO, we obtain the selection rule

(KJFIK)=o

for

c(-1)

2K

=+I

(4-3 1)

for the signature-dependent term in the matrix element connecting two
states in the same band (see Eq. (4-20)). (For an operator depending also on
the rotational variables (w,ZK),the phase factor c to be used in the expressions above refers to the transformation of F in the space of the internal
variables. Since w is invariant while ZK changes sign under time reversal
combined with Hermitian conjugation, the phase factor characterizing the
transformation of the total operator equals + c or - c depending on
whether the operator is even or odd with respect to the inversion IK+ - ZK.)
In the following sections (Secs. 4-2e and 4-2f), we shall consider
rotational spectra associated with deformations that are not invariant with
respect to 9,9,and
while Sec. 4-2g deals with rotational motion
resulting from a deformation that couples spin and isospin. The observed
nuclear rotational spectra, at least in the great majority of cases, are found
to have the full symmetry considered above, and some readers may therefore prefer to proceed directly to the discussion in Secs. 4-3 and 4-4.
4-2e Deformations Violating 9 or

7Symmetry

In a system governed by overall 9’and Tinvariance, the occurrence
of a deformation that violates either of these symmetries is associated with
a two-valued collective degree of freedom, corresponding to the equivalence
of configurations with opposite sign of the deformation. The spectrum,
therefore, acquires a doublet structure.
An example of a parity-violating deformation would be provided by a
pseudoscalar component in the one-body potential and density, proportional to s * r. (The possibility of a pseudoscalar deformation in the nuclear
potential was considered by Bleuler, 1966; see also Burr et al., 1969). The
potential s - r is rotationally invariant; in a nonspherical, but axially symmetric nucleus, the corresponding potential would involve two separate

5
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terms, proportional to s3x3 and s,x, + s2x2, respectively. Parity-violating
potentials of the type considered also violate 7symmetry, but conserve
9'7
The
. assumption of overall conservation of 9 as well as Yimplies
that deformations of either sign have the same energy, and all the states of
the system therefore occur in two modifications 'k, and q - = Y'k+.The
two sets of states can be combined to form eigenstates of 9,
(4-32)

(We have assumed the phases of the states 'k,- to be chosen in such a
manner that these states have the eigenvalue 1 for the operator 9
7 97;
the states (4-32) then have the standard phasing, 9 Y=1.) Hence, the
spectrum consists of parity doublets. The doublets are connected by
AT = 0 - transitions of collective character, with matrix elements proportional to the pseudoscalar deformation.
The configurations with opposite sign of the deformation are separated
by a potential barrier, but in a quanta1 system, an inversion of the
deformation can take place by a "tunneling" motion. The frequency a, of
this inversion gives the energy separation, A E =hut, between the parity
doublets. The treatment of the tunneling effect requires a combination of
the conjugate intrinsic Hamiltonians to form a 9-and .F-conserving
Hamiltonian that includes the degree of freedom associated with the
tunneling motion. In this manner, the collective degree of freedom
associated with the doublet structure appears as a limiting feature of the
vibrational spectrum, for a potential function with two minima separated
by a barrier. The eigenstates are given by Eq. (4-32), in the approximation
in which the overlap of the states 'k+ and 'k- can be neglected.
Similar considerations apply to deformations that violate other combinations of 9 and 7.Thus, a one-body potential proportional to s . p
violates 9,
but not 7,
and gives rise to parity doublets, as in the case
considered above. An example of a 7-,
but not 9-violating deformation is
provided by a potential proportional to r - p + p - r ; such a deformation leads
to a spectrum consisting of doublets having the same quantum numbers ZT.

+

4-2f Combinations of Rotation and Reflection Symmetries

If a <9or 7-violating deformation occurs in a nonspherical system,
one obtains a doubling of all the states in the rotational band, as discussed
in Sec. 4-2e. A connection between rotational motior, and the degrees of
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freedom associated with 9- and 7-violating deformations occurs if the
system, while violating 99 symmetry, is invariant with respect to a combination of 99 with 9 or 7 symmetry.

9 invariance
An example is provided by an axially symmetric shape deformation
containing components of odd multipole order. Such a deformation violates
9 and 9 symmetry, but conserves 99,
as can be seen from the fact that
this combined operation represents a reflection in a plane containing the
symmetry axis. (Diatomic molecules with nuclei of different charge have
deformations of this type; the possible occurrence of nuclei with stable
deformations containing octupole components is discussed on p. 561 .)
The invariance with respect to a reflection in a plane containing the
symmetry axis is conveniently expressed in terms of the operation
(4-33)

9 =99-’

Such an invariance of the deformation implies that 9 is an intrinsic
variable. The parity
9=/9
(4-34)
is therefore an operator that acts on the intrinsic variables through
S(=Si)
and on the rotational variables through 9 (= 9J.
The intrinsic states with K = 0 are eigenstates of
and T (assuming
as in the case of shape
the intrinsic Hamiltonian to be invariant under 7,
deformations),

4

X @ ) , , K = O ( d =S @ s , K = O ( d
XY@s,K=O(q)

(4-35)

=@ s , K = O ( d

The last relation determines the phase of @. The effect of 9eon the
rotational wave function is given by Eq. (4-13), and the relation (4-34)
therefore yields
77=s(-

1)

I

(4-36)

Hence, the band contains the states

17r=0+,1-,2+,

...

z77=0-, 1 t , 2 - , ...

s= + I
s= - I

(4-37)
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The factor i for T = - 1 ensures the standard transformation (4-28) under
time reversal.
For K#O, the intrinsic states are twofold degenerate, as a consequence
of 9 (or 7)
symmetry. We can choose the phases of the intrinsic states
such that (compare Eqs. (4-16) and (4-27))

The relation (4-34) implies that the total nuclear states of definite parity
involve the following combinations of Q K and Q K :

The phase a is chosen, in the last form of Eq. (4-39), so as to ensure the
standard transformation under time reversal. (The wave functions (4-39)
contain, as a special case, the helicity representation of the one-particle
wave functions; the phase factor i corresponds to the phase 'i in Eq.
(3A-5).)
The violation of 9 and '9 implies that there is no constraint on the
rotational or parity degrees of freedom, separately. For each intrinsic state,
the band contains states with all values of 1 > IKI, and both parity values
occur. However, the 9 invariance implies a link between rotation and
parity, which selects the set of states (4-37) and (4-39).
The spectrum associated with an 9'9-invariant but 5V- and 9violating deformation exhibits characteristic differences from that
associated with a 9-violating, but 97-conserving, deformation. As
mentioned earlier, a deformation of the latter type gives a parity doubling
of all states and thus, for K=O, the rotational spectrum contains the states
h = O + , 2 2 , ..., or IT=
l ? , 3 ? , ..., depending on the value of r .
Moreover, for KfO, the signature-dependent terms (see Eq. (4-20)) are the
same for the parity doublets, since the intrinsic states BK and Q K are of the
type (4-32). In contrast, for the 5V 9-iwariant deformation, the signaturedependent terms have opposite sign for the two states (4-39) and, hence,
contribute to the energy splitting of the parity doublets. (Such a splitting is
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similar to the A-type doubling in molecular spectra; see, for example,
Herzberg, 1950, pp. 226 ff.).
A further separation between the parity doublets arises from a tunneling motion, similar to that discussed o n p. 15 for a 9-violating deforma79-invariant system, the tunneling leads to a n inversion of
tion. For the 9
the symmetry axis through continuous variations of the shape, for fixed
orientation. This effect gives rise to a n energy shift A E = . t i q of the negative
parity states relative to the positive parity states, which in first approximation is independent of I . T h e tunneling may be treated in terms of a n
and 9-invariant, intrinsic Hamiltonian, which includes the
extended, 9degree of freedom associated with the barrier penetration. The eigenstates
of the extended intrinsic Hamiltonian consist of doublets with opposite
parity, separated by the energy&,. The total wave functions are given by
the expressions (4-15) and (4-19), which reduce to the forms (4-37) and
(4-39) if the intrinsic states are represented by symmetric and antisymmetric
combinations of states referring to the two opposite directions of the 9 and 9-violating deformation (see Eq. (4-32)).
A corresponding tunneling, or inversion, effect plays an important role in the
analysis of the spectra of polyatomic molecules (see, for example, Herzberg, 1945,
p. 33 and pp. 220ff.). In a simple molecule, like NH,, the tunneling frequency in
the ground state is of the order of 10” sec-’, which is a factor lo3 smaller than the
frequency of vibrations in the tunneling direction and an order of magnitude
smaller than the lowest rotational frequency. The inversion frequency decreases
rapidly with the mass of the atoms involved and the complexity of the configurations. For most of the organic molecules with left-right asymmetry, the lifetime for
transitions between the “isomers” exceeds the time scale of biological evolution.

Survey of symmetries
The considerations in the present and previous sections illustrate the general
rules that govern the relationship between the collective degrees of freedom and the
invariance of the deformation with respect to rotations and reflections. For an
axially symmetric system, the invariance group of the intrinsic Hamiltonian is the
product of rotations about the symmetry axis and the group G of discrete
operations under which the deformation is invariant. The group may comprise up
to eight elements formed out of combinations of 9,9,and 7. In the case of
maximum symmetry violation, for which G contains only the identity, the intrinsic
states, which can be labeled by K = I,, are nondegenerate, and the rotational
spectrum has two states for each Za with I > IKI (that is la= (IKI ? ) 2 ,
(IKI + 1, ? ) 2 , . . .). The invariance of the deformation reduces the number of states
in the rotational spectrum by a factor equal to the number of elements in the group
G . The two parity values occur with equal weight, except when G contains the
in which case the entire collective spectrum has the same parity as the
element 9 ,
7,
979’, or YY),
intrinsic state. If G includes an operation that inverts I,, (9,
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the intrinsic states are twofold degenerate (for KfO), and the rotational states are
formed by a combination of the conjugate intrinsic states.
Examples of symmetry combinations are illustrated in Fig. 4-2a. In the first
case, the intrinsic Hamiltonian is assumed to be invariant under 9,9,
and F,
for

K+3 n

4n

2x
r =+1

O n

r =-I

K = O,X

L+

3-2+
-1-

s = +I

o+

3n

-K + 2 n

In

-K X

K+l X

K>O,n

-L - -K + 3 k
-3 + -K + 2 k
-2 - -K + l 2
-1+
0-K t
5

= -1

K=O

K>O

-42

(K+3 *)2

3+

( K + 2 t)'

-0 2

( K + 1 ?)2
(K t)'

-22
-12

K-0
Figure 4-2

(a)

K>O

Rotational spectra for axially symmetric systems with different combinations of

9,9,
and Yinvariance. The intrinsic states are illustrated in Fig. 4-2a and the associated
rotational spectra in Fig. 4-2b; the quantum numbers IT are given to the right of the energy
levels.
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K Z O , the intrinsic state is invariant under 9 7 and 9 and transforms into the
degenerate state with opposite J, under 9 and 7,
In the second case, the 9
symmetry is violated, but Hintis assumed to be invariant under r a n d 9 9 (or
9);
under 9 or 9 separately, the states transform into eigenstates of a new
equivalent Hamiltonian .%”-‘Hint
g , as indicated by the dotted figures. In the
nor 9 is a symmetry of Hint.The 9 9
third case, only 7but neither 9,99 ,
symmetry is broken by a potential, such as s,p,, symbolized by a sign ( + ) which
The multiplicity of states in the
changes under 9 9 and 9 ,but not under 7.
rotational spectrum is illustrated in Fig. 4-2b for the various combinations of
symmetries considered in Fig. 4-2a.

4-2g Rotational Motion in Isospace

The deformations considered in the previous sections refer to anisotropies in ordinary three-dimensional space. Deformations of a generalized type may occur in the dimensions associated with the specific quanta1
degrees of freedom such as particle number and isospin. These deformations give rise to families of states with relations similar to those involved in
rotational bands.
Deformations violating particle-number conservation are characteristic
of superfluid systems and lead to collective families of states with different
values of the particle number: The occurrence of such spectra in superfluid
nuclei (“pair rotations”) will be considered in Sec. 6-3f. As an example of a
deformation in isospace, we consider, in the small print below, the strong
coupling model of the pion-nucleon system (Wentzel, 1940; Opp-enheimer
and Schwinger, 1941; Pauli and Dancoff, 1942; see also Henley and
Thirring, 1962).
A rather strong interaction between the nucleon and the pseudoscalar meson
field is associated with processes by which p-wave mesons are created and
absorbed through the coupling to the nucleon spin s. For a neutral (isoscalar)
meson field, the p-wave components of given frequency w can be represented by a
vector q(w), the Cartesian components of which are associated with oscillations of
the meson field in the directions of the coordinate axes. (The spherical components
qp are associated with the creation of mesons with angular momentum component
p and the annihilation of mesons in the time-reversed state.) For a free field, each
component qi(w) with i = 1, 2, 3 is equivalent to a harmonic oscillator of frequency
w . The coupling to the nucleon spin is proportional to the scalar product s q,
(4-40)
where the strength and form factor of the coupling are expressed by the function
F(o). The coupling (4-40) provides a force driving the meson field oscillators from
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their equilibrium position qi=O. A coupling of sufficient strength may lead to a
static deformation that is large compared with the zero-point oscillations. The
deformation of the p-wave field has the character of a vector and therefore
possesses axial symmetry (about the direction of this vector). In the intrinsic
system, the nucleon spin is in a state of m;= 1/2 (with suitable choice of direction
along the symmetry axis), and only meson field components with p'=O are
affected. Hence, the intrinsic state has Kn= 1/2+. The deformation is 99
invariant (but violates 9 and 9separately), and the rotational spectrum contains
the states In= 1/2+,3/2+, ... (see p. 18).
For the isovector pion field, each component qi(o) is a vector in isospace, and
the coupling takes the form
2

(4-41)
ij- 1

where t is the isospin of the nucleon. This coupling can produce a deformation in
each of the two spaces similar to that associated with the coupling to the neutral
field. However, the state of lowest energy involves a correlation in the two spaces
such that the deformation is invariant with respect to rotations performed simultaneously in both spaces, with the same angle and about the same intrinsic axis
K ( = 1,2,3). This invariance implies that the intrinsic state is an eigenstate with
eigenvalue 0 of the composite spin-isospin operator u = s t, defined in the intrinsic
coordinate system. In such a state, t,= - s,, and hence, for each value of K , the
deformation q,, is as large as the q33 deformation in the uncorrelated state
mi = 1/2, mi = 1/2; the correlation therefore gives an increase in the binding energy
by a factor of three. (It is readily shown that the u = 0 state gives maximal binding;
to this purpose, it is convenient to note that, by suitable (different) rotations in spin
and isospace, it is possible to bring the coupling (4-41) to diagonal form involving
only intrinsic components q,,., with K ' = K . A deformation of similar symmetry is
encountered in the description of superfluidity resulting from correlated pairs in 3P
states (L= 1, S = 1); Balian and Werthamer, 1963.) The intrinsic state with u=O
does not possess axial symmetry in either of the two spaces, but is invariant with
respect to arbitrary rotations performed simultaneously about any of the intrinsic
axes K in the two spaces. The rotational states therefore satisfy the condition
I, + T, = 0 for K = 1,2,3, and the spectrum consists of the series of states

+

I= T=

:,t,...

where w and wT represent the orientations in space and isospace, respectively.
It is possible that the Z=3/2, T=3/2 nucleon isobar with a mass of 1236
MeV (see Fig. 1-1 1, Vol. I, p. 57) may correspond to the first excited state of such a
generalized rotational band. This interpretation would imply relarions between the
properties of the nucleon and the isobar state similar to the intensity relations in
nuclear rotational spectra (see Sec. 4-3), but there appears so far to be no test of
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these relations. However, the rather large excitation energies, which exceed the pion
rest mass, may indicate that the coupling is not sufficiently strong for a quantitative
treatment in terms of a static deformation. (For a discussion of the effective
coupling strength, see Henley and Thirring, 1962, pp. 192ff.) There is at present no
evidence for the existence of higher members of the sequence (4-42), with I = T
> 5/2. In contrast to the I = T = 1/2 and 3/2 members, the higher states cannot be
constructed from a configuration of three quarks, each of which has spin and
isospin 1/2 (see, for example, Vol. I, p. 41), and this circumstance might imply a
discontinuity in the rotational band of a type similar to that encountered in the
rotational spectra of light nuclei (see, for example, the discussion of 8Be, pp.
101ff.).
The experimental evidence concerning the excitation spectrum of the nucleon
may suggest additional rotational relationships (see the trajectories of baryon states
with fixed T in Fig. 1-13, Vol. I, p. 65). Several different bands based on a given
intrinsic state are possible if a corresponding number of different deformations are
present.

4-3 ENERGY SPECTRA A N D INTENSITY RELATIONS
FOR AXIALLY SYMMETRIC NUCLEI
The intimate connection between states in a rotational band is reflected in the relations between the matrix elements involving different members of a given band. The separation between rotational and intrinsic
motion implies that, in first approximation, the matrix elements of the
various operators can be expressed in terms of products of intrinsic and
rotational factors. The intrinsic factor is the same for all the members of a
band, and the rotational factor gives the dependence of the total matrix
element on the rotational quantum numbers. For systems with axial symmetry, the rotational wave function is completely specified by the quantum
numbers I K M (see Sec. 4-2a). and the dependence of the matrix elements
on the rotational quantum numbers follows from the tensorial structure of
the operators (Alaga et al., 1955; Bohr, Froman, and Mottelson, 1955;
Satchler, 1955; Helmers. 1960). The relations are similar to the intensity
rules that govern the radiative transitions in molecular band spectra (Honl
and London, 1925).
Departures from the leading-order intensity rules arise from the Coriolis and centrifugal forces acting in the rotating body-fixed system. These
effects can be analyzed in terms of a coupling between rotational and
intrinsic motion giving rise to a mixing of bands, as discussed in Sec. 4-4.
Alternatively, the higher-order effects can be described in terms of renormalized, effective operators acting in the unperturbed basis; in such a n
approach, which provides a convenient basis for a phenomenological de-
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scription, the coupling effects are represented by the dependence of the
renormalized operators on the rotational angular momentum. For
sufficiently small rotational frequencies, the Coriolis effects can be treated
by perturbation theory, and the operators can be expanded in a power
series of the rotational angular momentum. For axially symmetric systems,
as discussed in the present section, the general form of such an expansion is
greatly restricted by the symmetry of the rotational motion and the
tensorial structure of the operators (Bohr and Mottelson, 1963). The particle-rotor model treated in Appendix 4A provides a simple explicit example
illustrating many of these general relationships.
The renormalization of the operators associated with the rotational coupling
effects may be expressed in terms of a canonical transformation that diagonalizes
the Hamiltonian in the representation of the uncoupled motion. This transformation may also be viewed as a transformation to new intrinsic and rotational
variables, in terms of which the perturbed wave functions retain the form (4-19).
The explicit construction of the transformation is considered in Appendix 4A for
the model consisting of a particle coupled to the motion of a rigid rotor.

4-3a Rotational Energies
For a slowly rotating system, the energy is given, to first approximation, by the intrinsic energy EK associated with the state QK(q), and is
therefore the same for all the members of the band. The superimposed
rotational motion gives an additional energy depending on the rotational
angular momentum. Since the energy is a scalar with respect to rotations of
the coordinate system, the effective Hamiltonian can only involve the
components I, of the angular momentum with respect to the intrinsic axes.
Energy expansion for bands with K = 0

For bands with vanishing intrinsic angular momentum K , the rotational energy has an especially simple form. Such bands involve only a
single intrinsic state
(see Eq. (4-15)); the part of the energy operator
acting in K=O bands is therefore diagonal with respect to I , and can only
depend on the combination I:+ 1;.
To leading order, the rotational Hamiltonian is of the form

where h,(q,p) is a function of the intrinsic variables. The expectation value
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of the operator (4-43) can be written

h2
Erot=---I(I+ 1)
29-

(4-44)

with the effective moment of inertia Xdefined by
2

4- =(Klh,lK)
2Y -

(4-45)

The form (4-44) is the familiar expression obtained by quantizing the
classical Hamiltonian for a symmetric top.
More generally, the rotational energy can be expressed as a function of
I ( I + 1). For sufficiently small values of I , one can employ an expansion in
powers of I ( I + l),
Erot(I(Z+l ) ) = A I ( I + I ) + B 1 2 ( I + 1 f + C 1 3 ( I + l)3+D14(Z+1 f + .
(4-46)

where A is the intrinsic matrix element (4-45), while B , C, D,.. . are corresponding higher-order inertial parameters.
The deviations from the leading-order rotational energy (4-44) may be
viewed as a dependence of the moment of inertia on the rotational angular
momentum. The moment of inertia is defined as the ratio between the
angular momentum A I , and the angular frequency a,,
(4-47)

The frequency may be obtained from the canonical equation of motion for
the angle conjugate to I,,
(4-48)

since the rotational Hamiltonian, in a K=O band, is a function of I:+ 1;.
For the moment of 'inertia (A = y 2 = ywe
) ,thus obtain

(4-49)
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and, hence, the expansion (4-46)for the energy in powers of Z(I+ 1) implies

N = T(A+2BZ(Z+1)+3CZ2(Z+1)2+..*)-1
A*
= -(A-'-2BA-2Z(Z+l)+(4B2A-3-3CA-2)Z2(Z+1)2+
h2

- - - ) (4-50)

2
The energy and moment of inertia may also be expanded in powers of
the rotational frequency rather than angular momentum (Harris, 1965).
Such an expansion occurs naturally in the analysis of the rotational properties in terms of the response of the nucleonic motion to the rotating
potential (cranking model; see pp. 75 ff.). The relation between the energy
and the moment of inertia now takes the form (see Eqs. (4-47)and (4-49))
aHrot --

ao2

a(I:+z;)
a(I;+z;)
a02
aH,,,

- -1

2 3

a(02x2)
aw2
(4-51)

or, in terms of a power series expansion in w 2 ( = o f + w &

The value of w 2 associated with the quantum state Z can be obtained from
the relation (see Eq. (4-47))
h2Z(I+ 1 ) = w 2 P

(4-53)

If the moment of inertia is given by the expansion (4-52),the energy can be
expressed in the form (4-46)with

(4-54)

...
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The expansion coefficients a , P , y , . . . of Eq. (4-52) thus provide a
parameterization of the rotational energy alternative to that given by Eq.
(4-46) in terms of the coefficients A , B , C , ... . The nonlinear relation between the angular momentum and frequency implies that the two expansions in general have different radii of convergence.
Ground-state bands of even-even nuclei

The low-energy spectra of the even-even nuclei exhibit a striking
simplicity, and in certain regions of N , Z values (see Fig. 4-3) consist of a
sequence of states with IT = 0 , 2 + , 4 + ,.. . and energies approximately
following the relation (4-44), as shown in Fig. 4-4. Examples of such
rotational spectra are discussed in more detail in connection with Fig. 4-7
(168Er,p. 63), Fig. 4-9 (238U,p. 67), Fig. 4-1 1 (172Hf,p. 70), Fig. 4-13 ("Ne, p.
97), Fig. 4-14 (8Be, p. loo), Fig. 4-29 (166Er,p. 159), and Fig. 4-31 (174Hf,p.
168). The regions in which the rotational spectra occur correspond to
ground-state configurations with many particles outside of closed shells;
this pattern may be understood as a simple consequence of the nuclear shell
structure. While the closed-shell configurations prefer the spherical symmetry, the orbits of the particles outside of closed shells are strongly
anisotropic and drive the system away from spherical symmetry (Rainwater, 1950). General features of the shell-structure effects on the nuclear
potential energy are discussed in Chapter 6, pp. 602ff.
Metastable configurations with shapes very different from those of the
ground state may occur as a result of shell structure in the strongly
deformed potential. These states may be separated from those of lower
deformation by appreciable barriers. Thus, the possibility of shape
isomerism appears as a rather general property of the nucleus (see the
discussion in Chapter 6, pp. 602ff,). Evidence for such deformed excited
configurations is provided by the rotational bands observed in the spectra
of I6O and 40Ca, which are spherical in their ground-state (closed-shell)
configuration2, and by the discovery of the spontaneously fissioning
isomers in the very heavy elements; see the discussion in Chapter 6, pp.
623ff. (rotational band structure based on the fission isomer of 240Puhas
been observed by Specht et al., 1972).

+

'The fact that the First excited states in I6O and 40Ca have positive parity, while the low-lying
particle-hole excitations are restricted to negative parity, implies that these states involve the excitation
of a larger number of particles. It was suggested (Morinaga, 1956) that the excited positive parity states
might be associated with collective quadrupole deformations. The existence OF a rotational band
structure in I6O was convincingly established as a result of the IZC(aa) studies by Carter et al. (1964)
and the observation of strongly enhanced E2-transition matrix elements (Gorodetzky et al., 1963).

g 4-3

2

ENERGIES AND INTENSITIES

27

‘t

1LO

+even-even nucleus with E,:E,>2.8

120

100

80

60
LO

I
I

20

I

20

10

60

80

100

120

110

160

180

200

N

Figure 4-3 Regions of deformed nuclei. The crosses represent even-even nuclei, whose
excitation spectra exhibit an approximate Z(Z + 1) dependence, indicating rotational structure. The nuclei included in the figure have been selected on the basis of the (rather
arbitrary) criterion E(Z=4) :E(Z=2) > 2.8. The data are taken from the compilations by
Sakai (1970 and 1972). The line of p stability and the estimated borders of instability with
respect to proton and neutron emission are those shown in Fig. 2-18, Vol. I, p. 203.

The observed pattern of the rotational bands can be uniquely interpreted in terms of the symmetry of the nuclear deformation. First, the
occurrence of only a single sequence of I values shows that we are dealing
with an axially symmetric body constrained to rotate about axes perpendicular to the symmetry axis. (Rotational bands for systems without axial
symmetry contain several states of the same I ; see Sec. 4-5.) The approximate axial symmetry is also exhibited by the close agreement with the
Z(Z+ 1) rule for the energies, which is characteristic of a “symmetric rotor,”
a system for which the ellipsoid of inertia has spheroidal symmetry. Next,
the absence of states with odd values of Z reveals the 9
7 symmetry in the
nuclear shape (see Fig. 4-2b). Finally, the absence of parity doublets shows
the 9 invariance of the intrinsic motion, while the absence of doublets with
the same ZT implies Tinvariance of the intrinsic motion (see p. 15). These
symmetry features revealed by the rotational spectra can be interpreted in
terms of a spheroidal deformation in the nuclear shape. The preference for
such a shape can be understood from the fact that the one-particle motion
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in the spherical nuclear potential, which resembles that of a harmonic
oscillator, is associated with classical orbits of approximately elliptical type.
(This point is further considered in connection with the general discussion
of shell structure in Chapter 6, pp. 589ff., from-which it also follows that,
for a potential with a sharp surface, the shells of greatest degeneracy, in the
limit of large quantum numbers, are associated with classical orbits with
triangular symmetry. It is possible that the low-frequency odd-parity excitations observed in the region of Ra and Th (see the discussion on pp. 559ff.)
may reflect an approach to instability with respect to octupole deformations, associated with the shell structure based on triangular orbits.)
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Energy ratios in the ground-state rotational band in even-even nuclei. The figure
shows the observed energy ratios EI : E2 for the ground-state rotational bands in even-even
nuclei in the regions 1525A5190 and 2245A. For each element, only the /?-stable isotopes
are included. The data are taken from Table ofzsotopes by Lederer et al., 1967. The entries
in parentheses represent tentative assignments. The horizontal lines give the theoretical
energy ratios for the leadingorder expression (4-44).
Figure 4-4

The observed bands have the quantum numbers Kvr = 0 + + . This
property of the ground states of even-even nuclei can be interpreted on the
basis of an independent-particle description of the intrinsic structure. In an
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axially symmetric nuclear potential, the individual nucleonic orbits can be
characterized by the projection Q of the angular momentum j on the
symmetry axis. Time reversal symmetry (or 9 symmetry) implies that the
orbits occur in degenerate, conjugate pairs with opposite values of Q, and
the ground state of an even-even nucleus is therefore formed by adding
particles pairwise in such conjugate orbits, with resulting K=O. For a
9-invariant potential, the conjugate orbits have the same parity, and thus
each pair of particles has 7~ = + 1 . Moreover, the conjugate single-particle
states Q and a transform into each other under the rotation q. (see Eq.
(4-16)), and the antisymmetrized state representing a pair of particles in
conjugate orbits therefore has r = 1,

+

This result could also have been obtained from Eq. (4-17), since the
antisymmetrized pair represents a superposition of even J values.
The absolute values of the rotational energies determine the moment of
inertia by means of Eq. (4-44). The observed values are illustrated in Fig.
4-12 @. 74). It is seen that the moments of inertia for the ground-state
bands in even-even nuclei are smaller by a factor of 2 to 3 as compared
with the values for rigid rotation.
The moments of inertia of a rotating system can be analyzed in terms
of the effect of the Coriolis forces in perturbing the motion of the individual
particles. For a system described by independent-particle motion in a
self-consistent potential, the moment of inertia is found to be approximately equal to the rigid-body value. However, the pair correlations prevent
the nucleons from following the rotational motion as effectively as would
be the case for independent-particle motion, and reduce the moments below
the values corresponding to rigid rotation. (See the discussion of the nuclear
moments of inertia on pp. 75ff.)
In the most fully developed rotational bands, the energies are proportional to I ( I + l), with an accuracy of a few parts per thousand for the
lowest values of I . The deviations have a systematic character and can be
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well represented by the next term in the expansion (4-46) (see, for example,
in
Figs. 4-8, p. 64, and 4-9, p. 67). The value of B / A is of the order of
the regions of largest stability of the deformed nuclear shape, but B / A
increases as one approaches the configurations for which the deformed
shape is no longer stable, as can be seen from Fig. 4-4. (The values of B / A
for the well-developed nuclear rotational spectra are similar in magnitude
to those for the ground-state band of the H2 molecule; for heavier molecules, the deviations from the I ( l + 1) energy dependence are usually much
smaller (see, for example, Herzberg, 1950).)
The deviations from the Z(Z+ 1) dependence of the rotational energy
express the variation of the moment of inertia with the rotational frequency.
Such a variation arises from the dependence of the moment of inertia on
the collective parameters that characterize the nuclear shape and pair
correlations. In turn, this dependence implies that the equilibrium values of
the parameters have a term proportional to Z(Z+ 1); this variation of the
equilibrium with I gives rise to a decrease in the total energy proportional
to P ( Z + 1)*.
If the nucleus rotated as a semirigid body (like a molecule), these
effects would correspond to the classical centrifugal distortions and would
in most cases be very small compared with the observed B terms. However,
the moments of inertia are strongly affected by the nucleonic correlation
effects, as revealed by the reduced values of the moments. This sensitivity
may lead to a much stronger dependence of the moment of inertia on the
collective parameters (see, for example, the dependence on the pair correlation parameter discussed on p. 82).
Direct information on these coupling effects can be obtained by
measurements of the deformation parameters as functions of the rotational
angular momentum (see, for example, the corrections to the leading-order
E2-intensity rules discussed on p. 129). The dependence of the moment of
inertia on the collective parameters also gives rise to a coupling between the
rotational motion and the vibrational excitations associated with the oscillations in these parameters. These couplings imply appreciable corrections to
the intensity relations for the transitions between the ground-state band and
vibrational excitations; from an analysis of these intensities, one can infer
the magnitude of the corresponding contribution to the B term in the
rotational energy. In the cases that have been analyzed so far, the AK=2
couplings contribute only a small fraction of the B coefficient in the
ground-state band (see, for example, the analysis of the coupling to the
K = 2 band in 166Er,p. 162). Somewhat larger contributions have been
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observed to result from couplings to low-lying K=O excitations (see, for
example, the analysis of the spectrum of 174Hf,p. 172). At present, it is not
yet clear to what extent the observed B terms can be attributed to the
coupling to a few low-lying intrinsic excitations.
In many cases, the precision of the energy measurements makes
possible a determination of several of the higher-order terms in the expansion in powers of Z(I+ 1). While the ratio of B / A might indicate a radius of
convergence of 1 ~ 3 0 the
, magnitude of the higher-order terms implies a
considerably poorer rate of convergence. If the energy is expressed as a
power series in the rotational frequency, as in Eq. (4-52), rather than in the
angular momentum, the rate of convergence is found to be significantly
improved (Harris, 1965; Mariscotti et al., 1969). The power series expansions in I and w are compared on pp. 24ff.; see also Fig. 4-1 1 (172Hf),p.
70. The reason for the apparently greater simplicity of the expansion in w2
is not understood at present.
With increasing values of the angular momentum, the rotational motion may give rise to major distortions in the intrinsic structure that have
the character of phase transitions with rather abrupt changes in the rotational spectrum. These effects will be discussed in connection with the more
general problem of characterizing the elementary modes of excitation in the
yrast region (see pp. 41 ff.).
Energy expansion for bands with K# 0

For KfO, the nuclear states involve a combination of intrinsic wave
functions with I,= ? K (see Eq. (4-19)). Thus, the rotational energy consists
partly of terms with A K = 0, which are of the same form as for K = 0 bands
(see Eq. (4-46)); in addition, the rotational energy may involve terms with
A K = + 2 K connecting the two components of the wave function. The
leading-order terms with A K = + 2 K have the form
(4-56)
The second term is the Hermitian conjugate involving ( I + ) 2 K
this; term can
also be expressed as the conjugate term obtained by performing the
transformation 9,:9e.
' (Under ge, the operators I -, transform into
- I T . )The 9 symmetry requires the operators and state vectors to be
invariant under the transformation 9,:
9e(see Sec. 4-2c); hence, the
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9-conjugate terms in operators such as (4-56) always contribute identical
matrix elements when acting between 9-symmetrized states.
The expectation value of the additional rotational energy (4-56) is
proportional to the signature of the level (see Eqs. (4-20) and (4-23)) and
can be written
(4-57)
with
(4-58)
(The matrix elements of I , are given by Eq. (1A-93).)
For K = 1/2, the additional energy term (4-56) is linear in I, and,
hence, in the rotational frequencies a,. This contribution to the energy
represents the diagonal effect of the Coriolis forces acting in the rotating
coordinate system. Thus, if the angular momentum K = 1/2 can be
associated with a single particle moving in the potential generated by the
rotating nuclear core, we have (see the discussion of the particle-rotor
model in Appendix 4A)

h + I = - 4* .

vJ

(4-59)

+

where j is the angular momentum of the particle. The energy parameter A ,
can then be expressed in the form
A =-aA2
l-29-

(4-60)
a=

-( K =

1/2lj+l K = 1 / 2 )

defining the quantity a referred to as the decoupling parameter. (In Eq.
(4-59), we have ignored the effect of the rotational motion on the nuclear
potential (see pp. 278ff.) as well as the difference between the moment of
inertia f o f the total system and the moment
associated with the nuclear
core, with respect to which the particle is moving; see the discussion on pp.
280ff.)
The expression (4-60) for a implies values that are typically of order
unity or greater, and the A , term must therefore be included in the

4
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leading-order expression for the rotational energy spectrum,

E,,,=AZ(Z+ l ) + A l ( - 1f+1/2(Z+ 1/2)6(K, 1/2)
- z ( Z ( Z + l ) + a ( - 1f+1/2(Z+1/2)S(K, 1/2))
- 29-

,- ( -

1 y 2 ( Z +t ) ( A l + B,I(Z+ 1)+ . . . )

+ . (-1)1+1z(z+l)(A2+B2z(z+1)+~~~)

(4-6 1)

K=

1
2

K= 1

(- 1)1+3/2(1-f)(Z+f)(Z+$)(A3+B,Z(Z+1)+

K=Z

( - 1)'(1- 1)Z(Z+1)(1+2)(A4+B,I(Z+ 1 ) + . . . )

K=2

'The term in the rotational energy, linear in I , is known from molecular spectra as a modification
of the A-type doubling caused by the spin-orbit coupling (Van Vleck, 1929). For the nuclear rotational
spectra, the term was considered by Davidson and Feenberg, 1953, and by Bohr and Mottelson, 1953.
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(An alternative form for the expansion may be obtained by replacing
I ( Z 1) by I ( Z 1) - K (representing the expectation value of I: I,'). The
treatment of the particle-rotor model indicates that such an expansion may
be a somewhat more natural one. However, if A>>BK2>>CK4>>.. . , the
difference between the two forms of the expansion is only slight.)

+

+

+

Rotational bands in odd-A nuclei

Extensive studies have been made of the low-lying bands in odd-A
nuclei. Due to the greater density of states in these nuclei as compared with
the even-even nuclei, the low-energy spectra appear more complex. However, in the regions of the deformed nuclei (see Fig. 4-3), it is found that the
low-lying states can always be classified in a series of bands, each
characterized by an intrinsic angular momentum K and a parity T . The
observed values of KT for the lowest bands correspond to the values of Q 2 7 ~
of the last odd particle moving in the deformed nuclear potential (see
Chapter 5). At excitations of the order of 1 MeV, one also encounters bands
involving vibrational excitations superposed on the quantum states of a
single particle, as well as bands based on configurations with three unpaired
particles.
The states contained in each band have Z = K , K + 1 , K + 2,. .. ; the
energies follow the rotational expression (4-6 1) with an accuracy similar to
the energies in the ground-state bands of even-even nuclei. Examples are
illustrated in Fig. 4-15 (169Tm,p. 103), Fig. 4-16 (177Luand 177Hf,p. 106),
Fig. 4-19 (239Pu,p. 112); Figs. 5-7 (159Tb,p. 254), Fig. 5-9 (175Yb,p. 259),
Fig. 5-12 (237Np,p. 266), Fig. 5-14 (235U,p. 274), and Fig. 5-15 (25Mg, p.
284).
The dependence of the rotational energy on the signature is strikingly
apparent in the K = 1 /2 bands, for which the A term is usually comparable
to the A term. (For an interpretation of the decoupling parameter on the
basis of the one-particle orbits, see Sec. 5-3d.) The expected smaller signature-dependent effects have also been identified in bands with K > 3/2
(see, for example, the K = 3 / 2 bands in Figs. 5-7 and 5-14, and the
discussion of the K = 7 / 2 band on p. 280).
The moments of inertia of the odd-A bands are found to be systematically larger than those of the ground-state bands in even-even nuclei, by
amounts that are typically of the order of 20%, but that can be much larger
in some cases (see Fig. 4-12). Such an effect can be understood in terms of
the response of the last odd particle to the rotation of the potential; because
of the presence of the pair correlations that reduce the inertial contribution
from the particles in the core, the contribution of the unpaired particle
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becomes a significant fraction of the total. On this basis, it is possible to
understand the observed strong dependence of the increment of the
moment of inertia on the particular orbit of the odd particle (see pp. 310ff.).
An additional effect on the moment of inertia results from the reduced pair
correlation in the presence of the odd particle (see p. 311.) The B
coefficients are even more sensitive to the presence of the odd nucleon and
in some odd-A bands have positive sign (see, for example, Fig. 4-17
(KT = 9/2 + band in '"Hf)).
Excited bands in even-even nuclei
Examples of rotational band structure associated with excited bands
in even-even nuclei are shown in Figs. 4-7 (16*Er,p. 63), 4-13 (20Ne,p. 97),
4-29 (166Er,p. 159), 4-31 (174Hf,p. 168), and in several illustrations in
Chapter 6 (Figs. 6-31 and 6-44 (even- and odd-parity bands in Sm isotopes,
pp. 534 and 577, respectively), Fig. 6-32 ( 0 s isotopes, p. 536), Fig. 6-39
(234U,p. 555)). A characteristic feature of these spectra is the absence of
intrinsic excitations up to energies that are typically an order of magnitude
larger than the energy spacing between the bands in odd-A nuclei.
Some of the observed excitations in the even-even nuclei can be
interpreted as two-quasiparticle states resulting from the breaking of a pair;
these excitations occur in the energy region above 2A, which represents the
energy required to break a pair (see Fig. 2-5, Vol. I, p. 170). The twoquasiparticle bands have moments of inertia that-like those of odd-A
nuclei-are systematically larger than the moments of the ground-state
band (see, for example, the bands in I6*Er (Table 4-1, p. 65)).
The even-even spectra also exhibit a few excitations significantly below
2A, and it appears that these modes represent collective oscillations around
the deformed equilibrium shape. (See the discussion in Sec. 6-3b.) The
quadrupole vibrational excitations (KT = 2
and KTY=O+ +) exhibit
moments of inertia that in most cases differ from those of the ground-state
bands by less than 10% (see the examples quoted on p. 549 (y vibration)
and p. 551 ( p vibration)); this feature may be understood from the fact that
the moment of inertia is not expected to change appreciably for the rather
small amplitudes of oscillation away from equilibrium. Examples of octupole vibrational excitations are provided by the KTr = 0 - - bands that in
many nuclei are observed among the lowest intrinsic excitations. The
moments of inertia in these bands are typically as much as 50% larger than
for the ground-state bands (see the example in Fig. 6-44 ('52Sm, p. 577)),
apd this effect may be attributed to the very large Coriolis coupling to the
Kn = 1 - octupole excitation (see the discussion on p. 578). There is no
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corresponding effect for the quadrupole oscillations, since the KT = 1+
quadrupole degree of freedom is represented by the rotational motion (see
Fig. 6-3, p. 363).

Rotational bands in odd-odd nuclei
In spite of the high level density encountered in the low-energy spectra
of odd-odd nuclei, it has been possible in a number of cases to establish
rather detailed level schemes, and the available evidence is consistent with
the expected rotational band structure (see the example in Fig. 4-20 ( 1 6 6 H ~ ,
p. 120)). A classification of the intrinsic states has been possible in terms of
the orbits of the odd neutron and proton. For each configuration (52,,StP),
one obtains two bands with K = 152, + 52,l and K = 152, - 52J, respectively; in
the special case of Qn=52,, the K=O states separate into two bands with
r = + 1 and r = - 1 with intrinsic configurations 2-’/2(152,Qp)- rl
The expectation value of the np interaction in these states gives rise to an
I-independent term depending on r and thus to a separation of the two
K = 0 bands.
The moments of inertia of the odd-odd configurations are systematically greater than those of the even-even nuclei and can be approximately
described by the additive contributions 8 4 and 84 of the odd neutron
and proton, as determined from the corresponding configurations in the
odd-A nuclei (see the examples in Table 4-14, p. 121).
In the case of configurations with QP=52,= 1/2, which give rise to
near-lying bands with K=O and K = 1, the effect of the Coriolis interaction
may be especially large and leads to alternating energy shifts in the K = 1
band, corresponding to the A , term in Eq. (4-62). (For an analysis of
configurations of this type, see Hansen, 1964, and Sheline et al., 1966.)

a&,)).

Rotational structure in the fission channels
Rotational band structure similar to that encountered in the lowenergy spectra is expected in the spectrum of fission channels at excitation
energies not too far above the fission threshold (Bohr, 1956; the channel
analysis of the fission process is discussed in Sec. 6-3c). Despite the fact that
the fissioning nucleus has an excitation energy of about 5 MeV, the nucleus,
in passing over the saddle point, is “cold”, since the main part of the
excitation energy is stored as potential energy of deformation. The quantized potential energy surfaces (the fission channels) are therefore widely
separated as in the low-energy spectra.
The rotational band structure of the fission channels is determined by
the symmetry of the saddle-point shape, as for the rotational bands based
on the ground-state configurations. Evidence on the channel spectrum can
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be obtained from the measurement of fission yields (see, for example, pp.
123ff.), and the angular distributions provide information on the distribution of the quantum number K in the channel state's (see Eq. (4-178)). The
observed angular distributions in the region of the fission threshold show
striking anisotropies, which confirm the picture of fission proceeding
through one or a few channels. However, the available evidence is in no
case sufficiently detailed to uniquely determine the symmetry of the saddlepoint shape. The evidence from photofission of 238Uis discussed in the
example on pp. 123ff. Evidence on the symmetry of the saddle-point shape
may also be obtained from a statistical analysis of the level density of
fission channels (see the discussion on pp. 617ff.).
Rotational motion for configurations with many quasiparticles

Very little evidence is available about rotational motion for intrinsic
configurations above about 1 or 2 MeV in heavy nuclei. With the excitation
of increasing numbers of quasiparticles, one expects a weakening of the pair
correlations, since more and more of the levels near the Fermi energy are
occupied by unpaired particles and are thus not available for the pair
correlation. Eventually, this effect is expected to lead to configurations in
which the pair correlation parameter A vanishes. (The disappearance of A is
similar to the phase transition from the superconducting to the normal state
of the metal at the critical temperature.) With the decrease of A, the
moment of inertia is expected to increase and to approach the rigid-body
value for A = O (see the discussion on pp. 77ff.). A part of the systematic
increase in the moment of inertia observed in the one- and twoquasiparticle states, as compared to that of the ground-state bands of
even-even nuclei, can be recognized as the first step in this direction (see p.
3 1 1).
With increasing excitation, the density of levels rapidly increases, and
the individual levels represent combinations of many different configurations containing different numbers of quasiparticles (see the discussion in
Vol. I. pp. 156ff.). However, if the Coriolis couplings can be neglected, the
levels will continue to form rotational sequences; for systems of axial
symmetry, the bands will be characterized by the quantum number K .
Evidence for strong admixing of different values of K at energies
corresponding to the neutron binding can be derived from the statistical
analysis of the resonances observed in slow-neutron capture. If K were a
good quantum number for slow-neutron resonances, one would expect to
observe three sets of uncorrelated strong resonances with ( K ,I ) = (Io+ 1/2,
I , + 1 /2), ( I , - 1 /2, I , ? 1 /2), as well as additional weaker resonances (for
I , > 1/2) associated with K-forbidden resonance processes. (The target with
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spin I , is assumed to have K = Z,.) It is found, however, that, in odd-A
nuclei, the distribution of the energy spacing between neighboring resonances, as well as of the fluctuations in the observed neutron widths, can
be accounted for by assuming complete randomness within each of the two
sets of levels with I = Z,? 1/2. (See, for example, Desjardins et al., 1960.)
This analysis therefore provides evidence against the existence of conserved
quantum numbers beyond the total angular momentum and parity. The
determination of the excitation energies at which the conservation of K
breaks down and the manner in which this transition takes place remain to
be explored.
Effect of rotational motion on nuclear level densities
Further information on nuclear rotational motion can be obtained
from the study of nuclear level densities at excitation energies where
statistical concepts can be applied. The occurrence of collective rotational
motion implies an increase in the degrees of freedom available for lowenergy excitations, which may lead to a significant increase in the total
nuclear level density (Bjmnholm et al., 1974). The magnitude of this effect
depends on the symmetry of the deformation, which determines the degrees
of freedom in the rotational motion. The nuclear deformation also implies
an anisotropy in the effective moments of inertia for generating angular
momentum with respect to different intrinsic axes. This anisotropy has
consequences for the dependence of the level density on the angular
momentum quantum numbers.
For a nucleus with axial symmetry, the level density, for given I , is
obtained by summing over the intrinsic states with I K I < I (Ericson, 1958).
When many independent degrees of freedom can contribute to the intrinsic
angular momentum K , the distribution in K is expected to be of the normal
form, and we therefore obtain
(4-63a)

(4-63b)
~ ( 8 7 ~ 1'2~i
) - 'pintr(E )
I

) K 2 ) ] (4-63c)
K=-I
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In Eq. (4-63a), the total intrinsic level density is denoted by pintr(E),while
the parameter O, characterizes the root-mean-square average of K . In the
expression for the total level density as a function of I , the factor 1/2
results from the assumed 9 symmetry, which implies that the intrinsic
states with ? K combine to form a single band with I = I K I , I K I + l , ...,
while the bands with K = O have only even or odd values of I (see Sec. 4-2c).
In the expression (4-63c), the temperature, T , represents the inverse of the
logarithmic derivative of pintr(E ) ; the rotational energy is characterized by
the moment of inertia, YL,for collective rotation about an axis perpendicular to the symmetry axis, while a
, is expressed in terms of an effective
moment of inertia, 4,for generating angular momentum about the symmetry axis. The last expression (4-63d) for p ( E , I ) is an approximation valid
for small values of I . (The factorized form (4-63a) of pintr(E,K)is an
approximation valid when the excitation energy E is large compared with
= h 2 K 2 / 2 4 required to generate the angular momentum
the energy ( EroJ3
K . If this condition is not satisfied, the statistical analysis leads to an
intrinsic level density depending on E - (EroJ3,as in Eq. (2B-5l).)
The angular distribution in the fission process can be expressed in
terms of the rotational quantum numbers I and K , where K is the component along the axis of fission (see Eq. (4-178)). A uniform distribution in
K , for given I , leads to an isotropic angular distribution. Thus, the anisotropy provides information on the difference between the moments of
inertia, for rotations perpendicular and parallel to the fission direction.
Experimental evidence on the angular distribution of fission induced by 40
MeV a particles is discussed in the example on pp. 617ff.; the magnitude of
the anisotropy leads to an estimate of the deformation at the saddle-point
shape.
The expressions (4-63) may be compared with those that apply to a
spherical nucleus, as discussed in Sec. 2B-6 for independent-particle motion. For a spherical system, the level density as a function of I is obtained
by a decomposition of the total level density, p ( E ) , in terms of components
p ( E , M ) with specified values of the angular momentum M with respect to a
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fixed axis,
(4-64a)
p ( E , I ) = p ( E , M = I ) - p ( E ,M = I + 1)
=(21+ 1 ) ( 8 ~ ) - ’ / ~ u - ~ e x-p {
I ( I + 1) ] p ( E )
2u2

(4-64b)

As for the K distribution in Eq. (4-63a), we have assumed a normal
distribution in M , with the mean-square average value denoted by u.

Comparing Eqs. (4-64b) and (4-63d), it is seen that, for small values of
I , the level density for the deformed nucleus involves an extra factor u2 as
compared with that of the spherical nucleus. This increase reflects the fact
that only the fraction ( 2 0 ~ ) of~ ’the M=O states belongs to states with I=O,
while half of the K=O bands have an 1=0 member. For larger values of I ,
the level density for the deformed nucleus contains a cutoff resulting from
the rotational energy, and the total level density depends on the moment of
inertia Xlfor the collective rotation. Summing the expression (4-63c) over
I , taking into account the (21+ 1)-fold degeneracy of each level I , one
obtains a total level density equal to the intrinsic density p,,,(E) multiplied
by the factor (h-2Xl T ) . The order of magnitude of this factor corresponds
to the number of states in a rotational band, with E , , s T .
In comparing the level densities of spherical and deformed systems,
one must take into account that the occurrence of the collective rotational
motion is associated with a corresponding reduction of the degrees of
freedom in the intrinsic motion. However, the particle excitations of which
the rotational motion is built have energies that, in heavy nuclei, are of the
order of a few MeV (see the discussion on pp. 82ff.) and, for temperatures
that are small compared with these energies, the removal of the “spurious”
degrees of freedom is not expected to significantly affect the intrinsic level
density.
The above discussion has assumed axial symmetry, in which case the collective
motion is constrained to rotations about axes perpendicular to the symmetry axis.
The full degrees of freedom for rotations in three dimensions come into play, if the
deformation is not invariant under any element of the rotation group. In this case,
the rotational bands contain 21+ 1 levels for each value of 1 (see the discussion in
Sec. 4-5). The total level density, as a function of I , can be written
(4-65a)
x ( 2 1 + 1)pinIr(E) for ErOt(7,Z)<<
T

(4-65b)
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where the quantum number 7 labels the different rotational levels with the same
value of Z in a given rotational band. The expression (4-65b) represents an
approximation valid for small I , and is seen to be a factor of order uK larger than
the corresponding expression (4-63d) appropriate to an axially symmetric nucleus.
For larger values of I , the level density (4-65a) can be evaluated by employing the
expression (4-269) for the rotational Hamiltonian and replacing the sum over 7 by
an integration over the surface of a sphere Z 2 = 1: + 1; 132 in I space. (The volume
element in this space is a -'d1,dZ2dZ3,which represents the element of phase space,
in units of @ah)', integrated over the total solid angle 8a2 in the space of
orientations; this volume element is seen to correspond to a number of quantum
states per unit of Z of 4Z2=(2Z+1)2.) The resulting Z dependence of the level
density makes possible, in principle, a determination of all three moments of
inertia, 4.
Restrictions in the rotational degrees of freedom may also arise from an
invariance of the nuclear shape under finite rotations. Such a restriction has
already been encountered in the 9 symmetry for the axially symmetric nuclei,
which implies a reduction in the level density by a factor 2. For an axially
symmetric shape, 9 symmetry is the only possible additional subgroup of rotations, but shapes without axial symmetry may be invariant under any of the point
groups. If the shape is invariant under a group of g elements, the level density is
reduced by a factor g-' as compared with the values (4-65). This result can be
simply obtained by noting that a loss of the symmetry considered would imply the
possibility of distinguishing between g different regions of configuration space
corresponding to the g different orientations of the symmetry-violating deformation. Hence, the total level density is increased by a factor g as compared with the
symmetric case.
An example of symmetry under a point group is provided by the most general
quadrupole deformation. Such a deformation violates axial symmetry but is invariant under the rotations
of 180" with respect to each of the three principal
axes. The associated point group, D,, has four elements; hence, the invariance
leads to a level density that is one quarter of the value (4-65).
Additional collective degrees of freedom result from deformations that violate
space reflection, 9,or time reversal, 7.
A deformation violating either of these
symmetries leads to a doubling of the energy levels (see Sec. 4-2e) and thus to an
increase in the level density by a factor 2.

+
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The spectrum in the yrast region4

The study of nuclear structure in the region of the yrast line for large
values of the angular momentum represents a new and challenging field of
investigation. Despite the high excitation, the nucleus may be considered

4The lowest level of given I is referred to as an "yrast" level (Grover, 1967). The word appears to
derive from the old Germanic wbr, which developed into the English weary and the Nordic 0rr (modem
Swedish yr, modem Danish ~ r )meaning
,
dizzy. The form yrust is the naturally constructed superlative
of y r .
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“cold,” since the energy is almost entirely expended in generating the
angular momentum. However, the elementary modes of excitation
appropriate to the description of nuclear matter under these conditions may
be modified in a major way by the large internal stresses associated with the
centrifugal and Coriolis forces.
The available evidence on the yrast region comes partly from detailed
spectroscopic studies that have identified individual levels up to 1-20.
Additional, more indirect information concerning levels up to 1-50 has
come from the analysis of y cascades following compound nucleus reactions initiated by heavy ions; these studies indicate that, even for such high
values of the angular momentum, the yrast region involves families of
collective excitations that may be of rotational character (see the discussion
of the example on pp. 68ff.).
At the present time, the exploration of the yrast region is in a very
tentative stage; in the following, we shall indicate a number of structural
effects that may be significant.
1. The strong dependence of the moment of inertia on the pair
correlations implies that these are weakened with increasing angular
momentum. One may envisage a rather abrupt phase transition from the
pair-correlated (or superfluid) phase to that of a normal Fermi gas (Mottelson and Valatin, 1960). The observed rotational spectra for nuclei with
A 160 exhibit striking changes for 1-20 that may possibly be associated
with such an effect (see the example discussed on pp. 71ff. and the more
extensive data presented by Johnson et af., 1972).
2. The axial symmetry of the nucleus represents a degenerate situation with two equal moments of inertia, and a deviation from this symmetry
will in most cases increase one of these moments at the expense of the
other. The possibility of aligning the rotational angular momentum along
the axis with the largest moment of inertia thus implies a tendency for the
system to break away from axial symmetry, with increasing angular
momentum. Tentative estimates of this effect are considered in connection
with the analysis of the coupling of the rotational motion to the collective
oscillations away from axial symmetry on pp. 166ff.; see also the comments
under point 5. (Rotational spectra of systems that deviate from axial
symmetry will be discussed in Sec. 4-5.)
3. The increase in the moment of inertia, with increasing elongation
of the nucleus, implies that the rotational angular momentum may lead to
instability with respect to fission (see the estimate in Sec. 6A-2b based on
the liquid-drop model).
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The Coriolis force produces a major modification in the singleparticle orbits if the rotational frequency becomes comparable with the
difference in the frequencies of the particle motion parallel and perpendicular to the symmetry axis. These modifications imply a tendency for the
angular momenta of the individual nucleons to become aligned in the
direction of the axis of rotation, with a resulting reduction in the magnitude
of the deformation with respect to this axis. In some situations, this effect
may lead to a gradual change in the shape of the nucleus, resulting
ultimately in axial symmetry in the direction of rotation, in which case the
rotational band terminates at a finite value of the angular momentum (see
the discussion on pp. 84ff.). The critical values I,,, are of the order of the
particle number (see Table 4-3, p. 87); hence, this phenomenon is of
special importance for the light nuclei. Tentative evidence for such an
effect, occurring in *ONe, is considered on p. 98; see also the discussion of
8Be on pp. 101 ff. In other situations, the Coriolis force may act especially
strongly on selected orbits (in particular the orbits with largej and small L?
in heavy nuclei; see p. 3 1 l), in which case there may be a transition to a
coupling scheme with the angular momentum of these particles aligned
along the axis of rotation long before the total angular momentum
approaches I,,, (Stephens and Simon, 1972).
5. The nucleus may accommodate large values of the angular
momentum either by collective rotations or by aligning the angular
momentum of individual nucleons in the direction of a symmetry axis. The
energies required by the second mechanism may be comparable to the
rotational energies (see the statistical estimate on p. Sl), and such a
coupling scheme may, therefore, compete effectively in the yrast region.
Isomeric states with large K values have been observed on the yrast line in
special cases (see the examples of the KT= 8 - and KT = 16+ isomers in
178Hfdiscussed on p. 73). The studies of the nuclear levels with still higher
spin that have been populated in heavy ion reactions have so far provided
no indication for the occurrence of isomerism. This evidence may suggest
that, in the yrast regions explored, the angular momentum is not carried by
individual nucleons, possibly as a result of a departure from axial symmetry
in the nuclear shape. For still larger values of the angular momentum, of
the order of magnitude of the critical values for instability with respect to
fission (see point 3), one may envisage a regime in which the centrifugal
forces, which favor oblate deformations (as for a classical rotating fluid),
dominate over the effects of shell structure and produce an oblate nuclear
shape with the angular momentum aligned in the direction of the symmetry
axis. In such a situation, the yrast levels would not form regular sequences
4.
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and the radiative transition matrix elements would be those associated with
changes of orbits of individual particles.
6 . As a consequence of the rotational distortions in the nuclear shape,
collective rotational motion may occur in the yrast region also for nuclei
that do not exhibit rotations for lower values of the angular momentum (see
the vibrational model discussed in Sec. 6B-3, and the evidence presented in
Fig. 6-33, p. 537).
4-3b E2-Matrix Elements within Band
The deformation that underlies the separation between rotational and
intrinsic motion (see Sec. 4-2) can be determined from the study of
appropriate matrix elements connecting the members of a band. The
occurrence of a stable deformation implies that these rotational matrix
elements are large compared to the corresponding matrix elements
associated with fluctuations in the deformation parameter (vibrational or
single-particle transitions). The observed nuclear shape deformations are
mainly of quadrupole type, and the most detailed evidence on these
deformations is provided by the measurement of EZmatrix elements within
a rotational band.
Leading-order intensity relations
An axially symmetric quadrupole deformation can be characterized by
the intrinsic electric quadrupole moment (compare Eq. (3-26))
eQo= (KI/p,(r’)r2(3 cos29’- l)d+ IK)

=( y)(KI M ( E 2 , v = O ) I K )
1/2

(4-66)

The primed coordinates refer to the intrinsic (body-fixed) system, and
A ( E 2 ,v) denotes the components of the electric quadrupole tensor (see
Eq. (3-29))relative to the intrinsic ~ y s t e m . ~
The E 2 moments M ( E 2 , p ) referring to the axes of the fixed system
are obtained from the intrinsic moments by the standard transformation of
’Components of tensor operators such as d ( E 2 , v ) , referring to the intrinsic system, are often
indicated by a prime, d ’ ( E 2 , v ) ; see, for example, Sec. 1A-6. However, in the present context, the
appearance of the tensor label v is sufficient to identify an operator as referring to the intrinsic
coordinate system, and the prime has therefore been omitted.
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tensor operators (see Eq. (IA-52)),

=

Qo Y2,('3,+I

(4-67)

where w=(+,O,$) are the orientation angles for the body-fixed system. (In
the last expression in Eq. (4-67), we have employed the relation (1A-42).)
The moment (4-67) includes only the collective part associated with the
average deformation of the intrinsic state.
The collective E 2 moment (4-67) connects states (with A I < 2) belonging to the same rotational band. The E2-matrix elements between two such
states, with wave functions (4-15) or (4-19), can be evaluated by employing
the relations (1A-41) and (1A-43) for the 9 functions, and one obtains the
reduced matrix elements and transition probabilities (see Eqs. (1A-61) and
(1A-67))

$--)

(KZ,)) J(E2)11KIl)=(2Z, + l)1~2(IlK20~Z2K)(
B(E2; KI1+KI,)

= -e2Q~(I,K20112K)2
5

167~

1/2

eQo

(4-68a)
(4-68b)

The vector addition coefficient (I,K20112K) represents the coupling of the
angular momenta in the intrinsic frame.
The diagonal matrix elements ( I , = I,) give the static moments (see Eq.
(3-30)), and Eq. (4-68a) yields
Q = (IK20~IK)(I120~IZ)Qo

- 3K2- I ( I +

1)
( I + 1)(2I+3) "

(4-69)

in) the
The ratio between Q and Q, is the expectation value of P ~ ( c o s ~
substate M = I and reflects the averaging of the charge eccentricity
associated with the rotational motion. Thus, I Q I is always smaller than I Qol;
for the particular case of I = K (which usually applies to the ground state),
one obtains
Q=-- I
21-1
(4-70)
I + 1 21+3Q0
For Z = O or 1/2, the nuclear axis points with equal probability in all
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directions; hence, the intrinsic deformation does not give rise to an external
moment (as follows from general requirements of rotational invariance). In
the classical limit of Z+co (and K = I ) , the zero-point fluctuations
associated with the rotation become negligible, and Q approaches Q,. For
the states of very large I in a given band (with fixed K ) , Eq. (4-69) gives
Q= - Q0/2, corresponding to the fact that the total angular momentum
becomes perpendicular to the nuclear symmetry axis (P,(cos 4T)= - 3).
The E 2 transitions are governed by the selection rule A I < 2 . For
Z>>K, the vector addition coefficients in Eq. (4-68) have the approximate
values
(4-71)

Hence, the large matrix elements have AZ = 2 or 0 and connect states with
the same signature (see Eq. (4-23)), while the transitions between states of
different signature ( A I = 1) are weaker by a factor of order ( K / Z ) 2 . This
selection rule corresponds to the fact that, in the classical limit, a rotating
body produces a quadrupole field with frequencies 0 and 2 0 , ~ ~ .
In the approximation used in the present section, in which the R2
moments are assumed to be associated with a static intrinsic deformation
with axial symmetry, all the E2-matrix elements within a given band are
expressed in terms of a single parameter Q,, by relations of a geometrical
character. The empirical evidence testing these relations is illustrated in Fig.
4-24 (p. 129); see also the examples discussed in connection with Tables 4-4
(,"Ne, p. 98), 4-6 (169Tm,p. 104), 4-8 (177Luand 17'Hf, p. l08), and 4-10
(239Pu,p. 113). For the well-developed rotational spectra, the ratios of the
E2-matrix elements for the lowest states in the band are found to obey the
leading-order intensity rule to within the experimental accuracy of a few
percent. In the case of 20Ne, the measured E2-matrix elements, for the
states with Z=6 and 8, exhibit major deviations from the leading-order
intensity relations. These deviations can be understood in terms of the
alignment of the particle angular momenta that may lead to a termination
of the band and a vanishing E2-transition moment (see point 4 on p. 43).
Deformation parameters

The strength of the E 2 transitions between members of a rotational
band, which, in heavy nuclei, is typically of the order of a hundred
single-particle units (see Fig. 4-5), strikingly exhibits the collective character
of the quadrupole deformation in the rotating nuclei.
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The magnitude of the observed matrix elements determines the intrinsic moment Q,. Assuming a collective deformation of the nucleus as a
whole, one may express Q, in terms of a distortion parameter 6, which is
conveniently defined by the relation
(4-72)
where the sum is extended over all the protons in the nucleus. The
definition (4-72) implies that, for a uniformly charged spheroidal nucleus
with a sharp surface, the parameter 6 is given by

(4-73)

AR =R, - R ,

R = ( $ ( r 2 ) ) ” 2 x f (R , + 2 R , )

in terms of the difference A R between the radii parallel and perpendicular
to the symmetry axis and the mean radius R .
The quadrupole deformations may also be characterized by the parameter p2, associated with the expansion of the density distribution in
spherical harmonics. The relationship between the two parameters 6 and p2
is given by Eq. (4-191); to leading order, we have 6=0.95& in the limit of
a sharp surface. The advantage of the deformation parameter 6 is its rather
direct relationship to the experimentally determined quadrupole moment,
and this parameter is therefore usually employed in the present chapter, as
well as in Chapter 5.
The measured deformations of heavy nuclei are shown in Fig. 4-25, p.
133. It is seen that typical values of 6 are of order 0.2 to 0.3 and that all the
strongly deformed nuclei have positive Q, values (prolate shape). For the
lighter nuclei, the deformation parameters are somewhat larger (see Table
4-15, p. 134). The odd-A and odd-odd nuclei are found to have shapes
similar to neighboring even-even nuclei (see Fig. 4-25).
In a few cases, it has been possible to obtain evidence concerning the
quadrupole deformation of excited bands. Usually, these bands are found
to have deformations similar to those of the ground-state bands (see, for
example, the determination of Qo (KT = 3 +) in 172Yb(Forker and Wagner,
1969), and the discussion of indirect evidence concerning excited bands in
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175Lu(p. 156) and 166Er(p. 162)). The occurrence of shape isomerism
involving major differences in shape among low-lying excitations has been
referred to on p. 26.
Theoretical estimates of nuclear equilibrium deformations can be
obtained by considering independent-particle motion in deformed potentials. The equilibrium shape can be characterized by the minimum in the
total nuclear energy or by the condition of self-consistency between the
density and the potential (see pp. 135ff., and the more general discussion of
the shell-structure effects on the nuclear potential energy surface, pp.
602ff.). The magnitude of 6 is found to be of the order of the ratio between
the number of particles outside of closed shells and the total number of
nucleons and, thus, typically of order 6--A - ' I 3 .(See the discussion on pp.
135ff. and the comments on p. 605.) With the approach to closed-shell
configurations, the magnitude of the equilibrium deformation decreases.
For configurations with relatively few particles outside of closed shells, the
effect of deformation on the single-particle motion is small compared with
the effect of pair correlations, and a transition takes place to a spherical
coupling scheme with a vibrational quadrupole excitation spectrum (see the
discussion in Chapter 6, pp. 520ff.).
While the main nuclear deformations are found to be of quadrupole
type, higher multipole components are to be expected and have been
experimentally observed. Evidence on h = 4 moments is discussed on pp.
139ff; in the rare-earth region, the h = 4 deformations appear to be typically
about a factor of 5 smaller than the quadrupole deformations (see Table
4-16, p. 140).
E2-transition probabilities connecting the ground state with the first excited 2 +
state in even-even nuclei. The B(E2; O+ +2+) values are plotted in units of the "singleparticle" value
Figure 4-5

B,,(E2)= ;r;;e2(~R2)2=0.30A4/3e2fm4
5
( R = 1.2A '''fm)
which represents the transition probability for a two-proton excitation (j2),=0+(j2),=2,in
the limit of largej, with a radial matrix element taken to be (jlr21j) = 2 R z (see, for example,
Eqs. (1A-72a) and (3C-33)). The quantity B,,(E2) also represents the transition probability
for a single proton from I-0 to Z=2 (see Eq. (3C-34)). The unit B,(E2) (see Eq. (3C-38))
equals iBsp(E2) and would be the appropriate single-particle unit for the transition 2+0.
The empirical B(E2) values are taken from the compilation by Stelson and Grodzins
(1965). For the doubly closed-shell nuclei, the data are taken from: l6O (Skorka et al., 1966);
40Ca (J. R. MacDonald, D. F. H. Start, R. Anderson, A. G. Robertson, and M. A. Grace,
Nuclear Phys. A108, 6, 1968); 208Pb(J. F. Ziegler and G. A. Peterson, Phys. Reu. 165, 1337,
1968).
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Generalized intensity relations
In the above discussion, we have considered the E2-matrix elements
associated with an axially symmetric deformation with a quadrupole
moment that is independent of the rotational angular momentum. Corrections to the leading-order relations arise from the perturbations of the
intrinsic structure produced by the Coriolis and centrifugal forces, as well
as from nonaxially symmetric components in the nuclear charge distribution.
A systematic analysis of the generalized intensity relations may be
obtained by expanding the intrinsic moments J ( E 2 , v ) (see Eq. (4-67)) in
powers of the rotational angular momentum. The procedure corresponds to
that employed in the analysis of the rotational energy in Sec. 4-3a with the
modifications resulting from the tensor character of the E 2 moment. In the
small print below, we give a rather detailed discussion of the structure of
the E2-matrix elements within a rotational band, as a prototype of the
general analysis of tensorial matrix elements in the rotational coupling
scheme.
In zeroth order, neglecting the Z dependence of d ( E 2 , v ) , the matrix elements
within a band may receive contributions from the components with v = O and
v = +2K. The v = O components give the matrix element (4-68), while the components with v = t 2 K give a term proportional to the signature. Since the Iindependent part of M(E2,v) is invariant under time reversal combined with
Hermitian conjugation ( c = - l), the selection rule (4-31) implies that the signaturedependent term vanishes for half integer K . Hence, this term occurs only for K = 1
bands, and in the I-independent approximation, the E2-matrix elements have the
form
(KI,II

-4E2)11KI,) = (21, + 1p2((Z,K201I,K)(KI

M(E2,v =O)IK)

+ ( - 1 ) ” + L ( z l - 1 2 2 ~ 1 2 1 ) ( K = 1 JM ( E 2 , v = 2 ) I K = 1 )S(K,l))
(4-74)
where the first term is identical to the matrix element (4-68). The contribution of
the second term will usually be very small compared to the contribution from the
collective v = 0 moment. The term vanishes for a two-particle configuration (a,,a,),
but may receive contributions from linear combinations of such configurations; for
a vibrational excitation with K = 1, the term represents the small E 2 moment with
Y = 2 that may arise as a second-order effect in the vibrational amplitude.
With the inclusion of terms linear in Z+,
- the effective moments can be
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expressed in the form

(4-75b)
with the notation mAK, for the intrinsic operators indicating the tensor component
v and the change in K induced by the operator. As indicated by Eq. (4-75b), the
terms in A ( E 2 , p ) involving I + can also be expressed as the 9? conjugate of the
terms involving I - (see p. 31). The intrinsic operators mAK,”satisfy the symmetries
t
(mAK,v)

(4-76a)

=(-l)um-AK,-v

(4-76b)

~ - m A K , ~ ( gT l) - ‘ = ~ A K , ~

$1

that follow from the transformation of A ( E 2 ,p) under Hermitian conjugation
and time reversal. The operators I , do not commute with the 9 functions, and in
Eq. (4-79, we have chosen to express the I -, dependence in terms of symmetrized
products. Since the commutator of I t and g;,, is proportional to L3;,vil (see Eq.
(IA-91)), a difference in the ordering of the operators in Eq. (4-75) is equivalent to
a redefinition of the operators inU,”occurring in the I-independent terms.
Matrix elements within a band may receive contributions from the terms in
Eq. (4-75) with A K = O and ? 2 K , and one obtains

(W A(E2)llKIl)
= (21,

+ 1)1/2( ( z , K ~ o ~ I , K ) ( K ~ ~ ~ , ~ ~ K )

+(- I ) I I + ’ ( Z ~12211,1)(~=
~ l m , K, =
~ ~1 ) 6 ( ~ 1)
,
+ ( ( I , K + I 2- l l 1 2 K ) ( I l- K)1’2(Zl+ K + 1)1/2
-(I, K- 1~

~

~

z

+ $(- l)l’+K((Il - K 2 2 K -

~ K+
K l ) ”~z ) ( ~~ ~ m~, , - l~~ ~ )+

I +K
I

+ ( I I -K-1

~

1IZ,K- l)(Z2+ K ) 1 / 2 ( Z 2 -K + 1)”’

+ ( I , - K + 1 2 2K-111,K)(Il+K)1/2(1,-K+

+ f-(- 1)

K

( ( I , - K 2 2K+ 1J12K+l)(I,-

1)1/2)(Klm2~,2~-llE)

K)1’2(z2+K + 1f2

2 2 K + l ~ ~ 2 K ) ( ~ , - K ) I ’ 2 ( ~ l + K +(KJm,,,,+,JK))
1)1/2)
(4-77)

~

~
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In the derivation of this expression, we have employed the relation (KImo,,IK)
= - (Kim,, - llK), which follows from the symmetry relations (4-76). The terms
involving products of vector addition coefficients and matrix elements of I , can be
expressed in various alternative ways; the form (4-77) is obtained from therelation

The intrinsic moments mAK,uf I , v are odd with respect to time reversal followed by
Hermitian conjugation ( c = 1); hence, the terms in the effective moment (4-75a)
that are linear in I ? do not contribute to the matrix elements’
- in a K=O band (see
Eq. (4-30)). Moreover, the matrix elements (Kim,,,,,,,IK) vanish for integer K
(see Eq. (4-3 1)). Estimates of the I-dependent terms in the effective moment (4-75a)
arising from band mixing caused by the Coriolis interaction are considered on pp.
130ff.
To second order in the rotational angular momentum, the effective E 2
moment may contain terms proportional to I : and I l ( v = AK? 2) and, in addition,
terms with v = AK involving intrinsic moments proportional to f { I,, I - } = I: + 1;.
We shall confine ourselves to the part of the E 2 operator that contributes to AK=O
transitions.

+

including terms up to second order in I,. The intrinsic operators satisfy the
symmetry relations (4-76); the v = + 2 terms can be conveniently evaluated by
using the identity

++A@+
- X(h

1){ { Z + , z - } , q , }

+ &(A@+ 1)Y2{I,{,
I + , - q I }- {I-&-I}}

+ l)(A(A + 1) - 2 ) - q 0

(4-80)

which may be derived from Eq. (4A-34).
For a K = 0 band, the v = k 1 terms in the moment (4-79) do not contribute
(as discussed above), and the E2-matrix elements have the form
( K = O , Z211 d(E2)II K = O , I , ) = (21, + l)1’2(Z1020~Z20)

x(M,+M2(Z2(Z2+1)+I,(Il+l))+M3(z2(z2+l)-Zl(Zl+ l)),)

(4-81)
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with the intrinsic matrix elements

Ml = ( K = 01 mo,o+ 2 G mo, K = 0)
M,= (K=OI-m;,,1
TG
mo,,lK=O)
2
1
M , = (K= 01 -mo,,l K= 0)

(4-82)

2
a

The terms of higher order in the rotational angular momentum can be obtained by
multiplying the terms in Eq. (4-79) by functions of 1’ (as in the analysis of the
higher-order terms in the rotational energy; see p. 24). Thus, in a K=O band, the Z
dependence of the effective moment can be expressed in terms of Zl(Zl 1) and
Z2(Z2+ 1); the symmetry of the matrix element with respect to initial and final states
implies that the E2-matrix element can always be expressed in the form (4-81) with
an intrinsic moment (the factor in curly brackets) depending on the combinations
Zl(Z,+ l)+Z,(Z,+ 1) and (Z1(Z1+ l)-Z2(Z2+ l)),.
The corrections to the leading-order intensity relations, associated with the
matrix elements M , and M, in Eq. (4-81), represent the distortions in the nuclear
shape produced by the rotational motion. The various distortion effects mentioned
above @. 50) are characterized by different ratios of M , to M,. Thus, for example,
a centrifugal stretching, by which the shape remains axially symmetric while the
eccentricity increases with I , is described by the m&,oterm in Eq. (4-79) and thus
gives an intensity relation with M, :M, > 0 and M, = 0; such an effect is connected
with the coupling between the ground-state band and excited K = 0 bands representing axially symmetric oscillations ( p vibrations) in the nuclear shape (see Eq.
(4-259)).
The distortion effects associated with coupling to K= 2 bands give corrections
to the E2-matrix elements with M,= - 6 M , (see Eq. (4-215)); the coupling between
the bands involves the difference between the moments of inertia with respect to
the intrinsic 1 and 2 axes associated with departures from axial symmetry (see Eq.
(4-285) for an asymmetric rotor and Eq. (6-295) for the coupling to y-vibrational
excitations). The coupling thus expresses the favoring of rotations about the axis
with maximum possible moment of inertia and is connected with the classical
centrifugal effect that tends to destroy the axial symmetry of an object that rotates
about an axis perpendicular to the symmetry axis (see point 2 on p. 42).
In addition to the contributions from the coupling to the K=O and K = 2
excitations, the EZintensity relations in the ground-state band may be affected by
the ccupling to K = 1 excitations acting in second order. The effective moment can
be obtained from the term in Eq. (4-202) that is of second order in the perturbation
operator S given by Eq. (4-201). The resulting contribution to the matrix element
(4-81) has M,=O and M , proportional to and with the same sign as Qo(K=O)
- Qo(K= 1).
It should be emphasized that the total Z dependence of the intrinsic quadrupole moment cannot in general be obtained from the coupling to observed intrinsic

+

5 4 %

ROTATIONAL SPECTRA

Ch. 4

excitations, since additional effects may be associated with the coupling to the
“spurious” K = 1 mode of excitation that describes the degree of freedom of the
rotational motion. The model of particle motion in a rotating harmonic oscillator
potential (as discussed on pp. 84ff.) represents an extreme case in which the entire
Z dependence is connected with the spurious mode.
A determination of both the matrix elements M, and M , requires measurements of static moments as well as transition moments. The static moments involve
only the parameter M,, while for the transition Z+Z+2, the I-dependent part of
the intrinsic moment is proportional to (M, + 8M,)Z(Z + 3). The accuracy of the
present measurements of E2-matrix elements in the ground-state bands of eveneven nuclei is in most cases barely sufficient to detect deviations from the
leading-order intensity relations (see Fig. 4-24, p. 129).

4-3c M1-Matrix Elements within Band

K = 0 bands. Rotational magnetic moment
In a K=O band, the magnetic moment produced by the intrinsic
motion vanishes, as a result of time-reversal symmetry, and the leadingorder M 1 moment is proportional to the rotational angular momentum. To
this order, the static moments are given by

(4-83)
where the parameter g , is the effective g factor for the rotational motion.
The higher-order terms can be included by treating g , as a function of
Z(Z+ 1). No M 1 transitions occur within the band, since successive states
have AZ = 2.
The g , factors for even-even nuclei, derived from the observed precession of the 2 + first rotational states in a magnetic field, are plotted in Fig.
4-6. The measured g, values are comparable to, though in most cases
somewhat smaller than, the value Z / A , which would apply to a uniform
rotation of a charged body.
The rotational angular momentum is primarily associated with orbital
motion of the nucleons. (The relative contribution of the spins is even
smaller than the ratio of spin to orbital angular momentum quantum
numbers of the individual nucleons, because the splittings of the singleparticle levels produced by the spin-orbit force is on the average smaller
than the splittings caused by the deformation; see Chapter 5 , p. 217).
The fact that the g , values are somewhat smaller than Z / A thus provides
an indication that the protons contribute less effectively than the neutrons
to the rotational motion. Such an effect results from the pair correlations,
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Figure 4-6 g factors for first excited 2 + states in even-even nuclei. The figure is based on
the experimental data given by G. M. Heestand, R. R. Borchers, B. Herskind, L. Grodzins,
R. Kalish, and D. E. Murnick, Nuclear Phys. A133, 310 (1969) and on the review by
Grodzins (1968). We are indebted to L. Grodzins, B. Herskind, and S. Ogaza for help in the
preparation of the figure.

which are somewhat larger for protons than for neutrons (Nilsson and
Prior, 1961; see also the comment on p. 83).
Some information is available on the magnetic moments of higher
members of the ground-state rotational bands of even-even nuclei; the data
on states up to I = 8 appear to be consistent with the relation (4-83), within
the experimental accuracies (see, for example, Kugel et a/., 1971).
Bands with K # 0. Intrinsic magnetic moment

In bands with K#O, the intrinsic nucleonic motion generates a magnetic moment, in addition to that produced by the rotational motion, and
the M1 operator takes the form (see Eq. (3-39))

ROTATIONAL SPECTRA

562

Ch. 4

The first term represents the moment produced by the intrinsic motion,
which, to leading order, is I independent; the second term represents the
effect of the rotational motion, which is proportional to the angular
momentum perpendicular to the symmetry axis. Thus, in the construction
of the leading-order M 1-intensity relations, one must include certain terms
linear in the rotational angular momentum as well as I-independent terms
in the M 1 operator. (The general form of the M 1 operator with inclusion of
all terms linear in I is given by Eq. (4-89).)
The matrix elements of the operator (4-84) between two states in the
same band can be written in the form

x

((

g,

- g,)(

K( I , K 10112K)- b ( - 1)II + '/*2 - 1/2( I , - 411I 1 2 9 8( K , 4))

with the definitions

( &)1'2*gKK=(KI
2Mc

(&)

J(Ml,v=O)IK)
(4-86)

1/2

&(gK-g,)b=-2'/2(K=fld(Ml,v=1)1K=f)

for the intrinsic g factor, g,, and the quantity b, referred to as the magnetic
decoupling parameter.
For a band with K > 1/2, the static moments and M 1-transition
probabilities can be written

Y =& I + ( g , -

K2

1+1

(4-87)

B(M1;KI,-+K,12=I,+ 1)=
The expression for p has the simple classical limits p+g,I for I+m, K
fixed, and p-+g,I for I = K-+oo. The transition probability vanishes for
g, = g,, since then the magnetic moment is proportional to the total angular
momentum and hence is a constant of the motion.
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For K = 1/2, the M1-matrix elements (4-85) contain an additional
contribution from the A K = 1 term in the intrinsic moment,
p ( K = 3 ,I)= g,I+

gK - gR

4(I+ 1)

( 1 + (21+ 1)( - 1)I+‘ / 2 b )
(4-88)

where I , denotes the greater of I1and I,.
The intensity relations for rotational M 1-matrix elements have been
subjected to extensive tests. In particular, it has been found that the
M 1-transition probabilities in bands with K > 1/2 follow the leading-order
expression (4-87) involving the single parameter (g, - gR), to within the
accuracy of the experiments, which in the best cases amounts to a few
percent (Boehm et al., 1966; Haverfield et al., 1967; Seaman et al., 1967.
Examples are shown in Tables 4-8, p. 108, and 4-10, p. 110). For bands with
K = 1/2, the M l-transiti@n amplitudes involve two parameters (g, - g,)
and 6, and the static moments the additional parameter g, (see Eq. (4-88)).
For a test of these relations, see Table 4-7, p. 104.)
The observed g, values for odd-A nuclei are shown in Table 5-14. The
values deviate somewhat from those of neighboring even-even nuclei; such
a difference arises from the renormalization of g, associated with the
Coriolis effect on the last odd particle (see Eq. (4A-35)). The g, and b
values reflect the properties of the orbit of the last odd particle and will be
considered in Chapter 5, pp. 302ff.
The most general form of the M 1 operator with inclusion of terms linear in the
rotational angular momentum can be written

where the intrinsic operators mA,,” satisfy the symmetry relations (4-76). The
I-independent intrinsic operators
are equal to the moments J ( M 1 , v ) in Eq.
(4-84) and, from the identity (4A-33), it follows that the AK=O, v = - 1 term in Eq.
(4-89), acting within a band, corresponds to the collective rotational magnetic
moment in Eq. (4-84). The additional I-dependent terms in Eq. (4-89) that do not
occur in expression (4-84) give a signature-dependent contribution ( A K = 2, v = 1) to
the M 1-matrix elements in a K = 1 band; for a K = 1/2 band, the A K = 1, v = 0 term
vanishes as a consequence of the selection rule (4-31). While the AK = 0, v = - 1
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term represents a collective effect of the rotational motion, the additional I dependent terms in Eq. (4-89) are associated with the effect of the Coriolis
interaction on the one or few particles that contribute the angular momentum K
(see, for example, the analysis of the M1 moments in the particle-rotor model on
pp. 208ff.); these terms are therefore expected to be small compared with the
leading-order terms included in Eq. (4-84), except when special degeneracies are
present. (Such a degeneracy may occur, for example, in two-particle configurations
with G I = 1/2 and G2 = 1/2, which give rise to near-lying bands with K = 1 and 0,
coupled by the Coriolis interaction; see p. 122.)

4-3d General Structure of Matrix Elements
The examples considered above illustrate the general procedure by
which one may d‘etermine the form of matrix elements in the rotational
coupling scheme. For any given tensor operator, such as a multipole
moment for y or p transitions, or a particle transfer moment, a transformation to the intrinsic coordinate system gives (see Eq. (1A-98))
(4-90)
The intrinsic moments M(hv) are scalars (independent of the orientation
a), but may depend on the components I + of the rotational angular

momenta, as well as on the intrinsic variables. The angular momentum
dependence of the intrinsic moments represents the dynamical effects of the
rotational motion.
Intensity relations for I-independent moments

If the dependence of the intrinsic moments on I , can be neglected, the
matrix element between two states (4-19) is given by-(see Eq. (IA-43))

=(211+ l)1’2((IlKlA K 2 - K1112K2)(K21M ( A , v = K 2 - K , ) I K , )

(4-91)

+(- 1 ) ” + K ’ ( I I - K l h K l + ~ ~ ~ 1 2 K 2dY(A,v=K,+K,)IK,))
)(K2~

For matrix elements within a band, the signature-dependent term obeys the
selection rule (4-3 1).
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If one of the bands, or both, has K=O, the two terms in Eq. (4-91)
become equal, and we obtain (see the normalization (4-15) of states with
K=O)
(K212Il JNIlKl

=OJJ

(4-92)

The intrinsic matrix element within a K=O band vanishes if d ( X , v = O )
is odd under time reversal combined with Hermitian conjugation (see Eq.
(4-30)).
The I dependence of the matrix elements (4-91) and (4-92) is of a
simple geometrical nature, reflecting the different distributions of orientation angles for the different members of a rotational band.
K-forbidden transitions

For transitions with I K , - K21 >A, the matrix elements (4-91) and (4-92)
vanish since, in the above approximation, it is not possible to conserve the
component of angular momentum along the symmetry axis. Transitions of
this type are referred to as K forbidden and
n = IK, - K21 - X

(4-93)

denotes the order of K forbiddenness. For such transitions, the leadingorder contributions arise from the terms in the intrinsic moments proportional to ( I-+ y ,
~ ( A P=) rnAK

+n,

=

g t h ( )"~+- -conj .

(4-94)

where the operator rn depends only on the intrinsic variables. The resulting
matrix element has the form

(1,- K , ) ! ( I ,+ K , + n ) !
( I , - K , - n ) ! ( Z l+ K,)!

(K2=K,+h+ n)

assuming K2> K,.

(

G!

(~2l~AK=h+fl,v=XIKI)
I

K,=O
K,#O

(4-95)
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Higher-order corrections

Corrections to the leading-order intensity relations are obtained by
including higher-order terms in the intrinsic moments, and the general form
of the expansion can be found by similar considerations as employed in the
above discussion of the energy and matrix elements within a rotational
band. For transitions between different bands, the first-order correction
terms have an especially simple form when K2- K , > A. In this case, the
effective moment with AK= K2- K , = n + A involves only a single term of
order (I,)"+ l ,

where the last form has been obtained by means of the identity (4A-34). For
K , = 1/2, an additional contribution may arise from a term of the form

The total matrix element can, therefore, be written (Mikhailov, 1966)

+

( I , - K,)!(Z, K , + n)!
( I ,- K , - n ) ! ( Z l+ K,)!

i

+ M3( - l)11+1/2(z,+ 1/2)6(K,, 1/2)) v2
1

K,=O

(4-98)

K,#O

where M I , M,, and M , are intrinsic matrix elements. For K 2 - K , <A, the
first-order corrections may involve two different terms with A K = K2- K,,
v = A K _ t l and, if K 2 + K , < A + 1 , additional terms with A K = K , + K , .
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Empirical data

The leading-order intensity relations are expected to represent the
main part of the transition amplitudes, provided
(a) there is a good separation between intrinsic and rotational motion
as evidenced, for example, by a rapid convergence of the energy expansion;
(b) the matrix element considered is not sensitive to small perturbations. A sensitivity may be expected if the leading-order matrix elements are
very small, due to selection rules in the intrinsic motion or to accidental
cancellations.
A special situation occurs for operators, such as the magnetic multipole
moments, which depend explicitly on the velocity, or angular momentum,
of the nucleons. For such operators, the terms proportional to the rotational
angular momentum may be comparable with the terms depending only on
the intrinsic motion of the nucleons, and both types of terms must be
included in the leading-order intensity relations (see, for example, the M I
moment (4-84)).
As discussed in Secs. 4-3b, c, the leading-order intensity relations
describe the E 2 and M I transitions within bands with considerable accuracy. These relations have also been found to apply to a variety of
transitions between bands. (See the evidence on favored a transitions in
Table 4-13, p. 118, and Fig. 5-13, p. 268, and on p transitions in Fig. 4-26,
p. 141, and Table 4-17, p. 143. For a test of the intensity relations for
nucleon transfer reactions, see, for example, Dehnhard and Mayer-Boricke,
1967.)
Examples of transitions that are sensitive to small admixtures in the
wave functions are provided by the E 1 transitions between low-lying bands
in odd-A nuclei; these transitions are strongly hindered by selection rules in
the quantum numbers of the single-particle motion. The relative B ( E 1)
values violate the leading-order intensity relations, but are found to be
rather well reproduced by the generalized relations obtained by including
linear terms in I , in the transition moments (Grin and Pavlichenkow, 1965).
As an example, the analysis of E 1 transitions with AK= 1, on the basis of
Eq. (4-98) with n = O , is illustrated in Fig. 4-18, p. 110. Low-energy E 1
transitions with larger matrix elements occur in the decay of the Kiv
=0- - bands in even-even nuclei, and are found to approximately obey
the leading-order intensity relations (Stephens et al., 1955; see also the
example in Table 4-12, p. 114, of E 1 transitions in an odd-A nucleus, which
follow the leading-order rules and which may be of related character).
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E 2 transitions between bands are expected to be sensitive to a small
admixing of the two bands, since the admixed components contribute with
the collective matrix elements. An example of E 2 transitions with A K = 2
exhibiting major effects of the M , term in Eq. (4-98) is illustrated in Fig.
4-30, p. 160. (For E 2 transitions with A K = 1, the band mixing does not
affect the relative transition rates to leading order; see p. 148 and the
example shown in Table 4-19, p. 155.)
For the K-forbidden transitions, the relative intensities are found to
obey the leading-order intensity relation (4-95) with an accuracy similar to
that of the K-allowed transitions. (See the examples of M 1 transitions with
n = 1 in Table 4-1 1, p. 113, and of E 2 transitions with n = 4 in Table 4-18, p.
144.)
The absolute transition rates for the K-forbidden transitions between
low-lying states are observed to be systematically hindered by large factors,
which are typically of magnitude 102 for each order of K forbiddenness.
(See the examples discussed on p. 107 (177Luand 177Hf),p. 142 (176Lu),and
p. 144 (244Cm).) This retardation provides important evidence for the
validity of the quantum number K in the low-energy part of the spectrum.
The K-forbidden matrix elements involve Coriolis coupling effects of order
n , and the observed rates imply amplitudes for band mixing of order lo-".
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Spectrum of 168Eras obtained from study of (ny) reaction (Figs. 4-7 and
4-8, Tables 4-1 and 4-2)

A

The capture of a neutron by a heavy nucleus is in general followed by a
very complicated cascade of y rays involving of the order of lo6 different
transitions between something of the order of lo4 different levels. The great
resolving power of crystal diffraction spectrometers ( A E / E in favorable cases; see, for example, the review article by Knowles, 1965) and the
relative simplicity of the low-energy nuclear excitation spectra have made it
possible in many cases to disentangle the complex y spectra and construct
partial nuclear level schemes by looking for transition energies equal to the
sum of energies for other transitions, a method familiar from the study of
atomic spectra (Ritz combination principle). The spectrum of I6*Er shown in
Fig. 4-7 has been constructed in this manner from the measured y-transition
energies following the capture of thermal neutrons in 167Er.
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Spectrum of I6'Er. The data are taken from H. R. Koch, 2. Physik 192, 142
(1966) and thesis submitted to Technische Hochschule, Munchen (1965).
Figure 4-7
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A

It is seen that, besides the usual ground-state rotational band of eveneven nuclei (KT= 0 + , r = + l), three other bands have been identified in the
spectrum, having KT = 2 + , 4 - , and 3 - , respectively. From the accurately
measured transition energies, one can obtain quantitative determinations of
the higher terms in the expansion (4-62). Figure 4-8 shows the energy
E ( Z ) - E(Z= K ) divided by Z(Z+ 1)- K ( K + 1) as a function of Z(Z+ 1). In
such a plot, a simple I(I+ 1) energy dependence gives a horizontal straight
line, and the inclusion of the Z2(Z+ 1)2 term gives a sloping straight line. It is
seen that, in the present case, these two leading terms in the expansion
describe the observed energies with an accuracy of order 0.5% up to the
highest states measured (Z=8). In the KT=O+ and K ~ = 2 - t .bands, the
remaining discrepancies exhibit a smooth variation with I and can be fitted
by the C and D coefficients given in Table 4-1.
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Figure 4-8 Analysis of energies in rotational bands in I6'Er. The data are taken from Fig.
4-7. The straight lines represent fits to the rotational spectra that deviate slightly from the
parameters in Table 4- 1.
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The energies in the odd-parity bands show deviations from a smooth
variation with Z that are of order 0.3 keV, which is several times the
experimental uncertainty. These variations may reflect a dependence on the
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signature that is a general feature of the rotational energies for bands with
KfO (see Eq. (4-62); the energies of the K7=2 + band in 168Eralso provide
evidence for a small signature dependence (see Table 4-1)).

E(Z= K)
K77

(MeV)

A
(keV)

B
(ev)

O+

0
0.821
1.094
1.542

13.343
12.535
9.965
9.146

- 7.3 1

2+
4-

3-

5.55
- 1.32
2.40
-

C

D

A4

(meV

( PeV

(ev)

18.6
14.3

- 56

0.0 17

Rotational energy coefficients for bands in I6*Er. The table is based on the
experimental data in Fig. 4-7; the expansion parameters are determined from the energies of
the lowest members in each band.

Table 4-1

v

The very high precision of the energy measurements of the rotational
spectra in 168Erobserved in the (ny) process makes possible a comparison of
different parameterizations of the rotational energy. Thus, we may consider
an expansion in the rotational frequency as an alternative to the expansion of
the energy in powers of Z(Z+ 1) (see p. 25). If the expansion in o 2 is more
rapidly convergent than that in Z(Z+l), we can exploit this fact to obtain
relations between the higher coefficients in the latter expansion. Including
only two terms in the expansion (4-52) implies the relations

+)
A
D =24( $)

C =4(

-

A

2

3

(4-99)

A
In Table 4-2, these relations are compared with the observed data for 16*Er
and other nuclei for which sufficiently accurate energy measurements are
available; it is seen that the relations (4-99) are obeyed in most cases to better
than 20%. (See also the similar though somewhat less accurate evidence on
even-even actinide nuclei; Schmorak et af., 1972). Another way to exhibit the
rate of convergence of the expansion in o2is to plot the moment of inertia as
a function of w 2 (see the example in Fig. 4-llb, p. 70). The present analysis
appears to suggest that the expansion of the energy of the ground-state bands
of even-even nuclei in powers of Z(Z+ 1) has a radius of convergence that is
considerably smaller than for the corresponding expansion in 02.
The (ny) measurements also provide a large body of data on y-ray
branching ratios, which can be interpreted in terms of the intensity rules
implied by the rotational description (Koch, foc. cit., Fig. 4-7). This analysis
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further confirms the significance of the expansion in powers of the rotational
angular momentum, and at the same time provides information on the mixing
of bands produced by the Coriolis interaction. The mixing of the Kn=O+
and K n = 2 bands can be analyzed along the same lines as the corresponding effect in 166Erdiscussed on pp. 160ff.; the mixing of the Kn = 4 - and 3 bands with A K = 1 is similar to that in 175Ludiscussed on pp. 154ff.

+

A

A
Nucleus (keV)

156Gd
"'Gd
162Dy
IaDy
16'Er
178Hf

15.0332
13.3353
13.5174
12.2858
13.3431
15.6203

-B x

A

103 C x
A

2.362
1.069
0.934
0.738
0.547
1.005

106

14.3
4.10
3.74
1.44
1.39
4.14

4(-12x
B
lo6 - D x lo9 -24(-13x
B
A
A
A
22.3
4.56
3.49
2.18
1.20
4.04

16

20

4.2
22

4.0
24

lo9

Table 4-2 Test of relations implied by linear relationship between N a n d 02.
The rotational
energy expansion coefficients A , B, C, and D are calculated from the energies of the I = O , 2,
4, 6, and 8 members of the ground-state rotational band. The data are taken from the
compilation of (ny) spectra by Groshev et al., 1968 and 1969, and from a private communication by H. R. Koch, 1970 (Is6Gd and ISsGd).
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The excitation mode responsible for the Kn = 2 + band is found to be a
systematic feature of almost all deformed nuclei and furthermore to be
characterized by rather large E2-matrix elements to the ground-state band
(see Fig. 6-38). These features suggest an interpretation of this excitation
mode in terms of a collective quadrupole vibration away from axial symmetry
( y vibration; see pp. 549ff. and the analysis on pp. 164ff. of the corresponding excitation in IMEr, which also considers a possible interpretation in terms
of a rotation of a nucleus of triaxial shape).
The Kn=4- and 3- bands may be associated with intrinsic excitations
in which a pair is broken. The properties of the bands and their coupling
suggest that we are dealing with a configuration involving two neutrons in the
single-particle orbits [633 7/21 and [521 1/21, and having K = Q l ?a2.(See
Table 5-13, p. 300.)

Rotational spectrum of 238U studied by heavy ion Coulomb excitation
(Fig. 4-9)

A

The cross section for the Coulomb excitation process is proportional to
the electric multipole transition matrix element. This reaction is therefore
very effective in inducing rotational excitations and played a decisive role in
the discovery and early exploration of the rotational relationships. (See the
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summary of the development given by Alder et al., 1956, and by Biedenharn
and Brussaard, 1965.) By employing heavy ions, it has been possible to
produce multiple E 2 excitations, which lead to high angular momentum
members of the rotational band built on the ground state of the target
nucleus. Figure 4-9 shows the y-ray spectrum resulting from the bombardment of 238Uby 182 MeV argon ions. The strong y transitions are seen to
form a sequence corresponding to the decay of the successive members of the
ground-state rotational band 238U( K m = 0 + +). The deviations from the
I ( I + 1) dependence of the energy increase regularly and reach about 10% for
the highest observed ( I = 14); the two-parameter fit, which includes a term
proportional to I '( I I)', reproduces the observed spectrum within the accuracy of the measurements.
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Figure 4-9 Coulomb excitation of ground-state rotational band in 238U.The data are taken
from R. M. Diamond and F. S. Stephens, Arkiu Fysik 36, 221 (1967) and private communication.
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Ground-state rotational band in '72Hf
as studied in the 16'Ho ("B,4n)
reaction (Figs. 4-10 and 4-11)
The most effective method discovered so far for populating the high
angular momentum states in rotational bands is to form a compound nucleus
by heavy ion bombardment. (This method was pioneered by Morinaga and
Gugelot, 1963.) Figure 4-10 shows the conversion electron spectrum from the
"B ions of 56 MeV. The
reactions produced by bombarding 1 6 5 Hwith
~
compound nucleus formed in this collision is 176Hf at about 50 MeV of
excitation and involves states with angular momentum up to 1-25 (see Eq.
(6-547)). The highly excited compound nucleus decays mainly by successive
emission of low-energy neutrons (E,-2 MeV) followed by a cascade of y
rays leading eventually to the ground states of a number of different lighter
Hf isotopes. By adjusting the bombarding energy, it is possible to ensure that
an appreciable fraction of the total reaction yield (often 50% or more)
populates a single final nucleus; in the present case, the energy has been
chosen so as to maximize the ("B,4n) yield leading to 172Hf.
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(1965).
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The low-energy neutrons emitted from the compound nucleus can only
remove a few units of angular momemturii (k"Rm2.4 for E,=2 MeV; expressions for the centrifugal barrier penetration are given in Table 3F-1, Vol. I, p.
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439), and thus the final y-ray cascade in 172Hfmust involve states of quite
high angular momentum. Since the ground-state rotational band provides the
lowest states of given angular momentum up to rather large values of I , the
excited states of this band are populated in an appreciable fraction of all
cascades. Indeed, the conversion electron spectrum given in Fig. 4- 10 shows
that the transitions between the members of the ground-state rotational band
can be clearly resolved from the background generated by the innumerable
other unresolved transitions in the cascade.

Expansions of rotational energies for low values of I

By adding the energies of the different transitions, we obtain the energy
for the ground-state band as a function of angular momentum, which is
plotted in Fig. 4-lla. This plot shows that the main part of the energy
variation in the band is described by the leading-order term proportional to
Z(Z+ l), which provides an accuracy of order 30% up to the highest states
populated (I= 18). For not too large values of I , the deviations can be
approximately described by a term proportional to Z2(Z + 1)2; the coefficients
A and B in this expansion (see Eq. (4-46)) have been obtained by requiring a
fit to the observed energies of the lowest members of the band. (There is
considerable uncertainty in the determination of the third-order coefficient,
C, as a result of the experimental error in the energies of the lowest states in
the band.) The ratio of successive terms in the expansion (4-46) is somewhat
larger than in the examples discussed in Figs. 4-8 and 4-9 (in the present case,
B / A = - 1 . 4 ~ compared with B / A = -0.54X lop3in 16*Er).
For the neighboring nucleus 174Hf,more accurate values of the rotational
energies in the ground-state band are available (see Fig. 4-31, p. 168), and the
expansion coefficients determined up to the seventh power in Z(Z+ 1) are
exhibited in Table 4-20, p. 169. It is seen from this table that the coefficients
A , B , and C are rather accurately determined, but that even with the available
more precise data, the higher coefficients have doubtful significance due to
10.
the poor convergence of the series for
Though the expansion of the energy in powers of Z(Z+ 1) becomes rather
poorly convergent in I7'Hf for 12 10, the function E ( 1 ) continues to depend
smoothly on I . This feature has motivated the search for other parameterizations of the rotational energy. Thus, Fig. 4-llb shows the same data as Fig.
4-lla, plotted in terms of the moment of inertia X as a function of the
rotational frequency a,,,(see also the discussion on pp. 65 ff. (168Er)).
In order to obtain the rotational frequency, we must calculate the
derivative of E,, with respect to 1 (see Eq. (4-48)), and for this purpose we
have employed an approximate description in which E,,, is fitted with a linear
function of Z(I+ 1) over the energy intervals between successive members of
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the rotational band. Thus, we obtain
2

(

(hwrot)2 =4Z(Z+ 1) al;?:i))
2

=2(Z1(4+ l)+Zz(Zz+ 1))

(4-100)

and

A2

1) + 1)
E ( 1 2 )- E ( 1 , )

12(Z2+

(4- 101)

It is seen that, 'in the case of '"Hf, the function 4 ( w f o J is described as a
simple linear function of w:ot over a larger part of the spectrum than the
corresponding two-term expansion of the energy in powers of Z(I+ 1). This
conclusion is the same as that derived from Table 4-2, p. 66, which refers to
a number of other even-even nuclei, for which very accurate measurements of
energies of the lowest members of the rotational bands are available.
Although, for small values of I , the expansions in Z(I+ 1) and w,',, both
are of general validity, the radii of convergence may be very different. Thus,
if the moment of inertia is linear in
the relation (4-53) implies that the
Z(Z+ 1) expansion has a radius of convergence
(4-102)
For 17'Hf, with IA/BI=600, the critical value of Z implied by Eq. (4-102) is
of order 10, which is consistent with the behavior shown in Fig. 4-lla.
Although the evidence discussed in the present section provides strong
indication for the greater simplicity of the expansion in the rotational
frequency, the significance of this fact is not yet apparent.
Evidence for phase transition

A

For the highest rotational states observed in the ground-state band of
172Hf,the energies, as analyzed in Fig. 4-llb, show a rapid increase in the
moment of inertia, indicating a major modification in the intrinsic structure

Figure 4-1 1 Rotational energies for the ground-state band in I7'Hf. The experimental data
are taken from Fig. 4-10. In Fig. 4-1 la, the energy, in units of I ( I + I), is plotted against
Z(I+ 1). In Fig. 4-1 lb, the moment of i n e r t i a x is plotted as a function of the square of the
rotational frequency. For comparison, the rigid moment of inertia for '"Hf is 4,x80fiz
MeV-', assuming S = O . 3 and (rZ)=$(1.2xA'/3)2fm2.
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occurring for Z=20. The fact that the moment of inertia is almost doubled
and is approaching the value for rigid rotation suggests that the transition is
associated with a considerable reduction in the pair correlation (see Eq.
(4-128) for the effect of the pair correlation on the moment of inertia). Such a
destruction of the pair correlations by the rotational motion is expected as a
general feature of superfluid systems (see p. 37), and the critical value of the
angular momentum may be estimated by comparing the decrease in rotational energy associated with the transition to the uncorrelated system with
the energy gain associated with the pair correlations. The latter energy gpair
is
of order (A2/d), where d is the average spacing between the twofold degenerate single-particle levels, since the number of pairs participating in the
correlation effect is of order A/d. Thus, for a spectrum of uniform levels with
spacing d, the energy gain associated with the pairing is f(A2/d) for the
neutrons and protons separately (see Eq. (6-618)). For nuclei in the region of
Hf, we have A=0.9 MeV (see, for example, Fig. 2-5, Vol. I, p. 170) and d ~ 0 . 4
MeV (see, for example, Figs. 5-2 and 5-3), and hence gpair=2 MeV. The
difference in rotational energy for the superfluid and normal systems is
A&rolw10Z2keV (see Fig. 4-12), which implies Zcfi1-15, as an order of
magnitude estimate. Since the pair correlations involve the neutrons and
protons separately, the phase transition to the normal system may take place
in two distinct steps. However, it must be emphasized that also other effects
lead to major modifications of the rotational motion in the angular momentum range considered (see pp. 42ff.).
The yrast region for I

> 20

Even though the resolved transitions in Fig. 4-10 only extend to states
with I = 18, experiments of this type reveal important features of the spectra
for higher angular momentum, in particular concerning the states with
energies close to the minimum value for given Z (yrast region). Relevant
features of the available data are

A

(i) The cross section for populating the ground-state rotational band
indicates that these processes involve the descendants of compound nuclei
with angular momenta that in some experiments are as great as 50 units
(Stephens et al., 1968).
(ii) The probability for populating the states in the ground-state rotational band decreases strongly in the range of Z from 10 to 20 (Stephens et al.,
1965; Stephens et al., 1968).
(iii) The y spectra do not exhibit any single strong lines besides those of
the ground-state rotational band. It appears that the missing angular
momentum is carried away by a large number of y rays, which combine to
form an unresolved background.
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(iv) The total delay time for the unresolved transitions preceding the
ground-state cascade is, for the main part of the intensity, of the order of
lo-'' sec (Diamond et al., 1969a).
The picture of the y cascade that appears to emerge from this evidence
starts from the production of a compound nucleus which, after neutron
evaporation, has an energy above the yrast line ranging up to values of the
order of the neutron separation energy. The first few y transitions are
expected to be similar to those observed in neutron capture processes and to
lead to a cooling of the nucleus. However, the absence of strong lines
indicates that, in most of the cascades, the nuclei do not completely cool to
the yrast line, but proceed along a large number of paths somewhat above
this line. The slope of the yrast line is expected to be given approximately by
the rigid-body value for the moment of inertia (as is obtained both for
collective rotations with A = O and in a statistical analysis; see pp. 77ff.).
Thus, the transition energy for E 2 transitions with AZ= 2 and 1 ~ 3 0A, z 160
is of the order of 1 MeV. The evidence quoted above implies lifetimes for
these transitions
sec, corresponding to transition rates at least an
order of magnitude larger than for single-particle E 2 transitions (see Eqs.
(3C- 18) and (3C-38)). Such an enhancement, together with the relative weakness of the transitions leading toward the yrast line, suggests that the main
transitions proceed along trajectories of collective families. These sequences
may have many of the properties of rotational bands (Williamson et al., 1968;
Newton et al., 1970). The absence of delays in the great majority of the y
cascades implies that the collective families do not have band heads, as would
be associated with states of large K in axially symmetric nuclei.
For lower values of the angular momentum, bands with large K values,
giving rise to isomeric states, have been observed on the yrast line, or very
close to it, in a number of even-even nuclei (see, for example, Borggreen et
al., 1967). A striking example is provided by the spectrum of 178Hf(Helmer
and Reich, 1968); in this nucleus, a K r = 8 - band begins at 1.148 MeV,
which is 89 keV larger than the energy of the I=8 member of the groundstate band; however, because of the larger moment of inertia of the K = 8
band, it crosses the (extrapolated) ground-state band between I = 10 and 12.
Another intrinsic configuration, which appears to represent a fourquasiparticle state with K r = 16+, has been found at an excitation energy of
about 2.5 MeV, which is lower than the extrapolated position of the K=8,
I = 16 level by about 1 MeV.
The occurrence of states with KmZ in the yrast region may be understood from the fact that the energy expended in generating angular momentum through the alignment of the orbits of a few individual nucleons can be
characterized by a moment of inertia similar to that for collective rotation
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(see p. 81). The absence of isomers with still higher spin, which is suggested
by the evidence discussed above, might indicate a change to a nuclear
coupling scheme associated with nonaxially symmetric shapes.

Moments of inertia for ground-state bands of nuclei with I50 < A
(Fig. 4-12)

< 188

To leading order in the expansion in powers of the angular momentum,
the rotational energies involve the two parameters A and A , , which can also
be expressed in terms of the effective moments of inertia X a n d the decoupling parameter a (see Eqs. (4-61)). The available information on the moments
of inertia for ground-state bands of nuclei with 150 < A < 188 is illustrated in
Fig. 4-12. For the bands with K#1/2, the moments of inertia in the figure
have been determined from the energy separation of the two lowest band
members ( I = K and K + 1); for the K = 1/2 bands, the determination of N is
based on the observed positions of the three lowest band members.
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Figure 4-12 Systematics of moments of inertia for nuclei with 150 < A < 188. The moments
of inertia are obtained from the empirical energy levels in Table of Isotopes by Lederer et al.,
1967.
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Comparison with rigid rotation and irrotational flow

In Fig. 4-12, the empirical moments of inertia are compared with the
moments that would be associated with a rigid rotation of the deformed
nucleus,
(4- 103)
J?", = A M ( x$ x i )

+

Assuming axial symmetry about the intrinsic 3 axis (and the same density
distribution for neutrons and protons), the moment (4- 103) can be expressed
in the form
N rig
. = + A M ( r 2 ) ( 1 +6)

+

=$AMR2(1+f-6)

(4-104)

where 6 is the deformation parameter determined from the electric quadrupole moment (see Eq. (4-72)), while R is the mean radius defined by
R2=$(r2>

(4-105)

and taken to have the value R = 1.2A 1/3 fm. For a nucleus of spheroidal
shape, the parameter 6, for small eccentricities, equals ARIR, where A R is
the difference between the semi-axes of the spheroid (see Eq. (4-73)). The
values of 6 employed in the evaluation of ,a;,, in Fig. 4-12 are taken from Fig.
4-25, p. 133.
From Fig. 4-12, it is seen that the observed moments are smaller than J$ig
by a factor of order 2. The observed moments show systematic variations that
are especially apparent for the even-even nuclei. Thus, as one approaches the
limits of the deformed regions, the moments decrease, and this variation of fl
is associated with a corresponding variation in 6 (see Fig. 4-25). This correlation is characteristic of another classical model, the rotation of a drop of
irrotational fluid. The flow pattern for such a rotational motion is illustrated
in Fig. 6A-2, p. 675, and the moment of inertia is (see Eq. (6A-81))
(4-106)
to leading order in 6. The observed values of X,however, are about a factor
of 5 greater thanflirrot.(In the region illustrated in Fig. 4-12, the deformation
6 is typically of order 0.2-0.3.)

A

Analysis in t e r m of nucleonic response to rotation of the nuclear field
(cranking model)
The nuclear moments of inertia can be analyzed by considering the
motion of the nucleons in the rotating nuclear potential. The Coriolis and
centrifugal forces acting in the rotating body-fixed system give rise to an
increase in the energy of the nucleonic motion, which can be identified with
the rotational energy.
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For a single nucleon, the motion with respect to the potential rotating
with frequency wrOtis’ described by the Hamiltonian

H = H o - harot- j

(4-107)

where Ho describes the motion in the absence of the rotation. The Hamiltonian (4-107) may be seen to be equivalent to the general relation between
the time derivative of operators evaluated in the rotating system and in the
fixed system (labeled by the subscript 0)
-dF
=-[H
i , F ] = ( x dF
)
dt
h

-iarOt-[j,F]

(4-108)

0

In this expression, F is an operator depending on the particle variables, and
the commutator of j with F gives the change in F associated with a rotation of
the coordinate system (see Vol. I, p. 10). It i s readily verified that the
equations of motion derived from the Hamiltonian (4-107) include the Coriolis and centrifugal forces; indeed, the orbital part -arOt*(rxp) of the rotational perturbation term in Eq. (4- 107) is the familiar expression from
classical Hamiltonian mechanics. (It must be emphasized that the above
derivation of the Hamiltonian in the rotating system assumes that the
potential in which the particles move is not affected by the rotational motion.
The occurrence of terms in the potential that are linear in the rotational
frequency is considered on pp. 80 and 278.)
If the effect of the rotation can be considered as a small perturbation of
the nucleonic motion, the resulting shift in the one-particle energies is given
SE (V)

= h%.&

c
V‘

(v’ljll v>’

(4- 109)

E(V’)--(v)

wherej, is the component of j along the axis of rotation. The unperturbed
nucleonic state is labeled by v, while the states coupled to v by the Coriolis
force are labeled by v’. (In the derivation of Eq. (4-109), one must take into
account that the energy of the system is represented by H,, while the
Hamiltonian H is the time-displacement operator describing the evolution of
the system in the rotating (time-dependent) coordinate frame; the difference
between H and Ho gives rise to a change of sign of SE.)
The energy shift (4-109) is proportional to the square of the rotational
frequency and can therefore be interpreted as a contribution to the moment
of inertia. Adding the contributions from all the particles, we obtain the total
moment of inertia for a given state 0 (Inglis, 1954)
(4-1 10)

A
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where i labels the many-particle states of the A nucleons in the deformed
potential, with excitation energies Ei.The moment of inertia (4-110) can also
be obtained from the expectation value of J , in the perturbed state and the
relation (4-47). The expression (4-110) is referred to as the "cranking formula", since the frequency of the rotating potential is treated as an externally
prescribed quantity; however, a result equivalent to Eq. (4-109) is obtained in
the particle-rotor model, in which the frequency of the rotating potential is
treated as a dynamical variable (see Eq. (4A-15)). An alternative derivation of
the expression (4-110) can be based on the treatment of the residual interactions that are necessary to restore rotational invariance to the Hamiltonian
based on the deformed potential (see pp. 446ff.).
Moments of inertia from independent-particle motion

Some of the main features of the moment of inertia (4-110) for independent-particle motion may be exhibited by considering a system of particles
moving in an anisotropic harmonic oscillator potential,
3

(4-1 11)
The one-particle states can be labeled by the oscillator quantum numbers n,,
and the total energy is
(4-1 12)

For a given configuration with specified sets of quantum numbers ( n J k , the
equilibrium shape can be obtained from a self-consistency argument. The
equipotential surfaces for the deformed potential (4- 111) are ellipsoids with
axes proportional to a,-'. The anisotropy of the density distribution can be
characterized by the mean square values
(4-113)
where we have employed the notation
A

(4-114)

k= 1

Hence, the deformation of the density distribution will be equal to that of the
potential if w, is proportional to 2,-',
alx I = w 2 x 2 = u323

A

(4-115)

For a spin-independent potential, only the orbital momentum contributes to the moment of inertia (4-1 lo), and the excitations produced by the
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Coriolis coupling involve two types of terms corresponding to A N = O and 2,
for the change of the total oscillator quantum number ( N = n , + n2 + n3). The
AN = 0 terms have energy denominators -+ h(w2- w3), which are proportional
to the deformation, while the energy denominators for the AN = 2 terms
involve the sum of the frequencies. For independent-particle motion, the
moment of inertia (4-110) can be expressed as a sum of the contributions
from the individual particles, since the terms forbidden by the exclusion
principle cancel pairwise; employing the expression (4- 130) for the particle
angular momentum in terms of the harmonic oscillator variables, one obtains

For the equilibrium deformation satisfying Eq. (4-1 15), it is seen from Eq.
(4-1 13) that the expression (4-1 16) yields a moment of inertia equal to that for
a rigid rotation of a system with the same density distribution (Bohr and
Mottelson, 1955),
A

s,=(
2 M(X,2+Xf)k)=,9&

(4-1 17)

k= 1

This result is independent of the configuration of the particles in the oscillator
potential.
The equilibrium condition is essential for the relation (4-117). For
example, if one considers a configuration with Z , = Z 2 = Z 3 , as for closed
shells, and imposes a deformation by an external force, only the second term
in Eq. (4-116) contributes, and the moment of inertia has the value

(4-118)
k

A

which is smaller than the rigid-body value by the square of the deformation
parameter. In fact, the moment (4-1 18) is that associated with irrotational
flow (see Eq. (6A-81)).
The actual nuclear potential differs significantly from that of a harmonic
oscillator in the radial dependence and due to the presence of the spin-orbit
coupling. However, for the potentials employed in Chapter 5 (see pp. 218ff.),
the numerical evaluation of the expression (4-110) gives values close to Xng,
provided the eccentricity of the potential is adjusted to the equilibrium value.
Still, it should be emphasized that the exact relationship to the rigid-body
moment of inertia has been established only for the harmonic oscillator
potential and that the accuracy and generality of this result in other cases
remain to be further explored.
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The significance of the rigid-body value for the moment of inertia may
be further illuminated by means of the semiclassical limit provided by the
Fermi gas approximation. The velocity distribution in the rotating coordinate
system is determined by the Hamiltonian (4-107), which can be written in the
form (assuming a spin- and velocity-independent potential V )

H = 4 MV*

+ V(r) - + ~ ( w , x, ~r)'

(4-1 19)

where the velocity

v = -M
-P

(

rot

x r)

(4-120)

is that of the particle relative to the rotating frame. Since the Hamiltonian
(4-1 19) involves only the square of the velocity, the distribution p(r,v) remains
isotropic in velocity space at each point r. Hence, in the rotating frame, there
is no net current and, in the fixed coordinate system, the flow pattern is the
same as for a rotating rigid body. The argument used here is the same as that
involved in demonstrating the absence of diamagnetism in a classical electron
gas (Bohr, 191 1; Van Leuwen, 1921; see also Van Vleck, 1932, pp. 94ff. For
an electron in a constant magnetic field H, the Hamiltonian is given by the
first two terms of Eq. (4-119) with urotreplaced by (e/2Mc)H; the last term
in the Hamiltonian (4-119) is the centrifugal potential, which has no counterpart in the magnetic interaction. However, the centrifugal potential is
velocity independent and therefore does not affect the above arguments.)
The role of the isotropy of the velocity distribution sheds light on the
significance of the equilibrium deformation in the derivation of the result
(4-1 17). In fact, for the harmonic oscillator potential, we have
A

(4- 121)

A

and the overall velocity distribution is therefore isotropic up to the second
moments, when the self-consistency conditions (4- 1 15) are fulfilled. Indeed,
the energy gain by the deformation of the potential may be viewed as a
loweiing of the kinetic energy through the establishment of an isotropic
velocity distribution. If the velocity distribution is not isotropic, the Coriolis
forces may introduce a flow in the rotating coordinate system proportional to
the rotational frequency; for example, for a deformed closed-shell configuration, the flow is that illustrated in Fig. 6A-2 for an irrotational fluid.
The above arguments for the rigid-body value for the moment of inertia
are not affected by the occurrecce of a velocity dependence in the one-body
potential (effective mass term, see Vol. I, p. 147). Though the rotational
motion does induce extra velocities in the motion of the particles, the
potential energy is determined by the relative velocities of the particles at
each point, which is not affected by the collective rotational motion. In the
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evaluation of the expression (4-llO), an effective mass term in the potential
leads to a moment ( M * / M ) 4ig,
but this spurious effect is compensated by
an additional term in the rotating potential, which is required to restore the
local Galilean invariance. This term is obtained by substituting, in the oneparticle potential, p+p- Mu (see Eq. (1-16)), where u=urotx r is the collective flow. The additional term implies that the Coriolis coupling is multiplied
by the factor ( M / M * ) , and the resulting moment of inertia is again equal to
s&, as follows directly from the evaluation of (J1) in the perturbed state.
(The compensation of the effective mass in the rotational moment was
exhibited by Migdal, 1959; a similar compensation of the effective mass term
in the description of the translational mass is discussed on p. 445.)
Moment of inertia associated with alignment of single-particle orbits along
an axis of symmetry
For an axis of symmetry, the moment of inertia (4-110) vanishes,
corresponding to the fact that the nucleus cannot perform collective rotations
about such an axis. However, the individual nucleons carry angular momentum with respect to such an axis, and a net angular momentum can be
generated by aligning that of the individual particles. The average energy of
the lowest state of given angular momentum along a symmetry axis can be
obtained from a statistical analysis. This state is obtained by occupying all
the lowest particle orbitals up to a Fermi energy EF(m), considered as a
function of the one-particle angular momentum m along the given axis. (For
a deformed but axially symmetric potential, the quantum number m corresponds to D and M to K . ) The function +(m) is to be determined by
minimizing the sum of one-particle energies subject to the two constraints
that the particle number and total angular momentum component M are
specified.
Thus, we consider variations of the quantity
8’= 8 - A A - y M

(4- 122)

involving the two Lagrange multipliers X and y . The one-particle spectrum,
for a given m, is described by the level density g(E,m).The condition that 8’
be stationary with respect to arbitrary variations of ~ ~ ( r yields
n)
E,(m)=X+ym

A

(4- 123)

and the Lagrange multipliers X and p , which are seen to represent the
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derivatives of 8 with respect to A and M , respectively, are determined by the
relations

go- g ( E

=A)

where (m2)denotes the mean value of m2 for the orbits near the Fermi
energy. In Eq. (4-124), we have assumed g ( e , - rn)=g(e,m) and have ignored
the variation of g ( e , m ) with E in the energy interval pm around the Fermi
surface. In the same approximation, we obtain for the energy

A2
237

= G(M=O)+ - M 2

(4-125)

where the effective moment of inertia is given by
S=A2(m2)go

A

(4-126)

An evaluation of (m2)go on the basis of the Fermi gas approximation
yields the rigid-body value for the moment of inertia (4-126); see Eqs. (2B-59)
to (2B-61). This result is intimately related to the above derivation of the
moment of inertia on the basis of the cranking model. Indeed, the quantity
8 ’in Eq. (4-122) may be recognized as the expectation value of the Hamiltonian describing motion in a potential rotating with frequency phi-‘. Thus,
in both cases, we are considering the perturbations produced by the Coriolis
and centrifugal interactions, and the rigid-body value for the moment of
inertia results from the fact that the velocity distribution in the rotating
coordinate system remains isotropic.
While the moment of inertia (4-1 10) for the collective rotational motion
is associated with small coherent perturbations in the motion of a large
number of particles, the moment of inertia (4-126) for rotation about a
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symmetry axis represents large changes in the quantum numbers of a few
individual nucleons at the Fermi surface. This type of rotational motion,
therefore, does not involve simple generic relations between the states with
successive values of the angular momentum, such as for the collective
rotations of deformed systems.
Effect of pair correlations

The fact that the moments of inertia are found to be appreciably smaller
than J& must be attributed to correlations in the intrinsic nucleonic motion.
The main effect appears to be associated with the pair correlations.
In the pair-correlated (or superfluid) nucleus, the excitations can be
described in terms of quasiparticles (see the discussion in Chapter 6, pp.
647 ff.). For an even-even nucleus, the ground state is the quasiparticle
vacuum (v=O) and the excited states in Eq. (4-1 10) are two-quasiparticle
states (v=2). The matrix elements connecting the v=O and the v = 2 states
can be obtained from Eq. (6-610b), and the moment of inertia is therefore
given by (Belyaev, 1959; Migdal, 1959)

where the sum extends over all two-quasiparticle states, (v = 2, v I v 2 ) . The
quasiparticle energies E and the amplitudes u and L; can be determined from
single-particle energies E and the energy gap parameter A by means of Eqs.
(6-601) and (6-602); see also Eq. (6-611) for A. I t is seen that the pair
correlations reduce the moment of inertia partly by increasing the energy
denominators in Eq. (4-127), partly by reducing the matrix elements in the
numerators.
A qualitative estimate of the effect of the pair correlations can be
obtained by noting that the most important single-particle transitions contributing to the moment of inertia (4-127) have the common excitation energy
e2 - e l = A(o, - q)= 6h0, corresponding to the shift of an oscillator quantum
from the direction of the 3 to that of the 2 axis. Averaging the position of the
chemical potential with respect to the orbits that contribute, one obtains
+m

( u ( E + 6hw,)

2

0( E )

- u ( E ) 0 ( E -t 8fioo))

E(E)+E(E+8YIWO)

-.(
2))

=Ag(
1

A

d&

(4-128)

3
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For a nucleus with A = 160 and 6 ~ 0 . 3 corresponding
,
to the most strongly
deformed nuclei in the region illustrated in Fig. 4-12, we obtain Kwo6z2.3
MeV (see Eq. (2-131)). With Az0.9 MeV (see Fig. 2-5, Vol. I, p. 170), the
expression (4-128) implies a reduction of the moment by a factor of about 2
relative to the rigid-body value, in accordance with the empirical values in
Fig. 4-12. Since Ap is somewhat larger than 4, (see Fig. 2-5), the proton
contribution to the moment of inertia is expected to be more strongly
decreased by the pairing than is that of the neutrons, in agreement with the
evidence from the g , factors (see p. 54).
The more detailed evaluation of expression (4-127), on the basis of the
available evidence on the single-particle spectrum and the values of A
obtained from the odd-even mass differences, yields moments of inertia that
reproduce rather well the main trends of the empirical mcments, though the
estimated values appear to be systematically 1&20% too small (Griffin and
Rich, 1960; Nilsson and Prior, 1961).
In a rotating paired system, the pair field acquires a component that is
proportional to the rotational frequency and hence contributes to the moment
of inertia (Migdal, 1959; the structure of this additional term in the pair
potential is discussed on p. 278). For A<<Ao,, as in the nucleus, this contribution is relatively small; it may account for a significant part of the remaining
1&20% in the estimate of the moment of inertia. The additional contribution
to S becomes the dominant one in the limit A>>Kwo, where it ensures that the
moment of inertia approaches that of irrotational flow, as expected for a
superfluid with dimensions large compared with the coherence length
(Migdal, loc. cit.; see also the discussion of superflow on pp. 397ff.).
The strong dependence of the moment of inertia on the pair correlation
parameter A implies a significant coupling between A and the rotational
motion. Since Sincreases with decreasing A, it must be expected that A will
be a decreasing function of I . For sufficiently large I , the coupling to the
rotation is expected to destroy the pair correlations, an effect analogous to the
destruction of superconductivity by a magnetic field (Mottelson and Valatin,
1960). Empirical evidence that may indicate such an effect is discussed on p.
72.
For odd-A and odd-odd nuclei, the moments of inertia are found to be
significantly larger than for the ground-state bands of neighboring even-even
nuclei. Such an increase is a simple consequence of the pair correlations, as
discussed in Chapter 5, pp. 251 ff.
Evidence on the moment of inertia for very large deformations has been
obtained from the observation of transitions between rotational states based
on the fission isomers. In 240Pu, the rotational constant is found to be
h2/2X=3.3 keV (Specht et al., 1972), which is about a factor of 2 smaller
than the observed value in the ground-state band of this nucleus. Part of this
difference may be attributed to the increase of the rigid-body value as a result
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of the deformation; for a prolate spheroidal shape with a ratio of axes of 2 : 1,
as expected from the shell-structure interpretation of the fission isomer (see
the discussion on pp. 634ff.), the rigid-body moment of inertia is larger than
for the spherical shape by a factor of (5/4)2’13= 1.57, corresponding to
h2/2<,=2.5 keV. Thus, the observed moment is about 75% of the rigid-body
value. The fact that the moment is appreciably closer to the rigid-body value
than is the case for the ground-state band is in agreement with the above
analysis of the influence of the pair correlations, since the relevant parameter
(6hw0/2A) is considerably larger in the more strongly deformed shape isomer.
However, the assumption underlying Eq. (4-128), that the main contributions
to the moment of inertia are associated with intrinsic excitations with energies
approximately equal to 6Kw,, is no longer valid for 6 of order unity.

Significance of finite particle number for nuclear rotations, illustrated by
harmonic oscillator model (Table 4-3)
In the present example, we consider features of the nuclear rotational
motion that are connected with the fluctuations in the nuclear orientation
resulting from the finite particle number. In some situations, the bands may
terminate at a finite value of the angular momentum. Such a termination is
characterized by major deviations from the leading-order E2-intensity relations. A related problem concerns the constraint imposed on the intrinsic
motion due to the inclusion of some of the particle degrees of freedom in the
rotational motion. These problems may be illustrated by an analysis of
particle motion in a harmonic oscillator potential. The simplicity of this
model makes possible the explicit construction of the many-particle wave
function of the rotating system, which can also be recognized as resulting
from the diagonalization of appropriate two-body interactions representing
the deformed field.’

Alignment of angular momenta produced by rotation
We first consider the motion of nucleons in an anisotropic oscillator
potential that is externally rotated, as in the cranking model. For a harmonic
oscillator potential, it is convenient to consider the motion in terms of the
quanta of oscillation. In the absence of rotation, the eigenmodes correspond
to oscillations in the directions of the principal axes
3

H, =

(C!CK
K=

A

+ ;)haK

(4-129)

1

where c i and c, create and destroy a quantum in the direction

K.

The

5These features were obtained by Elliott (1958) on the basis of SU3 classification of particle
motion in a harmonic oscillator potential.
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eigenvalues of the Hamiltonian (4-129) are given by Eq. (4-112), in terms of
the quantum numbers n,. (The relationship between the variables (c,!, c,) and
the coordinates and momenta of a particle is considered in the example in
Chapter 5, pp. 231 ff.)
We shall ignore the spin-orbit coupling, and thus the Coriolis term in the
Hamiltonian is proportional to the orbital angular momentum of the particle.
For a rotation about the 1 axis, we have (see Eqs. (5-23) and (5-26))

The first term in Eq. (4-130) involves shifts of quanta from the 3 direction to
the 2 direction and vice versa (AN=O), while the second term excites or
annihilates two quanta (AN = 2). The latter effects involve the large energy
denominator h(w2+ w3), and the perturbations in the wave function produced
by these terms are therefore smaller than the effects of the A N = O terms, by a
~ + ~ is
~ )of~ the
, order of the square of the deforfactor ( w ~ - w ~ ) ~ / ( w which
mation parameter. In the present treatment of the rotational perturbations,
we shall consistently ignore effects of this order. (For a solution with
inclusion of the AN = 2 terms, see Valatin, 1956.)
The Hamiltonian with the inclusion of the A N = O part of the Coriolis
coupling can be diagonalized by a linear transformation
c2 = ac, + bcs
( a 2 + b2'
1)
c3= - bc, U C ~
(4-131)

+

to new oscillator variables, labeled a and p. With the (real) coefficients a and
b satisfying the relations
2ab=p(l+p2)-1/2

a 2 - b2= (1 + p 2 ) - 1 / 2

(4- 132)

we obtain

A
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The eigenmodes of oscillation in the rotating deformed potential have a
nonvanishing value of the orbital angular momentum along the axis of
rotation,

(Z,)=2ab(np-n,)

(4- 135)

In the limit wrOt>>w2-w3 (assuming w 2 > w 3 ) , the quanta a and p become
eigenstates of the angular momentum in the 1 direction, with eigenvalues - A
and + A , respectively. In this limit, the frequencies w, and up approach the
values +(w, w3)2 orOt.
If the rotational frequency is gradually increased, the number of quanta
in the corresponding modes remains constant (adiabatic condition). Thus, a
particle initially in the state n 1 , n 2 , n 3(for wrot=O) occupies the state n,,n,= n,,
n p = n3 in the rotating potential. For a system of particles initially in a state
specified by the quantities

+

(4- 136)
the total angular momentum in the rotating potential has the expectation
value
('I>=

(2 ('Ilk)

=2ab(23

- '2)

k

= 2abZ,

(4-137)

where
(4- 138)
is the maximum value of I,,obtained in the limit wTot>>w2 - w3.
The perturbations produced by the Coriolis interaction imply that the
shape of the system changes with increasing rotational frequency. In fact, the
shift of quanta from the 3 to the 2 direction leads to a decrease in the
deformation with respect to the 1 axis and to a corresponding modification in
the self-consistent potential. The density distribution of the perturbed states
retains the symmetry with respect to the inversions S, and S3of the 2 and 3
axes, characteristic of the initial state with specified n, and n,; in fact, the
Coriolis coupling, though violating S, and S3as well as time reversal 7,
is
invariant under the transformations S2.7and S, which ensure the inversion symmetries S,and S3of the density p(r). For the static system, the
consistency of density and potential is expressed by the relations (4-1 15), and
for the rotating potential, the corresponding condition yields
w 1 2 , = o , ( a 2 ~ 2 + b 2 Z 3 ) = W 3 ( b 2 Z 2 +a22,)

(4-139)
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and, hence (see Eqs. (4-132), (4-137), and (4-138)),
w2-w3
--

w2+w3
1 /2

3'

-2'

=(I--)

(4- 140a)
(4- 140b)

These relations exhibit the gradual disappearance of the deformation with
respect to the 1 axis, as the rotational frequency approaches the value
corresponding to (Z,) = Zmax.
For the self-consistent potential, the moment of inertia, representing the
ratio between the angular momentum (4- 137) and the rotational frequency,
has the constant value (see Eqs. (4-132), (4-140), and (4-1 13)),
Ai(Z,> s=-2A- %+Z3
wrot

w2+w3

(f: f:) =x.
-+-

r'g

For a configuration with axial symmetry (Z, = X2), the rotational motion is
constrained to axes perpendicular to the symmetry axis, and the rotational
energy is proportional to Z(Z+ 1) all the way to the limit I,,,, at which the
band abruptly terminates. For configurations with triaxial shape, one must
consider rotations about all three principal axes; however, since the moments
of inertia .a; are equal, apart from terms involving the deformation, the
rotational energy remains proportional to Z(Z I), to this accuracy.
Estimates of I,,, for the ground-state configurations of several representative nuclei are given in Table 4-3. The estimates are obtained by

+

A

(4- 141)

Nucleus

Imax

*Be
'We
IaEr

4
8
x 100
w 140

2 3 8 ~

Maximum values of the rotational angular momentum corresponding to alignment of the angular
momenta of the individual particles.

Table 4-3
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assigning the ground-state configurations implied by the level order in Figs.
5-1 to 5-5 for prolate deformations with values of 6 given in Fig. 4-25, p. 133.
The values of 2, are calculated from the asymptotic quantum numbers of the
occupied orbits, and I,, is obtained from Eq. (4-138). The values of I,,, in
the middle of shells are of order A , since the difference between Z, and Z, is
contributed by the particles outside of closed shells; there are - A 2 l 3 such
particles, each carrying
quanta (see, for example, Eqs. (2-151) and
(2- 158)).
the states of the ground-state band up to
In the case of 8Be and
I = I,,, have been observed, but the evidence is inconclusive concerning the
structure of the spectrum in the channels with I > I,,, (see the discussion on
pp. 10lff. and 97ff.). In heavier nuclei, the estimated values of I,,, are
much larger than the domain of I values so far studied. It must be emphasized that, for the very high angular momenta, it may be important to
consider the centrifugal distortion effects that result from the dependence of
the moment of inertia on the deformation. Such effects imply an increase in
the deformation as a function of the total angular momentum and may
eventually lead to fission. (For the liquid-drop model, these effects are
discussed in Sec. 6A-2b.)
E2-matrix elements with inclusion of Coriolis distortion

The shape variations produced by the rotational motion imply corrections to the E2-matrix elements within the band. ( w e shall assume that the
electric moments are proportional to those of the mass distribution, as for
T=O states.)
If the initial equilibrium shape, in the absence of rotation, is prolate
about the 3 axis (2,= Z, < 2,; w , = a, > a,), the final shape, for I = I,,,, is
oblate (o,>w,=o,)
and is reached through a succession of triaxial shapes
(0, > a, > w,). The static quadrupole moment, which is given by the diagonal
matrix element of A ( E 2 , p = 0 ) in the state M = I , involves the density
distribution averaged with respect to the axis of rotation. Since the expectation value of x;+xf is not affected by the rotational perturbations, in the
approximation considered, there are no corrections to the static moments.
The transition moments, however, are associated with the time-dependent
part of the density distribution resulting from the rotational motion and are
proportional to (see Eqs. (4- 112), (4- 132), and (4- 140))

A
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When I approaches I,,,, the transition probability vanishes, since a rotation
about a symmetry axis does not produce a time-dependent field.
The above discussion of the E 2 moments is based on a semiclassical
approximation, valid for 1>>1. The quanta1 form for the E2-matrix elements
in a K=O band can be expressed in terms of an intrinsic moment that is a
function of the combinations 11(11+ 1) Z2(Z2 + 1) and (Zl(Zl 1) - Z2(Z2 +
(see p. 53). Since, in the present model, the static moments are not affected
by the rotational perturbations, the intrinsic moment depends only on the
combination (Z1(I1 + 1)- Z2(12+ 1))2; hence the quantity
in Eq. (4142) is to be replaced by a multiple of this combination. The derivation of the
proportionality factor I;; is valid only to leading order in I,,,. Since the
matrix element vanishes identically for the transition Z = Zmm-+I 2, one is
led to the following expression for the I dependence of the matrix element

+

+

+

1/2

=(21,

+ 1)1’2(z,020~z20)M,

The parameter M I in Eq. (4-143) may be obtained by considering the
static moment in the fully aligned state with M = I=I,,,, which can be
described, in the fixed coordinate system, in terms of a distribution of quanta,
with C x= C,, = Z, t I,,.
We therefore have (see Eqs. (4-1 13), (4-1 15),
and (4-138))
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(4- 144)

A MuoZmax

where wo is the mean oscillator frequency. Hence, one finds (see Eqs. (4-68)
and (4-69))
MI =

A

(

2-

iu0

-(21,,,+3)

(4-145)

To leading order in I,,,, the quantity M I coincides with the intrinsic moment
for the particle motion in the static potential (see Eqs. (4-113) and (4-138)).
Since Zmax is of order A (see p. 88), the constant term in Eq. (4-145) is of
higher order than the correction terms of order 6’ that have been consistently
neglected in the above discussion.
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The quadrupole matrix elements derived above are seen to obtain half
their value from the anisotropy of the configuration (differences in C,) and
half the value from the anisotropy of the potential (differences in a,); see, for
example, Eqs. (4-1 15) and (4-144). The part associated with the deformation
of the potential can also be described as a small admixture of components
with A N = 2 into the wave functions of the spherical potential. As discussed in
Chapter 6, such admixtures can be taken into account in terms of a renormalization of the effective operators for the particles outside of closed shells
(the doubling of the effective quadrupole moment corresponds to the static
polarizability, X ( T = 0, X = 2) = 1, obtained from Eq. (6-370)).
Rotating states expressed as angular momentum projection of intrinsic states

In the harmonic oscillator model, the perturbations of the particle
motion produced by the Coriolis interaction have an especially simple
character due to the fact that the excitations all have the same frequency, if
we neglect the A N = 2 terms. Thus, for rotation about the 1 axis, the A N = O
excitations have the single frequency w 2 - a 3 , and the perturbation of the
wave function produced by the Coriolis interaction can therefore be obtained
by operating with the component Zl of the total angular momentum (and
powers of this operator). Since the components I, are the generators of
infinitesimal rotations, the rotating state can be expressed as a superposition
of states corresponding to the intrinsic configuration oriented in different
directions.
The weighting of the different orientations o can be obtained by exploiting the rotational invariance of the total Hamiltonian. Thus, for an axially
symmetric configuration with I , = K , the intrinsic state IK; a), with orientation w, can be expanded in components with different ZM (see Eqs. (1A-94)
and (1A-39))

(4-146)

where 3” is the coordinate system with orientation w with respect to the fixed
frame r,
and where c, are suitably normalized expansion coefficients, which
are real, assuming the states IK; o) as well as lKZM’)x, to have the standard
phasing. Inverting the relation (4-146), we obtain (omitting the label 3’ for
the state vector)
(4- 147)
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Thus, the eigenstates IKZM) are expressed as the angular momentum projection from the aligned intrinsic state, and the relation (4- 146) exhibits the
intrinsic state as a wave packet constructed by superposition of the different
members of the rotational band.6
The expansion coefficients c, can be obtained from the normalization
integral

(4-148)
The last relation follows from the fact that the overlap factor ( K ; w,lK; wl)
depends only on the relative orientation w of w2 with respect to w1 (see also
Eq. (1A-45)).
We illustrate the evaluation of the projection integrals by considering
configurations obtained by filling the particles in the lowest available orbits in
an axially symmetric (and prolate) potential; in such a state, the quanta are
aligned along the 3 axis to the maximal possible extent consistent with the
exclusion principle. We shall also assume the aligned state to involve filled
subshells in the oscillator potential and thus to have K=O; for other configurations, the self-consistent deformation deviates from axial symmetry. The
aligned state may be described in terms of quanta belonging to an isotropic
oscillator potential, since the effect of anisotropy of the potential can be
included in terms of a renormalization of the effective moments, as discussed
on p. 90.
In the aligned K=O state, the quanta in the 1 and 2 directions, together
with a corresponding number of quanta in the 3 direction, form a spherically
symmetric state, and the anisotropy of the aligned state is determined by the
Z,-Z, extra quanta in the 3 direction. (A formal proof of this equivalence
can be based on the transformation properties of the states under the SU,
symmetry, as discussed in the small print on p. 96.) For a single quantum,
the overlap factor ( K = 0; wI K = 0 ;w = 0) is equal to cos 0 ( = 9 & ( ~for
) )the
;
aligned state, we therefore obtain
( K = 0 ;w = +B#IK= 0;0 = 0) = c o s 9

A

(4-149)

A- Z, - Z,

6The use of wave functions of the type (4-147) to describe collective motion in terms of the
nucleonic coordinates was first suggested by Hill and Wheeler (1953). The rotational properties implied
by such wave functions were further investigated by Peierls and Yoccoz (1957), Yoccoz (1957), Villars
(1957), and Elliott (1958). Projected wave functions that restore the full symmetry of the Hamiltonian
have also been employed in the study of atoms and molecules by means of the “unrestricted”
Hartree-Fock approximation (see, for example, Lowdin (1966) and references quoted there).
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An evaluation of the normalization integral (4-148) thus yields for the
coefficients c, (see, for example, Abramowitz and Stegum, 1964, p. 338),

(4- 50)

and it is seen that the rotational band contains the members
I=

{

0,2,. . .,X

X even

1,3, ...,A

Xodd

(4- 51)

corresponding to a K=O sequence with the %-symmetry quantum number
r = ( - l)A(each quantum in the 3 direction transforms with a phase factor - 1
under the rotation .9? = S2(n-)).
The band terminates at the value of ,
Z
derived above (see Eq. (4-138)).
In the limit of X>>l, the overlap factor (4-149) approaches a S function
4v2
(K=O;w21K=O;wl) z -(S(w2-w1)+(h>>l

X

A

1) 6(w2- 9 ~ ~(4-152)
))

where 9w1 is the orientation obtained by rotating the coordinate system with
orientation w 1 by 180" about its 2 axis. In this limit, the values of c, become
independent of I , for Z<<X;
(4- 153)
In the above analysis, the rotational degree of freedom is expressed in
terms of the superposition of degenerate intrinsic excitations produced by the
operators Z,. These particular combinations of excitations are therefore to be
regarded as spurious in the sense that they are not to be included as separate
degrees of freedom in the intrinsic spectrum. (The removal of the spurious
excitations is illustrated by the example ( A = 19) considered on pp. 288ff.) In
the more general situation, where the excitations produced by the rotation
operator have nondegenerate frequencies, the problem of isolating the
spurious intrinsic excitations is part of the dynamical problem of constructing
the rotating state in terms of the particle degrees of freedom (see the
discussion in Chapter 6, pp. 446ff.).

A

The representation (4-147) for the state of the rotating nucleus was motivated
above on the basis of the special properties of the harmonic oscillator model, but more
generally one may consider the projected state (4-147) as the zeroth approximation to
the wave function expressed in terms of the coordinates of the individual particles.
It can be simply verified that the evaluation of matrix elements for the projected
wave function (4- 147) gives the leading-order rotational intensity relations (Zindependent intrinsic moments; see Sec. 4-3), if one neglects the zero-point fluctuations in the orientation of the aligned state, corresponding to the &function approxi-
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mation (4-152) for the overlap factor. The finite zero-point fluctuations imply corrections to the leading-order intensity relations, as in the quadsupole matrix elements
considered below; for not too large values of I, these higher-order terms can be
expressed as a power series in the rotational angular momentum I of the form derived
in Sec. 4-3 on the basis of symmetry considerations.
However, in the analysis of the I-dependent terms, it must be recognized that, in
general, there will be additional contributions arising from the effects of the rotation
on the intrinsic motion. Only in the special case in which the excitations produced by
the Coriolis interaction all have the same frequency, are the rotational perturbations
systematically included in the wave functions projected from I-independent intrinsic
states. (The necessity of including I-dependent terms in the intrinsic wave function in
order to describe the higher-order rotational properties, such as the moment of inertia,
has been discussed from somewhat different points of view by Bohr and Mottelson,
1958, and by Peierls and Thouless, 1962.)

Quadrupole operators as generators of rotational band (SU, symmetry)

The structure of the projected states (4-147) can be characterized by the
matrix elements of the quadrupole operators. In the analysis of matrix
elements between projected states, it is convenient to employ the set of
operators
(4- 154a)

that shift an oscillator quantum from one to another of the Cartesian axes,
K = 1,2,3. The commutation relations (4-154b) for the shift operators follow
directly from those of the boson operators (see Eq. (6-2)). In terms of these
operators, the isoscalar quadrupole moments, referred to the same set of axes,
are given by (see Eq. (5-24))

2 6 ( 3 , 3 ) - E ( 1 , l ) - E(2,2)

v=o

(+)'/'(E(2,3)-E(3,2)i(E(3,1)+E(1,3)))

v=?

1

(3)'/2(E(1,1)-E(2,2)7(E(2,1)-E(1,2)))
v= *2
(4- 155)

A

where the A N = 2 terms have been neglected, as indicated by the subscript
A N = O . The moment (4-155) is expressed in terms of quanta referring to
particle motion in a spherical oscillator potential with frequency wo. The
angular momentum operators I, can also be expressed in terms of the shift
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operators (see Eq. (5-26)),

L=[

E(2,3)+E(3,2)
i(E(1,3)-E(3, I))
-

( E ( 1,2) -k E(2,I))

K=I
~ = 2

(4-156)

K=3

The axially symmetric states of maximum alignment considered in the
previous section are characterized by the fact that they are annihilated by the
shift operators E(3,l) and E(3,2), as well as by E(1,2) and E(2,l); moreover,
they are eigenstates of the operators E(K,K).Thus, the quadrupole moment
(4-155) acting on such a state yields

1

2A(K=O;w)
($)"'I2 IK=O;w)

. A y ( 2 ~ u ) A , = l J ( K = 0 ; &)I/'&
w>=(

0

u=O
V=

21

u=

+2

(4- 1 57)
The moment M(2,y) acting on the projected state (4-147) is obtained by the
standard transformation to the intrinsic coordinate system (see Eq. (4-67))

The operators I -, that rotate the intrinsic state can also be viewed as
operators that generate the inverse rotations of the orientation angles w. Thus,
the integral (4-158) represents a superposition of states in the rotational band
based on the intrinsic state I K = 0), and the reduced matrix elements of the
quadrupole moment are found to be (see Eq. (1A-91) and (4A-34))

1/2

+ 1),I2( I,O 2 01Z20)2(2h + 3 + ;(I,( I , + 1) - I , ( I , + 1)))
CI

=(&)Moo
=(&)Mu, (2h +3)(2Z, + 1)1/2(Z,0201Z20)
-(21,

cI

I

1/2

-

(4-159)
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In the last form, we have employed the relation (4-150) for the coefficients c,.
The result (4-159) corresponds to Eqs. (4-143) and (4-145), but is smaller by a
factor 2 reflecting the fact that the wave functions in the matrix element
(4-159) refer to a spherical oscillator; the effect of the self-consistent deformation of the oscillator potential can be included as a renormalization of the
effective quadrupole moment by a factor 2 (see the discussion on p. 90).
The fact that the quadrupole operators induce transitions only within a
single band exhibits these operators as generators of the rotational motion. As
a consequence, the states I K = 0, Z M ) are eigenstates of the rotational invariants that can be constructed as products of the quadrupole operators
d ( 2 ,p ) A N= o. In particular, the quadratic invariant
H ' = $ K Z d (2 , P ) A N = 0

M(2,P,)AN=0

(4- 160)

I.r

can be viewed as an effective two-body force that produces the superposition
of configurations corresponding to rotational motion, when acting between
particles moving in a spherically symmetric harmonic oscillator potential. As
discussed in Chapter 6 (see, for example, pp. 340ff.), the interaction (4-160)
can also be viewed as the effect on the motion of each particle of the
deformed field produced by the total nuclear quadrupole moment. The value
of the coupling constant, K , that is required to give a deformed field equal to
the self-consistent value (4-115) is given by Eq. (6-78), aside from a renormalization factor of 2 that results from the neglect of the A N = 2 terms in the
interaction (4-160); see p. 521 in Chapter 6.
The eigenvalue of H ' in the states I K = 0, I M ) can be obtained by noting
the connection between this interaction and the quadratic expression formed
from the shift operators (see Eqs. (4-155) and (4-156))

N, K'

This expression commutes with all the shift operators (see Eq. (4-154b)) and is
therefore a constant for a given band. Hence, apart from a constant, the
eigenvalue of H ' is proportional to Z(Z+ l), and the coefficient corresponds to
the rigid moment of inertia, if the coupling constant K is chosen to have the
self-consistent value referred to above. This result is equivalent to that
obtained (see Eq. (4-141)) by treating the interactions of the particles in terms
of the rotating deformed field.

A

The many simple relationships derived above for the harmonic oscillator model
can be recognized as consequences of an underlying symmetry of this model. In fact,
the shift operators obey commutation relations (4-154b) that characterize the genera-
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tors of unitary transformations in three dimensions, U, (for an elementary discussion
of unitary symmetry, see Sec. 1C-3). The generators that are orthogonal to the total
oscillator quantum number, E ( 1,l) + E(2,2)+ E(3,3), define the group SU,, and the
rotational bands obtained above carry irreducible representations of this group. The
invariant (4-161) is recognized as the Casimir operator G,(SU,); see Eq. (1C-50).
The representations of U, are labeled by the quantum numbers [flf2f3], which at
the same time characterize the permutation symmetry of the quanta. Under SU,, the
corresponding representations are characterized by the quantum numbers A =f,-f2
and p=f2 -f,. The states belonging to the representation [f1f2f3] have the property
that, when acted on by the shift operators, it is possible to alignf, quanta (and no
more) in any given direction (such as along the 3 axis) and subsequentlyf, quanta (but
no more) in one of the other directions. Thus, the axially symmetric aligned state
IK = 0; a) considered above belongs to the representation (A, p =0). The representations with p # O (and A#O) correspond to configurations without axial symmetry, and
the associated band structure may contain several states with the same value of Z, as
for the spectrum of the asymmetric rotor. (The angular momentum values contained
in the representation (Ap) are given in Eqs. (1C-59) and (1C-60).)
The coefficients c, describe the transformation from a basis in which the operators E ( K , K )are diagonal to a basis employing the quantum numbers ZM. These
coefficients are determined by the group structure and are thus the same for different
configurations that have the same symmetry (Ap).

Rotational bands in 2oNe (Fig.4-13 and Table 4-4)
In the region beyond A = 16 and extending up to A w 2 8 , rotational band
structure has been recognized as a systematic feature in the nuclear spectra.
As an example, Fig. 4-13 shows sequences of states in the low-energy
spectrum of * w e . The study of the reactions l60(aa) and I2C(l2C a),'%e has
played an especially important role in establishing the high angular momentum states in this spectrum. (Other examples of rotational spectra for nuclei
in this region are discussed in Chapter 5, pp. 283ff.)
The levels shown in Fig. 4-13 can be arranged into three rotational
bands. In addition to the states shown in this figure, a number of even-parity
states, beginning at about 6.7 MeV, have been observed and tentatively
classified in terms of rotational bands (see, for example, Kuehner and
Almqvist, 1967; Nagatani et al., 1971). In these light nuclei, the rotational
energy expansion does not have the high quantitative accuracy characteristic
of the bands in heavier nuclei, but the first-order term, proportional to
Z(Z+ l), does describe the main trend in the energies. The energies in the
ground-state band exhibit a small oscillatory component lowering the 4 and
8 + states relative to the 2 + and 6 + members; the significance of this energy
alternation in terms of the collective description is not yet apparent.
Further evidence for the rotational interpretation is obtained from the
measured y-transition intensities (Smulders et al., 1967). Thus, the decay of
the 4- level at 7.02 MeV to the 3- and 2- states at 5.63 MeV and 4.97
MeV, respectively, is found to involve strongly enhanced E 2 transitions of
strength B(E2; 4 - -3 - ) = 26BW(E2) and B(E2; 4 - +2 - ) = 1 1B,(E2)
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(with B,(E2)=3.2e2fm4; see Eq. (3C-38)). The ratio of the transition probabilities (2.4k0.2) is in good agreement with the intensity relation for E 2
transitions in a K = 2 band (B(E2;Z=4+1=3):B(E2;I=4+1=2)
= (4220(32)2 : (4220(22)2 = 2.24; see Eq. (4-68)). The absolute transition
strength yields the intrinsic quadrupole moment Q , = 56fm2, which equals
that of the ground-state band within the experimental uncertainties (see Table
4-4).

I

I

I

I

I

I

I

Figure 4-13 Energy levels of 2'%e. The data are taken from J. A. Kuehner and E. Almqvist,
Can. J. Phys. 45, 1605 (1967) and from W. E. Hunt, M. K. Mehta, and R. H. Davis, Phys.
Rev. 160, 782 (1967).
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The ground-state rotational band in ' w e has also been discussed in
terms of a configuration involving four particles in s or d orbits outside a
closed-shell core corresponding to l60;
indeed, the comparison between the
shell-model description and the rotational interpretation of the spectra in this
region was an important step in the development of a microscopic theory of
nuclear rotations (Paul, 1957; Elliott, 1958). The shell-model configuration
( ~ d gives
) ~ a maximum total angular momentum 1 of 8 units, but there is so
far no evidence as to whether the band in 2%e breaks off at this value of I , or
whether it continues to still higher angular momenta.
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An approach to the endpoint of the band is expected to manifest itself in
large rotational perturbations of the nuclear shape resulting in major deviations from the leading-order intensity relation for E 2 transitions within the
band. In fact, the endpoint of the band corresponds to an alignment of the
angular momenta of all the particles outside closed shells and is therefore
associated with a transition to a coupling scheme corresponding to an oblate
nucleus rotating about the new symmetry axis ( K = Z , = Z ) . For such a
rotational motion, the E2-transition probability vanishes. The gradual
alignment of the angular momenta of the particles, as a result of the
rotational motion, and the effects on the E2-matrix elements are considered
in the previous example (pp. 84ff.) for the case of particle motion in a
harmonic oscillator potential. In this model, the ground-state band in "Ne is
associated with an aligned state involving four nucleons in orbits with
n , = n2 = 0, n3 = 2, in addition to the particles in the closed-shell core of l 6 0 .
(The states (4-147) projected from this configuration carry the representation
(hp)= (80) of SU, with I,,, = 8 (see p. 96 and Eqs. (1C-59) and (IC-60).)
In Table 4-4, the ratios of E2-transition probabilities calculated from the
leading-order rotational intensity relation (4-68) are given in column four and
those obtained from Eq. (4-143) corresponding to a termination of the band
for I,,, = 8 are listed in column five. The available experimental data support
the pattern associated with a termination of the band. (Similar evidence
concerning the E2-transition probabilities connecting the high members of
the ground-state rotational band in I9F (Zmax= 13/2) has been reported by
Jackson et al., 1969.)

Transition
2+0
4+2
6+4
8+6
10+8

B(E2)
in e2fm4
57 & 8
70 & 7
66 It 8
24 2 8

B( E2): B( E 2 ; 2+0)
Experiment
Q, const.
1
1.2 & 0.15
1.15 0.15
0.4 rt 0.15

1
1.43
1.57
1.65
1.69

I,,,

=8

1
1.26
1.06
0.64

Rotational E2-transition probabilities in '"Ne. The experimental data are
taken from T. K. Alexander, 0. Hausser, A. B. McDonald, A. J. Ferguson, W. T.
Diamond, and A. E. Litherland, Nuclear Phys. A179, 477 (1972) and references quoted
there. Evidence on the static quadrupole moment of the 2 + state has been obtained
from Coulomb excitation measurements; the value Q = - 23 2 8 fm2 (D. Schwalm, A.
Bamberger, P. G. Bizzeti, B. Povh, G. A. P. Engelbertink, J. W. Olness, and E. K.
Warburton, Nuclear Phys. A192, 449, 1972) yields Q,=80?25 fm2, to be compared
with the value lQol ~ 5 4 2 fm2
4 obtained from the transition probability B ( E 2 ; 2+0)
in Table 4-4.
Table 4-4
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The ground-state band of ' w e may also be viewed in terms of an a-particle
cluster moving with respect to the I6O core (Wildermuth and Kanellopoulos, 1958;
for the analysis of light nuclei in terms of a clusters and the relationship to the
shell-model interpretation, see the reviews by Neudatchin and Smirnow, 1969, and
Ikeda et al., 1972). Within the framework of the harmonic oscillator model, such a
cluster representation is equivalent to the representation considered above, in terms of
the intrinsic state with the maximal alignment of the orbits of the individual particles.
This equivalence is an example of a general class of relations that follow from the
invariance of the harmonic oscillator Hamiltonian with respect to orthogonal transformations among the particle coordinates.
A transformation of this type leads to a new set of independent harmonic
oscillators all having the frequency q,,and the eigenstates can be labeled by the
number of quanta in each mode. A familiar example is provided by the transformation to center-of-mass and relative coordinates (see footnote 19 on p. 474). In the
cluster representations, the A particles are divided into subunits each containing
A , , A , , . . . particles, and the coordinates in such a representation describe internal
motion within each cluster, relative motion of the center-of-masses of the clusters, and
center-of-mass motion for the total system.
The generators (4-154) of U3 symmetry are unaffected by a transformation to
cluster coordinates; in fact, such a transformation acts among the xl, x2, and x 3
coordinates separately and therefore has no effect on the distribution of the oscillator
quanta in the three different spatial directions. Thus, cluster states with specified
numbers of oscillation quanta associated with the A different particle degrees of
freedom carry representations of U,. The different representations of the motion in the
harmonic oscillator model, in terms of clusters or independent particles, provide
alternative sets of basis states for describing the (antisymmetrized) many-particle
states with specified number N of oscillator quanta, SU3 symmetry (Ap), and orbital
permutation symmetry [f].
In the case of '%e, the lowest configuration (l~)~(lp)'~(2s,
ld)4 has the total
number of oscillator quanta N = 20 and gives rise to only a single set of states with the
symmetry quantum numbers (Ap) = (80) and [f] = [44444]. (This result follows immediately from the fact that the ( ~ d configuration
)~
gives only a single state with
L = 8.) The states of the (Ap) = (80) band, which were obtained above by the projection
(4- 147) from the aligned intrinsic state, can also be generated by antisymmetrization
of wave functions describing an a particle-like cluster ( A I =4, N , = 0) and an I6O cluster
( A 2 = 16,N 2 = 12) in relative motion with 8 quanta. The two representations provide
alternative ways of viewing the same total wave function.
In the cluster description of 2%e, the rotational perturbations discussed above
correspond to the effect of the Coriolis force in changing the motion of the a particle
from a pendulating orbit (L=O) with a prolate intrinsic density distribution to a
circular orbit ( L = L,,=8) with an oblate density distribution. The relation (4-159)
for the quadrupole matrix elements is seen to be the same as for a single particle in
oscillator states with N = A ; in fact, this relation is completely specified by the SU3
quantum numbers.

Spectrum of 'Be seen in aa scattering (Fig. 4-14and Table 4-5)

A

Due to the exceptionally large binding energy of 4He, all the states of 'Be
are unstable to particle emission. The lowest states in 'Be have been studied
by means of aa elastic scattering. The ground state ( Z r = O + ) gives rise to a
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sharp resonance, but for the excited states (Zn=2+ and 4 + ) the a widths are
large and the resonance parameters are determined from a phase-shift
analysis (see Fig. 4-14). The resonance parameters, given in Table 4-5, have
been obtained by fitting the nuclear scattering amplitude to the standard
resonance expression (Eqs. (3F- 10) and (3F- 12)), assuming the nonresonant
amplitude to be represented by hard-sphere scattering.
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The spins and parities of the three lowest states in 8Be are seen to
correspond with those expected for the ground-state band of an even-even
nucleus (Knr=O+ +), and the energies are in rough agreement with the
leading-order expression proportional to Z( Z 1).
The phase shifts in Fig. 4-14 also provide evidence for attractive interactions in the channels with higher angular momentum, and attempts have been
made to interpret these phase shifts in terms of broad resonances (E,,,(Z=6)
x ( 3 0 + 1Oi) MeV, Er,,(Z=8)x(60+35i) MeV; Darriulat et al., loc.cit., Fig.
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4-14). However, the detailed analysis of the high-energy scattering is difficult
+p
due to strong inelastic processes, starting at the threshold for a ~u-+~Li
at (EJab=34.7 MeV. The rapid fluctuations in the phase shifts in Fig. 4-14
around E, =40 MeV are not well understood.

+

A

In-

E,,(MeV)

O+
2+
4+

0.092
2.9
11.4

I'(MeV)

6.8 X
1.5
6.7

Table 4-5 Parameters for the lowest resonances in (YLY scattering. The parameters for
the O + resonance are from J. Benn, E. B.
Dally, H. H. Muller, R. E. Pixley, H. H.
Staub, and H. Winkler, Phys. Letters 20, 43
(1966). The parameters for the 2 + and 4 +
levels are taken from the summary of the
phase shift analyses given by Lauritsen and
Ajzenberg, 1966.

'
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A

The possible occurrence of Z=6 and 8 members in the 8Be rotational
band acquires special significance in connection with the analysis of the
rotational motion in terms of the one-particle configurations. The lowest
shell-model configuration for 8Be is (1 s ) ~l( ~ ) and
~ , the interactions between
the p particles favor the states with totally symmetric orbital wave function.
This set of states has L=O,2,4 and S=O,T=O, as can be seen from a
counting of the m components or by the general methods described in
Appendix 1C (see the states with n = 4 and permutation symmetry [f]= [4] in
orbital space (Table IC-4, Vol. I, p. 132) and if] = [ 1 1 1 I ] in isospin-spin space
(Table IC-5, Vol. I, p. 134)). These states can be viewed as the rotational
band associated with the intrinsic state formed by aligning the p orbits in a
given direction; thus, the states can be obtained by angular momentum
projection (see Eq. (4-147)) from the aligned configuration ( l = l,m=O)4.
One can also analyze the states of the configuration ( l ~ ) ~ ( lin
p )terms
~
of
the relative motion of twb a-particle-like clusters (Perring and Skyrme, 1956).
If the nucleons are assumed to move in a harmonic oscillator potential, the
Hamiltonian is invariant with respect to orthogonal transformations among
the coordinates of the A = 8 particles. Thus, one can transform to a set of
coordinates describing intrinsic motion within each of the a clusters, in
addition to relative motion of the two a clusters and center-of-mass motion
for the total system. Each of these degrees of freedom is associated with an
oscillator with the same frequency oo.If the a clusters are in the ground state,
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the lowest state of relative motion, from which one can construct a total wave
function that is antisymmetric in all eight nucleons, possesses four quanta
( N = 4), corresponding to the number of quanta of the lowest shell-model
configuration. As for the states of a single particle in an oscillator potential,
the relative motion of the a clusters with N = 4 gives rise to states with L=O,
2, and 4. The states generated in this manner are identical to the states
formed from the shell-model configuration (
l ~ ) since
~ , these states are
uniquely characterized by the total number of quanta and the orbital permutation symmetry.
States of 'Be with L > 4 require excited configurations. For nucleonic
motion in an oscillator potential, the lowest states of L r = 6 + , 8 + , etc.,
possess N = L quanta and can be generated by considering the relative
motion of two a clusters with this number of quanta. These states form a
vibrational sequence as distinct from the rotational relation of the L = 0,2,4
states, all having N =4. However, it is possible that additional interactions not
included in this simple picture may blur the sharp distinction between the two
types of excitation and produce a sequence of states varying more smoothly
with angular momentum.

Ground-state rotational band of '69Tm(Fig.4-15; Tables 4-6 and 4-7)
The ground state of '69Tm has IT= 1/2+ and forms the head of a
rotational band with K = 1/2. The properties of this band have been studied
through a variety of different types of experiments, including Coulomb
excitation, analysis of the radiation following the electron-capture decay of
169Yb,and Mossbauer measurements to determine the static moments of
excited states.
Energy levels and transition matrix elements

A

The energy levels of the ground-state band of 169Tmare shown in Fig.
4-15. The observed energies are fit by the expansion (4-62) including up to the
fourth-order term. The rate of convergence is similar to that found in the
even-even nuclei.
The E2-matrix elements within the band are analyzed in Table 4-6. The
static and transition moments are expressed in terms of the intrinsic quadrupole moment Q , using expressions (4-69) and (4-68). The constancy of the
derived values of Q, confirms these E2-intensity rules within the experimental accuracy of about 10%.
The leading-order M I-matrix elements within a K = I /2 band depend on
three parameters g,, g,, and b (see Eq. (4-88)). With the values g, = - 1.57,
g, = 0.406, b = - 0.16, it is possible to fit all the observed M 1-matrix elements
in the band of '69Tm (see Table 4-7).
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Figure 4-15 Ground-state rotational band of 169Tm.The figure is based on the measurements by P. Alexander and F. Boehm, Nuclear Phys. 46, 108 (1963) and R. M. Diamond, B.
Elbek, and F. S. Stephens, Nuc/eur Phys. 43, 560 (1963). All energies are in keV, except
where other units are explicitly given.
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Interpretation of the intrinsic configuration
The intrinsic configuration responsible for the KT = 1 /2 + ground-state
band in '69Tm can be identified with an orbit of the last odd proton moving
in a nonspherical average potential and characterized by the quantum numbers [411f] (see Table 5-12, p. 296). From the wave function for this
one-particle orbital given in Table 5-2 (p. 229) the decoupling parameter can
be estimated from Eq. (5-46), which yields a = - 0.9, to be compared with the
empirical value of -0.78 (see Fig. 4-15). The intrinsic magnetic parameters
can be estimated from Eqs. (5-86) and (5-87), which yield g,= - 1.2 and
b = - 0.1, while the values deduced above from the empirical moments are
g,= - 1.57 and b= -0.16. The estimate of the magnetic properties is based
on an effective g, factor of 0.7 (g&
(see Eq. (5-89)), as derived from the
systematics of the one-particle moments in deformed nuclei (see Table 5-14,
p. 303). It must be emphasized that, in general, the g factors in the effective
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from
B(E2;1+2+1)

56 (10)
60 (7)
56 (13)

57 (3)
63 (5)

E2-matrix elements in the ground-state band of
169Tm.The B(E2) values have been taken from J. D. Bowman, J. de Boer, and F. Boehm, Nuclear Phys. 61,682 (1965).
The values in parentheses give the errors in the determination
of Q,' from the measured B ( E 2 ) values. The electric
quadrupole moment of the Z = 3/2 state is from the compilation by Fuller and Cohen, 1969; the determination of Q
(from the hyperfine structure in a Mossbauer experiment)
involves the rather large uncertainty in the determination of
the electric field gradient produced by the electrons (see the
discussion on p. 132).

Table 4-6

Z
1/2
3/2
5/2
7/2
9/2
11/2

- 0.229 (3)

+ 0.534 (15)
+0.73 (5)
+ 1.32 (6)

- 0.233

0.538
0.74
1.45
1.59
2.30

0.047 (10)
0.150 (8)
0.055 (15)
0.144 (7)*
0.143 (12)*

0.055
0.125
0.07 1
0.14
0.075
0.14

M 1-matrix elements in the ground-state rotational band of '69Tm. The experimental data and the theoretical analysis are taken from Bowman et al., loc.cit., Table 4-6,
from E. N. Kaufmann, J. D. Bowman, and S. K. Bhattacherjee, Nuclear Phys. A119, 417
(1968), and from C. Giinther, H. Hubel, A. Kluge, K. Krien, and H. Toschinski, Nuclear
Phys. A123, 386 (1969). The magnetic moments are given in units of (eA/2Mc), while the
B(M 1) values are in units of (eA/2Mc)*. For the transitions marked with an asterisk, only
the relative intensity of the transitions with A Z = 1 and AZ=2 has b.een determined; the value
of B ( M 1 ) in the table has been obtained by assuming the E2-intensity relations with
cm4 (see Table 4-6).
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AK= 1 and AK=O one-particle operators may be different (see p. 304). In
addition, the Coriolis coupling may contribute to the renormalization of the
g , and g, factors. (See Eq. (4A-35) and the discussion of g, ('59Tb) on p.
255); for estimates of these effects for '69Tm, see Gunther et al., 1969.)

Rotational bands populated in decay of 1 7 7 L ~(Figs.
m 4-16 to 4-18; Tables
4-8 and 4-9)
The occurrence of the high-spin isomeric state in '77Lu(Z~
= 23/2 - )
provides the opportunity for a detailed study of long sequences of rotational
states (Jerrgensen et al., 1962). The decay scheme of this isomeric state is
shown in Fig. 4-16. It is seen that the decay proceeds partly by an E 3
transition populating the K ~=
T7/2
ground-state band in '"Lu and partly
by a first forbidden p transition to an Z ~ = 2 3 / 2 + isomer in 177Hf,which
subsequently decays through two different rotational bands with KT = 7/2 and KT = 9/2 , respectively.

+

+

Energy spectrum

The energies of the three rotational sequences are analyzed in Fig. 4-17.
It is seen that the K ~ = 7 / 2 + band in 177Luis fit within the experimental
errors by the rotational energy expansion including two terms. For the 7/2 band in 177Hf,small deviations from the two-term expansion are observed for
the high-spin members and give evidence for a third term with C of order 10
meV.
For the 9/2+ band in 177Hf,the high-spin members exhibit deviations
from the two-term expansion with a more complex structure. These deviations
may be connected with the especially strong Coriolis interaction that affects
the K.rr=9/2+ band. The neutron moves in an orbit with quantum numbers
[624 9/21, which contains large components withj= 13/2 (see Fig. 5-3) and
for which, therefore, the Coriolis matrix elements are especially large (see, for
example, Eq. (4- 197)). Acting in second order, the Coriolis coupling manifests
itself in the large moment of inertia for this band (see Eq. (4-205)), which is
observed to be about 50% larger than for the other two bands considered. In
higher orders, the Coriolis coupling produces terms in the rotational energy of
correspondingly higher power in Z. Thus, a positive sign of the B coefficient
as observed for the 9/2 band can arise from a fourth-order effect involving
the last odd particle that more than compensates the effect of all the other
particles, which give a negative B term, as in the even-even nuclei. In ninth
order, the Coriolis coupling generates a signature-dependent term of the form
(4-57), which may be responsible for the irregularities in the observed energies. However, no quantitative interpretation has so far been given of the
anomalies in the K.rr=9/2+ band of 177Hf.(See also the discussion of the
rotational energies for the [743 7/21 band in 235U,pp. 280ff.)

+

A

155 days
2312
~n=23/2-/

/22 %

"/2

177
71

Lu

Decay scheme for ' 7 7 L ~.mThe data are taken from A. J. Haverfield, F. M.
Bernthal, and J. M. Hollander, Nuclear Phys. A94, 337 (1967), which also includes results of
previous investigations. Additional transitions reported by F. Bernthal (private communication) have also been included. The energies in the figure are in keV, and the decay times
represent half lives.
Figure 4-16
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Test of rotational energy ratios for 177Luand '77Hf
(see Fig. 4-16).

Intrinsic configurations
The intrinsic configurations in Fig. 4-16 can be simply interpreted in
terms of the one-particle orbits discussed in Chapter 5. The ground-state
band in 177Luis given the classification [404 7/21 (see Table 5-12, p. 296)' as
for the other odd Lu isotopes, and the two low-lying bands in 177Hf are
associated with the neutron orbits [514 7/21 and [624 9/21 (see Table 5-13, p.
300). The high-spin isomers can be interpreted in terms of the three-particle
configurations ([404 7/21,, [514 7/21,, [624 9/21,) for 177Lu(KT =23/2-),
and ([404 7/21,, [514 9/21,, [514 7/21,) for 177Hf( K ~ = 2 3 / 2 + ) .
The two isomeric states are connected by a one-particle p transition
([624 9/2],+[5 14 9/21,) with A N = Anz = 1, AA = AX = 0. Such a transition is
classified as first forbidden unhindered. The reduced transition rate is logft
= 6. I , which is similar to, though somewhat faster than, the transition
between the same one-particle states as observed in 177Yb(9/2 +)-+177Lu
(9/2 -), with logfr = 6.8, and lS1W(9/2 +)+lS1Ta (9/2 -), with logfr = 6.7.
The E 3 y decay of the 177Luisomer is highly K forbidden ( n = 5 ) . The
observed decay rate gives a value of B ( E 3 ; I = K=23/2-+K=7/2, I = 17/2)
that is of order l o p 9 of the single-particle unit B,(E3), given by Eq.
(3C-38). For the decay of the 177Hfisomer, one finds that the E 1 transition
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I=21/2) of the order of
with n = 7 has B ( E 1 ; I = K = 2 3 / 2 + K = 7 / 2 ,
l o p i 3 B,(El), while the E 2 transition with n = 5 has B ( E 2 ; Z=K=23/2+
K=9/2, I = 19/2) of order 10-8B,(E2).
Intensity relations for E2 and MI transitions

A

From a measurement of the radiation following the decay of the isomers,
a large number of rotational branching ratios T(KI-+K, Z- I)/ T(KI+K,
Z - 2) have been determined. The leading-order intensity relations describe
these branching ratios in terms of a single parameter (g, - gR)2/ Q,' for each
rotational band (see Eqs. (4-68) and (4-87)). The available data are shown in
Table 4-8. The constancy of the parameter ( g, - g R ) 2 / Q i as deduced from
the different branching ratios is seen to confirm the leading-order intensity
rules within the experimental accuracy. For a number of transitions, the
E 2 / M 1 ratio implied by this analysis has been tested by measurements of
conversion coefficients and angular correlations (see especially Hubel et al.,
1969). These measurements combined with the branching ratio determinations provide direct tests of the E2-intensity relations, to an accuracy of
about 10%.

11/2
13/2
15/2
17/2

2.6
2.4
2.6
2.5

17'Hf
K~=7/2-

11/2
13/2
15/2

0.04 2 0.6
0.26 2 0.12
0.24 2 0.14

177Hf
KT = 9/2

13/2
15/2
17/2
19/2
21/2

2.7
2.8
2.9
3.0
2.7

177Lu
KT = 7/2

+

+

2 0.4
? 0.3
& 0.3

2 0.4

2 0.3

2 0.3
2 0.3
2 0.3
2 0.3

Test of E2-and M 1-intensity relations in decay of
rotational bands of '"Lu and 177Hf.The ratio ( g K - g R ) * / Q ; is
obtained from relative y intensities T ( E 2 + M 1; K I - K , I - 1):
T ( E 2 ; KI-+K, I - 2 ) . The experimental data and the theoretical
analysis are taken from Haverfield et a[., loc.cit., Fig. 4-16.
Table 4-8
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Besides the data listed in Table 4-8, an additional test of the intensity
rules may be obtained from the measured magnetic moments in the Z=7/2
( p = 0.784 2 0.001) and Z = 9/2 ( p = 1.04 2 0.06) members of the KT = 7/2 band in 177Hf.(See Biittgenbach et al., 1973, and Lindgren, 1965.) The
relation (4-87) for the static moments yields (g, - g R )= - 0.02 k 0.05, and
combining this value with the Q, value of 674 fm', obtained from Coulomb
excitation of the 7/2-+9/2 transition (Hansen et al., 1961), one thus finds
( g , - g,)'/ Q,'= (0.0 k 0.1) x lop7 fm-4.
El transitions

A

The evidence on E 1-matrix elements connecting the K ~ = 9 / 2 + and
7/2 - bands in 177Hfis collected in Table 4-9. The absolute magnitude of the
B(E 1) values is determined partly from the lifetime of the 321 keV level,
partly from the branching ratios between the E 1 transitions (interband) and
the competing rotational E 2 transitions (within the KT = 9/2 + band). The
absolute rate of the latter transitions has been assumed to follow the leadingorder intensity relation with Q,= 855 fm2 (see below).

9/2
11/2
13/2
15/2
17/2

19/2
21/2

7/2
9/2
11/2
9/2
11/2
11/2
13/2
13/2
15/2
15/2
17/2
17/2
19/2
19/2

32 1.3
208.3
71.7
3 13.7
177.0
305.5
145.8
299.0
117.2
291.4
88.4
292.5
69.2
283.4

0.036
6.9
2.3
0.70
10
2.4
13
4.4
9.8
8.4
13
11
8.4
14

E 1-transition rates in 177Hf.The data are
taken from Haverfield et al., loc.cit., Fig. 4-16, and F.
Bernthal (private communication; see also UCRL18651, 1969). The B ( E 1 ) values for the states with
Ii > 9 / 2 differ somewhat from those given by these
references, on account of the different assumptions
concerning the absolute E 2 rates (see the discussion in
the text).
Table 4-9
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The leading-order intensity relation for the E 1-matrix elements gives
B ( E I ; Zi+Z,)=const.(Zi 9/2 1 - 111, 7/2)2 and would thus imply a constant
ordinate for the points plotted in Fig. 4-18. The observed values exhibit major
deviations from constancy, but are seen to be consistent with the generalized
intensity relation (see Eq. (4-98))
B ( E 1 ; Kzi+K- I,Zf)

A

obtained by including the leading-order I-dependent term in the intrinsic
moment. The possibility of improving the fit to the experimental data by
inclusion of quadratic Z-dependent terms in the intrinsic moments has been
discussed by Grin (1967) and by Bernthal and Rasmussen (1967), but the
available data, as analyzed in Fig. 4-18, do not seem to require such
higher-order terms.

Points labeled by
value of I i
Normalization from
lifetime (TY2=6.3x10 sec)
of Iix =%+ state

.

+

Normalization from
assumed Qo(K-9/z+)-8.55b

Figure 4-18 E l amplitudes in '77Hf. The experimental B ( E 1 ) values are taken from Table
4-9 and are measured in units of B,(E1)=2.0eZfm2 (see Eq. (3C-38)). Similar analyses of
the E 1 transitions in '77Hf have been given by Yu. T. Grin and I. M. Pavlichenkow, Phys.
Letters 9, 249 (1964) and by M. N. Vergnes and J. 0. Rasmussen, Nuclear Phys. 62, 233
(1965). See also Haverfield et al., Ioc. cit., Fig. 4-16.
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The experimental data testing the E 1-intensity relations may be divided
into three categories. First, the relative intensities of E 1 transitions from the
same initial level can be compared without making any further assumptions,
and therefore provide especially direct tests. Second, the analysis of the
relative rates of the transitions from the different levels with Ii> K = 9/2
involves the E2-intensity rule for the transitions within the K=9/2 band. The
evidence presented in Table 4-9 appears to confirm this rule to an accuracy of
about 10%. Finally, the comparison between the E 1 transitions from the
Zi=9/2 level and those from all the other levels requires a knowledge of the
absolute E 2 rates, which have not been measured. The assumed value of Q,
has been chosen so as to obtain the optimum fit to the E 1-intensity relation
(4-162). The value of Q, required to obtain this agreement is about 30% larger
than the values (Q,=674 fm'; Hansen et al., loc.cit.) observed for the
ground-state band of I7'Hf and for the [624 9/21 ground-state configuration
in 179Hf(Q,=685 fm'; Hansen et al., 1oc.cit.). Such a large value of Q, is
rather surprising and may suggest either an error in the lifetime of the 321
keV level of 177Hfor an irregularity in the E 1 intensities that goes beyond the
present analysis.
The fit in Fig. 4-18 implies comparable contributions from the M , and
M, terms in the El-matrix element (4-162). The important role of the
I-dependent term is connected with the smallness of the leading term, which
in turn can be understood on the basis of the asymptotic selection rules.
These rules forbid the [624 9/2]+[514 7/21 transition because of the spin flip
involved (see Table 5-3, p. 234). The M , term may be attributed to the
Coriolis coupling, which admixes bands with AK= ? 1 (see the discussion on
pp. 147ff. as well as Eq. (4A-31)). Among the significant coupling effects
are the admixing of the orbit [624 7/21 into the [624 9/21 band and the orbit
[514 9/21 into the I514 7/21 band. These admixed components can then
undergo unhindered E 1 transitions. Additional significant contributions may
arise from the admixture of the octupole vibrational excitations, which are
known to give rise to rather strong E 1 transitions in the low-energy spectrum.
(For an estimate of these contributions as well as of the one-particle effects,
see Bernthal and Rasmussen, 1967.) Since the first-order corrections involve
unhindered E 1-matrix elements, the subsequent terms in the expansion
should exhibit the usual rate of convergence.

Rotational bands in 239Pu(Fig.4-19; Tables 4-10 to 4-13)

A

The spectra of the heaviest nuclei show the systematic occurrence of
rotational band structure for AZ224; in this region of the elements, a
radioactivity provides an important additional tool for the study of the
rotational coupling scheme.
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Energy spectrum
The spectrum of 239Puhas been studied in the a decay of 243Cm,in the /3
decay of 239Np,and the electron capture decay of 239Am,as well as by the
Coulomb excitation process. As shown in Fig. 4-19, the known levels can be
arranged into a number of rotational bands. The primary evidence for this
interpretation of the spectrum comes from the spins and parities of the levels
and from the quantitative agreement of the observed energies with the values
(in parentheses) calculated from the first-order expression (4-6 1). A number
of additional properties of the levels confirm the assignments and provide
further tests of the rotational coupling scheme.

E2 and M I intensities in rotational transitions

A

The evidence on E2- and M1-intensity ratios for transitions within the
ground-state rotational band (KT= 1 / 2 +) is compared in Table 4-10 with the
leading-order intensity rules given by Eqs. (4-68) and (4-88). (For the two M 1

7/2

5/2

1 h

$12

72

512
312
112

193
(193.31
163.7
(16b.5)
75.71
175.59 1
57.27
7.85

556.2
( 5 57.5)

285.5

Kx = 5/2+
A=6.37keV

239
9bPU

0

KYC= l/z+
A = 6.25 keV
a - -0.58
Figure 4-19

et al., 1967.

Spectrum of 239Pu.The level scheme is taken from Table of Isotopes by Lederer
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transitions considered in Table 4-10, the term involving the magnetic decoupling parameter b cancels in the ratio of the B(M1) values.) The ratios of the
reduced transition probabilities are determined from relative intensities and
M 1 : 'E2 mixing ratios. In the derivation of the B ( M 1) ratio, the rotational
E2-intensity rule was assumed.

Experiment

Theory

Table 4-10 E2-and M 1-intensity ratios for transitions
within the ground-state rotational band of 239Pu,with
KT= 1 /2 . The experimental data are taken from G. T.
Ewan, J. S. Geiger, R. L. Graham, and D. R. MacKenzie,
Phys. Reu. 116, 950 (1959).

+

v

Forbidden M 1 transitions

+

A

The M 1 transitions from the K ~=
T 5/2 band to the ground-state band
are K forbidden and the measured half life of the 285 keV level, r,,2= 1.1 X
sec. implies a hindrance factor of the order of lo3 as compared with the
single-particle estimate (see Eq. (3C-38)). The relative intensities of these M 1
transitions are given in Table 4-1 1 and are compared with the leading-order
intensity rules for K-forbidden transitions (4-95).

B(M1; KiI,+K,12)
K;7~=5/2+

B(M1; KiI,+K,13)

KJT= 1/2+
I

1,

12

13

Experiment

Theory

5/2

3 /2
7/2
5/2
9/2

5 /2
5 /2
7/2
7/2

0.6
0.4
0.6
0.4

0.87
0.31
0.75
0.35

7/2

Table 4-1 1 M 1-intensity ratios for K-forbidden transitions in 239Pu.The experimental data are taken from the reference quoted in Table 4-10.
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+ bands
+

A number of E 1 transitions between the KIT=1/2 - and KT= 1/2
bands in 239Puhave been obtained and are compared with the leading-order
intensity relations in Table 4- 12. In general, the leading-order E 1-intensity
relations between two K = 1/2 bands involve two different intrinsic matrix
elements (see Eq. (4-91))
B ( E 1; KT = 1/2

-

, 11+KT = 1/2

+ ,Z2)

M,=(K~=1/2+1 A(El,p=l)l K ~ = 1 / 2 - )

A

The observed relative intensities in Table 4-12 are fitted, within the experimental error, by the relation (4-163) with M 2 = 0 and place a n upper limit of
about 0.1 on the ratio M J M , .

B ( E 1; K.Z,--+KfZ2)
B(E1; KiZ,-+Kf13)
J

11

12

I,

1/2
3/2

1/2
1/2
3/2
3/2
5/2
5/2
7/2

3/2
5/2
5/2
7/2
7/2
9/2
9/2

5/2
7/2

Experiment Theory ( M 2 = 0 )
0.6
0.34
0.06
0.5
0.06
-0.5
<0.05

0.5
0.55
0.1 1
0.7
0.05
0.77
0.03

Table 4-12 E 1-intensity relations for transitions in 239Pu. The experimental data are taken from D. W. Davies and J. M. Hollander, Nuclear

Phys. 68, 161 (1965).

v

A

In most experimental tests of the El-intensity relations, it has been
found necessary to include rather large I-dependent terms in the intrinsic
moment, and this failure of the leading-order description has been attributed
to the strongly hindered character of the E 1 transitions usually observed in
the low-energy odd-A spectra. (As an example, see the E 1 transitions in the
spectrum of '"Hf discussed on pp. 109ff.) The E 1 transitions in Table 4-12
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are an exception to this rule, and this may suggest that, in the present case,
the E 1 transitions are not so strongly hindered (see the discussion below of
the excitation mode associated with the KT= 1/2- band).
Alpha transitions
A convenient unit for expressing the strength of a-decay transitions is
provided by the transition rate To to the ground states of even-even nuclei,
which is observed to vary smoothly as a function of the charge and mass
numbers of the nucleus. The empirical values of To can be approximately
represented by the Geiger-Nuttal relation
logloTo(E,,Z)= - x , ( z ) + K , ( Z )

(4- 164)

where Z is the charge number of the parent nucleus and E, the kinetic energy
of the a particle. The form of the relation (4-164), as well as the order of
magnitude of the coefficients K , and K,, can be obtained by considering the
penetration of the a particle through the Coulomb barrier (see, for example,
Hyde et al., 1964). An empirical fit of the observed decay rates for nuclei with
Z 2 84 (Froman, 1957) yields, for the coefficients in Eq. (4-164),

K , = 139.8+ 1.83(Z-90)+0.012(Z-90~
(4-165)
K2 = 52. I + 0.30(Z - 90) + O.OOl(Z - 90y

if To is expressed in sec-' and E, in MeV. Expressing the a-transition rates to
the excited states of the ground-state bands of even-even nuclei in units of To,
we obtain the reduced intensities CL
TL= CL(Z,A)T,(E,,Z)

A

(4-166)

(For a compilation of the coefficients C, see, for example, Hyde et al., 1964.)
The transitions to the ground-state bands in even-even nuclei proceed
through the formation of the a particle from nucleon pairs in conjugate orbits
related by time reversal (!dl and !d2= GI). This process is greatly enhanced by
the pair correlation effects (see the discussion in Chapter 5, pp. 270ff.) and is
therefore strongly favored as compared with transitions that involve pairs of
nucleons with 0 2 # ~ , .
In deformed odd-A nuclei, most of the a transitions are strongly hindered relative to the even-even ground-band transitions. The hindrance factor
describing the rate relative to that given by Eq. (4-166) is typically of order
10, to lo3 (see, for example, Fig. 5-13, p. 268). In each odd-A decay, however,
there is a single band in the daughter that is populated with a hindrance

116

V

ROTATIONAL SPECTRA

Ch. 4

factor of order unity. This group, the “favored transitions,” is interpreted
as representing transitions in which the a particle is formed from nucleons in
paired orbits, as in the ground-state transitions of even-even nuclei (Perlman
et al., 1950; Bohr et al., 1955). Such an interpretation implies AK=O and
ni = nf for these transitions; whenever independent evidence is available, these
selection rules are confirmed.
In the favored transitions in even-even nuclei, the full intensity C, goes
into a single a group (to the state with I = L), but in odd-A nuclei this
intensity may be distributed over a number of transitions. This distribution is
determined in first approximation by the leading-order intensity relation
applying to I-independent transition operators (Bohr et al., 1955). Thus, if we
can neglect the effect of the rotational motion during the emission process,
the a particles are formed in a state of 52, = O relative to the nuclear axis and
with an amplitude that is independent of the rotational angular momentum.
In this approximation, the transition rates for emission of a particles with
angular momentum L follow the leading-order intensity relation for a tensor
operator of rank L and intrinsic component v = A K = O (see Eq. (4-91))

T ( L ; KZ1+KZ2) = (Z,KL0~Z2K)2C,TO

(4- 167)

It should be emphasized that the derivation of Eq. (4-167) involves additional
assumptions beyond those considered in connection with the intensity rules governing
the emission of weakly interacting particles ( p and y transitions). In the case of a
decay, the escape of the a particle from the nuclear surface involves the penetration of
a nonspherical potential, which may give rise to subsequent exchange of angular
momentum between the a particle and the daughter nucleus. The validity of the
Z-independent intensity relation (4-167) therefore requires that the rotational motion
can be neglected during the passage of the nonspherical part of the barrier. This
requirement corresponds to the smallness of the parameter
(4- 168)
which measures the time required by the a particle to pass through the region of
nonspherical couplings, in units of the rotational period. Since the (imaginary) velocity
of the a particle just outside the nuclear surface R is of magnitude
(4- 169)
we obtain
(4- 170)

for a typical heavy element a decay. The characteristic time for rotation is

A

for a heavy nucleus. Hence, x<<l for values of Z that are not too large.
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A more detailed treatment of the penetration problem can be based on the
coupled equations describing the a waves in the different channels ( L I J I , with the
same total I,. (See the similar problem of nucleon scattering on deformed nuclei
discussed in Appendix 5A.) Numerical solutions of the coupled barrier penetration
equations have confirmed that the relation (4-167) provides a good approximation,
except for partial waves with small values of C, (see, for example, Chasman and
Rasmussen, 1959).

In the a decay of 243Cmto 239Pu,the groups populating the KT = 5/2 +
band have absolute intensities within a factor of 2 of the values given by Eq.
(4-167), while all other transitions are hindered by factors of Id or more. In
Table 4-13, the relative intensities of the a groups to the different members of
the K ~ = 5 / 2 + band are compared with the estimate (4-167) and are seen to
be rather well described by assuming the same values of C , as observed in
neighboring even-even nuclei. The absolute rates of the transitions in Table
4-13 imply C, coefficients that are smaller than for the even-even nuclei by a
factor of about 0.5. (This value is based on a direct comparison with the
observed decay rates of the neighboring even Cm isotopes and a dependence
on the transition energy as given by Eqs. (4-164) and (4-165).) The hindrance
in the odd-A favored transitions is discussed in Sec. 5-3, pp. 271ff.; the
fine-structure intensities for unfavored transitions are discussed in connection with the example illustrated in Fig. 5-13, p. 268.
Intrinsic configurations

A

The rotational classification and intensity rules discussed above are
independent of any detailed assumption about the structure of the intrinsic
states KT, but, as discussed in Chapter 5 , it is possible to interpret many of
the properties of the low-lying bands in odd-A nuclei on the basis of
independent-particle motion in a spheroidal potential. For ';:Pu,,,
with
deformation parameter 6 ~ 0 . 2 5(see the systematics in Fig. 4-25), it is seen
from Fig. 5-5, p. 225, that the two lowest orbits should be [631 1/21 and [622
5/21, in good agreement with the observed KT values for the lowest intrinsic
states; the KT = 7/2 - band can be associated with the orbit [743 7/21, which
is also expected from Fig. 5-5. (For a discussion of the magnetic moment,
decoupling parameter, moments of inertia, and transition rates on the basis of
these configuration assignments, see Mottelson and Nilsson, 1959.) These
configuration assignments have also been employed in a more detailed
analysis of the a-formation process, which gives an interpretation of the main
features of the intensities of the unfavored a transitions (Poggenburg, 1965).
The KT= 1/2- excitation in 239Pu appears to represent an octupole
vibrational excitation (VT = 0 - ; r = - 1) built on the KT = 1/2 + ground-state
configuration. Such an interpretation is strongly suggested by the relatively
large cross section for the excitation of this band in the (dd') reaction, which
is similar to the cross section for exciting the KT = 0 - band in 238Pu(Grotdal
et al., 1973). For a v = O octupole mode of excitation, the decoupling para-

CL(5/2 5/2 LO1I , 5/2)2
I f

L=O

L=2

5/2
7/2
9/2
11/2

1

0.20
0.26
0.09

L=4

L=6

0.00
0.00
0.0007

0.0006

Sum
1.20
0.26
0.09
0.0013

To( ' a )
(relative
values)
1
0.57
0.28
0.1 1

Relative intensities
Calculated
1
0.12
0.02 1
0.00012

Experimental
1
0.16
0.022
0.0003
~

Table 4-13 Relative intensities of favored (Y transitions in the decay of 243Cm.The relative a intensities are taken from Table of
Isotopes by Lederer et al., 1967. (The identification of the branch to the 11/2 state appears to be uncertain.) The parameters C,
are the mean values derived from the decay of the neighboring even-even nuclei 242Cmand '"Cm( Co= 1, C, = 0.55, C4= 0.0022,
and C6=0.0025; Lederer et al., 1967). The quantity To(Ea)is calculated from Eqs. (4-164) and (4-165).
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meter (4-60) has the value (see Eq. (6-89))
a(K?r= 1/2-)= - a ( K r = 1/2+)

(4- 172)

since the octupole excitation has the eigenvalue - 1 for the 7 (or 97)
operator. The relation (4-172) is in rather good agreement with the observed
values. In addition, the E l transitions to the ground state should have a
vanishing AK = 1 matrix element, M , (see Eq. (4-163)), in agreement with the
data in Table 4-12 and, as in the case of the low-lying Krr=O- - octupole
excitations in even-even nuclei, should obey the leading-order intensity rules.

Rotational bands in the odd-odd nucleus l6'H0 (Fig. 4-20 and Table 4-14)
The low-energy spectra of odd-odd nuclei have a very high level density,
and the unraveling of these spectra has posed challenging problems. By
combining the results of a variety of different nuclear measurements, it has
been possible, in a number of cases, to establish the main features of the
low-energy spectra. As an example, the term scheme of 1 6 6 His~shown in Fig.
4-20.
Rotational bands
It is seen that the observed levels in '&Ho can be arranged into
rotational sequences characterized by the quantum numbers K and ?r (and r).
The numbers given in parentheses are the predicted energies obtained by
using the observed energies of the first two members of the band and
assuming a rotational energy proportional to Z(Z+ 1). This comparison, as
well as the derived values of A and B listed under each band, show that the
rate of convergence of the energy expansion (4-62) is similar in this odd-odd
nucleus to that found in neighboring odd-A and even-even nuclei. A number
of relative y-ray intensities have been measured for transitions within the
different rotational bands and have been found to be in agreement with the
leading-order rotational intensity rules (Motz et al., 1967).
Intrinsic configurations
One may attempt to describe the intrinsic states of an odd-odd nucleus
in terms of the configurations !dn and !d, of the last odd neutron and proton.
In the spectrum of l'Ho, the three lowest bands may be associated with the
configuration [633 7/2],[523 7/21,, which is expected from the observed
systematics of the intrinsic states in odd-A nuclei (see Tables 5-12, p. 296, and
5-13, p. 300). The K?r=3+ and K?r=4+ bands may be associated with the
configuration [521 1/2],[523 7/21,, while the K r = 1 + band appears to have
the configuration [523 5/2],[523 7/21,. An additional low-lying Kr= 1
band is expected from the configuration [512 5/2],[523 7/21,.
The most direct and quantitative test of the configuration assignments is
provided by the measured (dp) intensities for populating the different mem-
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bers of each rotational band. If the odd-proton target nucleus is described as
an even-even core plus a proton in the configuration Qp, while the final state
in the odd-odd nucleus has quantum numbers Z, and K2=1!dp+Qn1,the
leading-order (dp) intensity pattern can be expressed in the form
du(Qp,Z1+(Qp,Qn),~2=

lap*

QnI,Zz)

(4-173)

+(Z,Q,j ?Qn1Z2 Q2,4Qn)2du(0+Qn,Zn=j)

=
J

A

where du(O+Q,,I,) is the cross section for populating the state QnIn
in a
neighboring odd-A nucleus by a (dp) process on an even-even target. (For an
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67H0

7

7

557.69
(560.93)

6
6

377.80
(379.67)

5

329.77
~0.56)

180-46

3

171.07

(180.80)
54,24

0

Kx=Or = +1
A = 9.047 keV
B=-1.18 eV

3
8

1

82.47

136

K x = 0r = -1
7
5
A=8.882keV K~ = 7 B = -1.56 eV A = 8.2 k &

577.21
(574.58)

6

453.77
(452.50)

5

6

807.30
(810.89)

5

693.65
(695.12)

588.10
(589.66)
3
470.84

2
1

598.46
(599.20)
522.00
(522.22)
464.48
425.99

190.90

Kx= 3+

A = 8.650 keV
B=+2.19 eV

Figure 4-20 Rotational band structure in '&Ho. The level scheme of '&Ho has been
established through a combination of high-precision measurements involving the /3 decay of
'&Dy, the 1 6 5 H(dp)
~ reaction, and the neutron-capture reaction 1 6 5 H(n
~ y). The data in the
figure are taken from the cooperative investigation by H. T. Motz, E. T. Jurney, 0. W. B.
Schult, R. H. Koch, U. Gruber, B. P. Maier, H. Baader, G. L. Struble, J. Kern, R. K.
Sheline, T. von Egidy, Th. Eke, E. Bieber, and A. Backlin, Phys. Reo. 155, 1265 (1967).
(Higher-lying bands have been identified by Bollinger and Thomas, 1970.) The coefficients
in the rotational expansion have been obtained from the lowest members of each rotational
band, and the energies in parentheses have been calculated from these parameters.
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example of the analysis of (dp) intensities leading to an odd-A nucleus, see
Chapter 5, pp. 258ff.) The ground-state configuration of 1 6 5 His~ [523 7/21,
and thus all the bands of Fig. 4-20 can be populated by direct neutron
transfer. The measured cross sections have been found to be consistent with
the relation (4-173) (Struble et al., 1965).
The observed rotational energy parameters A for the different bands in
Fig. 4-20 are systematically smaller than those observed in the ground-state
bands of neighboring even-even nuclei. (An average of these gives a value of
about 12.6 keV.) As discussed in Chapter 5, the extra increment of the
moment of inertia in an odd-A nucleus is observed to be a characteristic
property that can be related to the configuration of the last odd nucleon (see
Table 5-17, p. 312). If one neglects the interaction between the last odd
neutron and the last odd proton, the increment to the moment of inertia of an
odd-odd nucleus is given by the sum of the contributions from the odd
particles (Peker, 1960; see also the discussion in Appendix 4A, p. 206)

sx(Q,,Qp)~:6x(Qn)+
sx(Q,)

A

(4-174)

This relation is compared in Table 4-14 with the observed moments of inertia
of the low-lying bands of 1 6 6 H ~In
. view of the difficulty in obtaining
quantitative values of the odd-particle contributions from the odd-A spectra
(see Table 5-17), the qualitative agreement with the observed values of 6 N i n
Table 4-14 appears satisfactory. For a summary of tests of the relation (4-174)
in odd-odd nuclei, see Scharff-Goldhaber and Takahashi (1967).

Neutron

Proton

[633 7/21
[521 1/21
[523 5/21

[523 7/21
[523 7/21
[523 7/21

32
13
19

17
17
17

49
30
36

38
28
25

Table 4-14 Moments of inertia of rotational bands in '66Ho. All moments in the table
are in units of iliZMeV- The contributions of the different one-particle configurations to 6 S are taken from the observed rotational energies of neighboring odd-A
nuclei (see Table 5-17 pp. 312ff.). Thus, the value 6 4 is that of the proton orbit
[523 7/21 in ' 6 5 H(64==J('g:Ho)~
i(N('gDy)+X('gEr)); the values of 6Ynfor the
neutron orbits [633 7/21 and [521 1/21 represent averages for 16'Dy and 16'Er and, for
the orbit [523 5/21, the average for 163Dy and 16'Er. The increments in 1 6 6 H ~
correspond to the differences between the observed moments and the average (2X/)U2
=78 MeV-') of the neighboring even-even nuclei; the values are the averages of the
increments observed in the two rotational bands (K= IQ,?
Q,1) associated with each
configuration (see Fig. 4-20).
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The rather large difference in the moments of inertia of the KT = 3
and K n = 4 + bands (both associated with the configuration [521 1/21,
[523 7/21,) can be related to the Coriolis coupling of these two bands. Using
the coupling term (4- I97),

(Q,= 1/2,Qp,K=Q,+ I / 2 , Z ~ H Ja,= 1/2 , Q , , K = Q , - I/2,Z)

where A is the rotational energy constant, in the absence of the coupling
(4-175). The matrix element of j , appearing in Eq. (4-175) is the same as that
which determines the decoupling parameter of the rotational band associated
with the orbit Q , (see Eq. (4-60)). From a second-order perturbation calculation, we thus obtain
2( Aa)’
A(K=Qp+1/2)-A(K=3,1/2)=
E(K=3,+ 1 / 2 ) - E ( K = Q p - 1/2)
(4-176)

In the approximation considered, we may take A = ) ( A ( K = Q , + 1/2) +
A ( K = SIP- 1/2)). Inserting the observed values (see Fig. 4-20) of A ( K = 3),
A ( K = 4), and A E (taken from the difference of the Z = 4 states), we obtain the
value a=0.97, which is to be compared with the average value a = 0 . 6
observed for the [521 1/21 orbit in neighboring odd-N nuclei (see Table 5-16,
p. 309). Thus, the estimated coupling appears to account for only half the
observed difference in the moments of inertia.
The rotational energy for K = 1 bands contains a signature-dependent
term of the type (see Eq. (4-62))
6 E = A 2 ( - 1)’+’z(z+ 1)

A

(4- 177)

The measured energies of the rotational band beginning at 426 keV set a limit
on A , that is at least four orders of magnitude smaller than the parameter A .
A relatively small value for the A , term is expected on the basis of the
configuration assignment given above. In fact, the term arises from secondorder effects of the Coriolis coupling to K=O bands and therefore vanishes
for two-particle configurations, except those with (a,,, Q,) = (1 /2, I /2).
Direct support for the configuration assignment of the KT= 1 + band
comes from the observation of a rather large GT matrix element for p decay
of ‘&Dy populating the ZT= 1 + level (logftw4.9; Motz et al., loc. cit., Fig.
4-20). Such an “allowed unhindered” matrix element identifies the transition
as occurring between spin-orbit partners. (For a discussion of the classification of the allowed p decays in terms of the intrinsic one-particle states in
deformed nuclei, see Chapter 5, pp. 306ff.)
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Fission channels observed in photofission of 238U(Figs.4-21 to 4-23)
Evidence on rotational quantum numbers in intermediate stages of the
fission process has been obtained from the analysis of angular distributions of
the fission fragments. Quite generally, these angular distributions can be
characterized by the probability distribution of the quantum number K
representing the component of the angular momentum in the direction of the
emitted fragments (see the helicity wave function (3A-5)). For fission proceeding through a compound nucleus, we can ignore the interference between
channels of different total angular momentum, and the differential cross
section for emission of fragments in the angle 8 relative to the incident beam
has the form (Bohr, 1956; Strutinsky, 1956; Wheeler, 1963)

(4-178)
where u ( Z M ) is the cross section for forming the compound nucleus with the
total angular momentum I and component M in the beam direction. The
partial width for fission with specified K is denoted by rf(ZK), and r ( I ) is the
total width for given I .
Angular anisotropies in fission processes were first observed in the
photofission of 232Thand 238Unear threshold (Winhold, Demos, and Halpern, 1952). The photoabsorption in an even-even nucleus leads to states with
M = 2 1 (since the photon has helicity ? 1) and I = 1 or 2, corresponding to
dipole or quadrupole absorption. The angular distribution (4- 178) can thus be
written in the form

~ ( 8= u) + b sin28+ c sin228

(4- 179)

with
u = $P(1 1)

+ iP(21)

b = $P(10) - i P ( 1 1) - $ P(2 1) + ;P(22)
c = u,6 p(20) - $P(21)

A

(4- 180)

+ AP(22)

Experimental data on the angular distribution of photofission in eveneven nuclei are found to be in good agreement with the expression (4-179);
see the example in Fig. 4-21, which refers to the photofission of 238Uin the
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region just below threshold. (For the excitation function of 238Uin the
threshold region, see Fig. 4-23.) The energy dependence of the 238U(yf)
anisotropy is illustrated in Fig. 4-22.
I

I

I

I

I

I

I

I

I

I

1.5

0.5

01
O0

I

30’

0

60’

I

goo

Figure 4-21 Angular distribution of fission fragments from photofission of 238U.The data
are taken from A. S. Soldatov, G. N. Smirenkin, S. P. Kapitza, and Y. M. Tsipeniuk, Phys.
Letters 14, 217 (1965). The fission processes result from the continuous bremsstrahlung
spectrum produced by 5.2 MeV electrons. On account of the rapid variation of the fission
cross section for the photon energies involved (see Fig. 4-23), the y quanta contributing
effectively to the observed fission processes have energies within a rather narrow interval,
estimated to extend approximately 100 keV below the end point.

V

A

The large anisotropies observed in the threshold region imply that the K
quantum number characterizing the fission process is far from randomly
distributed. This feature implies that the K distribution is determined by a
stage in the fission process where the nucleus is “cold” and where, therefore,
only few channels are available (Bohr, 1956). Such a stage occurs when the
nucleus passes the saddle-point configuration, where almost the entire excitation energy is expended in the deformation.
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The spectrum of channels is intimately connected with the symmetry of
the sadddle-point shape. If this shape has axial symmefry and 9 invariance,
the spectrum is similar to that observed near the nuclear ground states; in
particular, the lowest channels form a band with K?rr = 0 + . The contribution of the Z?r=2+ member of this band would account for the strong
increase in the c coefficient for photofission of 238Uat the lowest energies
shown in Fig. 4-22.

+

A

1.0

0.5

0

5.0

6.0

7.0

Em,

8.0

9.0

(MeV)

Figure 4-22 Energy dependence of anisotropy parameters in photofission of 238U.The data
are taken from Soldatov et al., loc. cit., Fig. 4-21. Each point refers to the angular
distribution obtained for a continuous bremsstrahlung spectrum with maximum energy
Emax.

v
A

The E2-photoabsorption process is intrinsically much weaker than the
E 1 process and therefore, at energies above that of the lowest ZT = 1 - fission
channel, one expects a strong dominance of dipole photofission. Indeed, in
the energy region above 5.5 MeV in Fig. 4-22, the coefficient b is much larger
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4
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5.5

6.0

6.5
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PHOTON ENERGY (MeV)
Photofission cross section for *'*U. The figure is taken from L. Katz, A. P.
Baerg, and F. Brown, Proceedings of the Second United Nations International Conference on
the Peaceful Uses of Atomic Energy 15, 188, United Nations, Geneva, 1958, and the more
recent data by A. M. Khan and J. W. Knowles, Nuclear Phys. A179, 333 (1972).
Figure 4-23

A

than the coefficients a and c, and this characterizes the dominant process as
dipole fission through a channel with K m = 0 - - .
The lowest odd-parity modes are expected to be associated with shape
deformations that break the 9 symmetry. A K = O mode of this type
preserves the axial symmetry and involves a displacement of mass along the
symmetry axis (mass asymmetry mode); a K = 1 mode preserves reflection
symmetry with respect to a plane perpendicular to the axis and gives rise to a
bending of the system. The photofission evidence implies that the Kr=Omode is appreciably lower than the KT= 1 - mode, and provides an indication that the saddle-point configuration is relatively soft, though not unstable,
with respect to the mass asymmetry mode. If the system possessed a static
deformation of this type, the IT = 1 - and h = 2 + states would belong to the
ground-state band (see Fig. 4-2b), and the dipole photofission would be
expected to dominate over the entire threshold region. (The evidence from the
photofission anisotropies in even Pu isotopes is similar to that in 236U,while
in 232Ththe magnitude of the c term is much smaller, which might imply that
the saddle configuration in this nucleus violates 9 symmetry; see Rabotnov
et al., 1970.)
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At higher energies, the photofission becomes approximately isotropic,
which can be understood in terms of dipole fission with P(ll)=2P(10), as
expected for a statistical distribution. (In such a distribution, the intrinsic
states with KZO, which represent angular momentum projections Z3 = ? K,
have double weight, as compared with the K=O states. In the enumeration of
rotational states, the 97 symmetry implies that there is only a single state
(KI) associated with the pair of intrinsic states with Z3= ? KZO, while for
K=O, a corresponding reduction in the number of rotational states results
from the condition r = (- 1)'; see Sec. 4-2c.)
If the saddle-point shape deviates from axial symmetry, the spectrum of
channels will be significantly different from that considered above (see Sec.
4-5). In the absence of invariance with respect to any finite rotation, the
rotational bands contain 21+ 1 states for each value of I , and all values of K
occur with equal weight. The angular distribution for photofission would
therefore be isotropic, since the rotational energy spacings for I = 1 and Z=2
are small compared with the energies characterizing the opening of a single
channel. If the shape retains invariance with respect to the rotations 9,
(7) of
180" with respect to the three principal axes, as for an ellipsoidal shape, the
bands are labeled by the quantum numbers (rlr2r3);see pp. 177ff. The lowest
band is expected to have (r,r2r3)= ( + +) and contains the set of states
Z=0,22,3,... (see Eq. 4-277). The 1 = 2 states span a space comprising K=O
and K = 2 components with equal weight, which would give a quadrupole
photofission with a=O and c / b = 7 / 4 (see Eq. (4-180)). Such an interpretation is not ruled out by the data in Fig. 4-22. An ellipsoidal deformation does
not couple K=O and K = 1 (symmetry with respect to the operation g3(r))
and therefore has no effect on the dipole fission.
Further evidence on the K distribution in the channel spectrum has been
obtained from the measurements of angular distributions in various direct
nuclear reactions that populate the compound nucleus in the energy region
around the fission threshold ((d,pf), see, for example, Britt et af., 1965; (t,pf),
see, for example, Eccleshall and Yates, 1965; (a,a'f), see Wilkins et af., 1964;
Britt and Plasil, 1966). Especially striking angular distributions are observed
in the (a&')process, which excites states of high angular momentum (1-8 or
greater, for E, w40 MeV). These angular distributions are strongly peaked in
the direction of the momentum transfer; from the width of the peak it can be
concluded that the values of K (and M ) are very much smaller than I.
Although it is difficult to give an unambiguous interpretation, due to the lack
of knowledge of the reaction mechanism and therefore of the relative magnitude of the partial cross sections a ( I M ) in Eq. (4-178), the data appear to be
consistent with fission proceeding predominantly through K = 0 channels, for
energies within about 1 MeV of the threshold (Wilkins et af., 1964). For
excitation energies of a few MeV above threshold, the angular anisotropies
decrease due to the participation of channels with higher values of K, as in
photofission. For fission reactions involving still higher excitation energies
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(and large angular momenta), the angular distributions can be interpreted in
terms of a statistical distribution of channels with different K and yield
evidence on the moments of inertia parallel and perpendicular to the symmetry axis (see the example discussed in Chapter 6, pp. 617ff.).
T h e interpretation of the K distribution of the fission fragments in terms
of the channel spectrum at saddle point involves the assumption that the K
quantum number remains constant during the passage from saddle point to
scission, as is expected if this stage of the process proceeds rapidly compared
with the rotational period. The large anisotropies observed in the threshold
region for the photofission of 238Uare consistent with this assumption. The
passage from saddle point to scission may be significantly prolonged if the
potential energy function contains a secondary minimum in this region; the
system may then become trapped in this minimum, in which case the angular
distribution of the fissioning nuclei will be determined by the channel
spectrum at the outer barrier that temporarily retains the nuclei in the second
minimum; see the discussion in Chapter 6, pp. 634.
Intensity relations for E2-matrix elements within a rotational band
(Fig. 4-24)
In first approximation, the E 2-matrix elements within a rotational band
are determined by the single parameter Q, (see Eq. (4-68)), and ratios of
matrix elements are therefore completely specified by the rotational quantum
numbers K I M .
E2-transition probabilities

A

A favorable opportunity for testing the E2- rotational intensity relation
is provided by the Coulomb excitation process. In an odd-A nucleus with
ground-state spin I,, (= K ) , the first-order Coulomb excitation can populate
the two first excited states with Z=Z,+ 1 and 1,+2, and the ratio of the
B(E2) values can be directly determined by comparing the intensities of the
corresponding groups of inelastically scattered projectiles. The relative B( E 2)
values obtained in this manner are shown in Fig. 4-24. (Additional evidence
for the validity of the E2-intensity rules in the bands of odd-A nuclei is given
in Tables 4-6, p. 104, 4-8, p. 108, and 4-10, p. 113.)
Tests of the E2-intensity relation for the ground-state band of even-even
nuclei are provided by multiple Coulomb excitation measurements as well as
by lifetime determinations. Examples of measured B(E2) ratios for the 6-4,
4-2, and 2+0 transitions are shown in Fig. 4-24.
The generalized E 2-intensity relations, which include the effect of rotational perturbations, are discussed on pp. 50ff. For K=O bands, the lowestorder corrections are quadratic in I and are of the form (4-81); for the
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transitions 1 + 2 - + 1 , the B ( E 2 ) values can be written
B ( E 2 ;Z + 2 + 1 )

5
1 6 ~

= -ezQi(l

+ 2 0201Z0)2( 1 + 2aZ(Z + 3 ) y

(4-18 1 )

with
(4- 182)

A

The corrections to the leading-order intensity relations therefore involve only
a single parameter, a. The data in Fig. 4-24 are consistent with the leadingorder relation and imply la1510-3, except for the case of 15'Srn, for which
a=(l 0.5) x 10-3.

N O N e

5 'D 0 0

w

2.0

1.5-.

I=K+I=K+2
I=
K--I=K+l

E2-intensity ratios in rotational transitions. For the odd-A nuclei, the data are
taken from B. Elbek, loc. cit., Fig. 4-25. For '69Tm, see Table 4-6. For the even-even nuclei,
the data are from A. C. Li and A. Schwarzschild, Phys. Rev. 129, 2664 (1963); W. R. Neal
and H. W. Kraner, Phys. Rev. 137, B1164 (1965); R. M. Diamond, F. S. Stephens, R.
Nordhagen, and K. Nakai, Contributions to International Conference on Properties of Nuclear
States, p. 7, Montreal (1969); R. M. Diamond, F. S. Stephens, W. H. Kelly, and D. Ward,
Phys. Rev. Letters 22, 546 (1969); W. T. Milner, K. K. McGowan, R. L. Robinson, P. H.
Stelson, and R. 0. Sayer, Nuclear Phys. A177, 1 (1971). Evidence on E2-intensity relations in
the ground-state band of 2%e is shown in Table 4-4.
Figure 4-24
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Part of the distortion effect described by the parameter a may be
associated with the coupling between the ground-state band and the vibrational modes representing quadrupole oscillations about the equilibrium
shape. This coupling can be obtained from an analysis of the E 2 intensities
for the decay of the vibrational bands. Such analyses are illustrated by the
discussion of the K = 2 vibrational band ( y vibration) in 166Er(see pp. 158ff.)
and of the K=O band ( p vibration) in 174Hf(see pp. 168ff.). In these cases,
the contributions to a amount to a few times lop4and thus imply corrections
that are beyond the accuracy of present experiments. However, significantly
larger effects are expected in the regions of transition between spherical and
deformed nuclei, where the amplitudes of the oscillations around the equilibrium shape may become large.
An additional contribution to a arises from the tendency of the rotation
to align the angular momenta of the individual particles with respect to the
direction of the total angular momentum. This effect can also be described in
terms of the coupling to the K = 1 spurious mode. The estimate based on the
harmonic oscillator model discussed on pp. 84ff. yields
-(2Zmax)-’m
-2 X lop5, for Am160 (see Eq. (4-143) and Table 4-3, p. 27 for the values of
I,,,). The effect is thus negligible for the nuclei in Fig. 4-24, but becomes
significant for light nuclei (see the discussion of 2%e on pp. 96ff.).
In bands with KZO, the E2-matrix elements receive contributions from
the terms in the intrinsic moments that are linear in I . For bands with
K > 3/2, this contribution involves a single intrinsic matrix element, and the
resulting intensity relation takes the form (see Eq. (4-75))
B(E2; KZI-+KIz)
= ~ e 2 Q ~ ( ( Z l K 2 0 1 Z , K ) 5((ZI
+
K + 1 2- llZzK)(Zl - K)1’2(Zl

1677

+K+

2

-(Il K- 1 21~IzK)(Zl+K)1”(Zl-K+1)1/2))

A

(4- 183)

For K = 1/2 and 3/2, the corrections to the leading-order intensity matrix
element involve an additional term proportional to the signature (see Eq.
(4-77)).
The term proportional to 5 in Eq. (4-183) can be attributed to the
AK= 1 band mixing due to the Coriolis coupling. The effect of this coupling

4-3

V

ENERGIES AND INTENSITIES

131

can be obtained from Eqs. (4-202) and (4-203),

J-I]++fi[~+l,~-l]
~ 7 , ) { 1 - , @ -+
~ }97-conj.

(4-184)

in terms of the amplitudes
of the admixed bands. We have assumed the
unperturbed intrinsic moments (
= d ( E 2 , v ) ) to be I independent, and
have included the second-order terms involving the collective moment 4,
= (5/ 16~)'/~eQ,,with Q, treated as a constant. The terms proportional to
give a small renormalization of the intrinsic moment Q,, while the terms
linear in I + are of the same form as in Eq. (4-203) and yield
Jp

.9to

5 = 51 + 5 2
(4- 185)

A

The expectation values of the commutators can be expressed in terms of sums
over the intermediate states with K? 1, as shown for the second-order
contribution 12.(Note that E - I = - ( E +
Since { vanishes for K=O bands, one may attempt to estimate the value
of 5 for the low-lying bands in odd-A nuclei in terms of the contribution from
the last odd particle. In a number of cases it has been possible to obtain
experimental estimates of the A K = 1 band mixing amplitudes, and it appears
that, in the E 2 transitions between the bands, the term proportional to E + ~ Q ~
is usually appreciably larger than the direct term, which is proportional to
d ( E 2 , Y = 1) (see, for example, the discussion of '"Lu, p. 155, and of 235U,p.
275). Thus, we may expect the main contribution to { to arise from the
second-order term S2.
The magnitude of 5 can, of course, become very large for accidentally
near-lying bands, but for the ground-state bands, such degeneracies do not
occur. Typical of the largest known ground-state admixtures are the ampli-
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tudes ([752 5/2]1&-,1[743 7/2])=3 X l o p 2 as observed in 235U(see p. 277)
and ([521 3/2]le- ,1[523 5/2])=2 X
as observed in 163Dy(see Tveter and
which in turn leads
Herskind, 1969). These admixtures imply l=C2=to an increase in the ratio of B(E2;Z0+Z0+2):B(E2;Z0+Z0+
1) by about
1%. It must be emphasized that at present the evidence on the AK=l
couplings is very incomplete, and in the cases considered, there will be
additional contributions to 5, positive as well as negative, from other AK= 1
excitations.
The deviations indicated by the measured cross sections for the Dy
isotopes (see Fig. 4-24) are an order of magnitude larger than the effect
estimated above; the deviations are only a few timgs the standard error, but if
confirmed by more accurate measurements, would appear to be difficult to
account for in terms of the couplings considered.
Static E2 moments

A

The measured static quadrupole moments provide still another source of
evidence on E2-matrk elements within a rotational band. Indeed, the discovery of the very large static quadrupole moments deduced from the
analysis of the atomic hyperfine structure gave the first indication of collective nuclear deformation effects (see footnote 1, p. 2) and also established the
prolate character of the nuclear deformations.
The magnitude of the static quadrupole moments may be compared
with the transition moments, in order to provide additional tests of the
E2-intensity relations (see Eqs. (4-70) and (4-68)). However, the extensive
body of data from atomic and molecular hyperfine structure measurements
cannot be directly employed in such tests, due to the uncertainties in the
knowledge of the electric field gradient at the nucleus that is produced by the
bound electrons. The ratios of quadrupole moments for different isotopes of
the same element are not subject to this uncertainty, and the values obtained
are found to be consistent with the ratios of the transition moments to within
the experimental accuracy, which is typically of the order of a few percent
(see, for example, the ratio of the moments of Lu (Spalding and Smith, 1962),
Gd (Stevens et al., 1967), and W (Persson et af., 1968).
Quantitative determinations of static quadrupole moments can be
obtained from high-resolution studies of the energy levels of p-mesic atoms,
in states with large orbital angular momentum; preliminary experiments of
this type have yielded Q('75Lu)=350 fm2 (Leisi et al., 1973), in good agreement with the intrinsic moment Q0z750 fm2, as obtained from the data
quoted in Fig. 4-25. A further source of information on static nuclear
quadrupole moments is provided by the multiple Coulomb excitation process
(see, for example, the moment of the 2 + state of lg80s, shown in Fig. 6-32).
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Determination of nuclear deformations (Fig.4-25; Tables 4-15 and 4-16)

V

Quadmpole deformations from electromagnetic moments
The evidence on the magnitude of the quadrupole distortion in deformed
nuclei, as determined from E2-matrix elements by means of Eqs. (4-68)and
(4-72), is summarized in Fig. 4-25 and Table 4-15.
Most of the data have been obtained from Coulomb excitation cross
sections or lifetime determinations. These measurements determine only the
square of the intrinsic quadrupole moment, but the sign can be obtained from
the measurement of static quadrupole moments. For the regions of nuclei
shown in Fig. 4-25, the available evidence on static moments is consistent
with a prolate shape in all cases.
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Quadrupole deformations of nuclear ground states (A > 150). The data for the
region 150< A < 190 are taken from B. Elbek, Determination of Nuclear Transition Probabilities by Coulomb Excitation, Munksgaard, Copenhagen (1 963), which summarizes the results
of the series of experiments: B. Elbek, K. 0. Nielsen, and M. C. Olesen, Phys. Rev. 108, 406
(1957); V. RamSak, M. C. Olesen, and B. Elbek, Nuclear Phys. 6, 451 (1958); M. C. Olesen,
and B. Elbek, Nuclear Phys. 15, 134 (1960); B. Elbek, M. C. Olesen, and 0. Skilbreid,
Nuclear Phys. 10, 294 (1959); 19, 523 (1960); 0. Hansen, M. C. Olesen, 0. Skilbreid, and B.
Elbek, Nuclear Phys. 25, 634 (1961). For the heavy-element region, the data are taken from
the lifetime determinations by R. E. Bell, S. Bjmnholm, and J. C. Severiens, Mat. Fys. Medd.
Dan. Vid. Selsk. 32, no. 12 (1960) and from the Coulomb excitation studies by J. L. C. Ford,
Jr., P. H. Stelson, C. E. Bemis, Jr., F. K. McGowan, R. L. Robinson, and W. T. Milner,
Phys. Reu. Letters 27, 1232 (1971).
Figure 4-25
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Quadrupole deformations of ground states of light nuclei.
The Q, values are determined from E2-transition probabilities by
means of Eq. (4-68). The empirical data for A < 19 are based on the
compilations by Ajzenberg-Selove and Lauritsen, 1959 and 1966. We
are indebted to T. Lauritsen for supplying us with a critical summary
of the available data. For 2%Ie,see Table 4-4; the data for A =24 and
25 are from the compilation by Endt and van der Leun, 1967. For
nuclei for which static quadrupole moments have been measured, the
sign of the intrinsic quadrupole moment (as obtained from Eq. (4-69))
is also given in column two. The values of (r') are somewhat larger
than the standard estimate :R2=0.6(1. 2A'I3 fm)'. The (r') values
employed are based on elastic electron scattering data, whenever this
information is available. For 7Li, 9Be, and "B, the values are from R.
E. Rand, R. Frosch, and M. R. Yearian, Phys. Reu. 144, 859 (1966).
For "C, the value is from H. F. Ehrenberg, R. Hofstadter, U. MeyerBerkhout, D. G. Ravenhall, and S. E. Sobottka, Phys. Reu. 113, 666
(1959), and for 24Mgfrom R. H. Helm, Phys. Rev. 104, 1466 (1956). For
the nuclei for which no direct determinations are available, the values
of (r') in the table are based on extrapolations from neighboring
isotopes, assuming an A '1' dependence.

Table 4-15

v

A

Additional information o n the quadrupole deformation of the nuclear
charge density is provided by the study of p-mesic spectra and electron
scattering. The nonspherical components of the Coulomb field of a deformed
nucleus imply that, in heavy atoms, the motion of the p meson in states close
to the nucleus is strongly coupled to the nuclear rotation, and the energy
levels of the p-mesic atom therefore yield information o n a number of
different E2-matrix elements within the ground-state rotational band (Wilets,
1954; Jacobsohn, 1954). The present data yield values of the intrinsic deformation consistent with those given in Fig. 4-25, and of comparable accuracy
(see, for example, the reviews by Devons and Duerdoth, 1969, and by Wu
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and Wilets, 1969; see also Chen, 1969). Since the radius of the lower muonic
orbits are comparable with the nuclear radius, the muonic spectra are
sensitive to the radial distribution of the nuclear quadrupole moment; the
evidence is consistent with the simple form factor obtained by a uniform
deformation of the surfaces of constant density (see Eq. (4-189)). Detailed
evidence on the E 2-transition moments within rotational bands is also
becoming available from inelastic electron scattering (Bertozzi et al., 1972).
Estimates based on shell structure

An estimate of the nuclear eccentricity may be based on the aligned
coupling scheme, in which each nucleon moves independently in the average
deformed field produced by the rest of the nucleons. The equilibrium deformation can be determined from a self-consistency argument, requiring that
the eccentricity of the potential and of the density should be equal at
equilibrium. A simple estimate of the nuclear quadrupole deformations can
be obtained by considering independent-particle motion in an anisotropic
oscillator potential (see p. 77). The condition of self-consistency implies that
the frequencies w, in the directions of the three principal axes are inversely
proportional to the quantities Z, which measure the total number of quanta
in the corresponding directions (see Eq. (4- 115)). Evaluating the deformation
parameter S given by Eq. (4-72), one obtains (see Eq. (4-1 13))

k= 1

(4-186)
The eccentricity parameter S depends on the differences between the
numbers of oscillator quanta in the different directions, as described by Z,
and for axially symmetric deformations with S<< 1, the eccentricity can be
expressed in the form
S%

3 P 3 - Z,)

z,+ z,+ Z,
(4- 187)

A

where, in the last line, we have employed the estimates (2-157) and (2-158) for
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Z(N+3/2) and have expressed the anisotropy of the quanta in terms of the
quantity I,,, ( = iZ, - &I), which gives the maximum value of I contained in
the aligned state (see Eq. (4-138)).
The values of 6 given by Eq. (4-187) are of the order of the ratio of the
particles outside of closed shells to the total number of particles and thus, in
the middle of shells, the lowest configurations have eccentricities of order
A - ' I 3 .An evaluation of Z, on the basis of the observed order of filling of the
single-particle orbits (as discussed in Chapter 5) leads to values of S in
qualitative agreement with the data in Fig. 4-25 and Table 4-15; see, for
example, the values of S implied by the estimated values of I,,,, given in
Table 4-3. This simple estimate of the equilibrium deformation neglects the
deviations of the one-particle wave functions from those of the harmonic
oscillator potential, as well as the effect of the pair correlations. The latter
favor the spherical shape (with its higher degeneracy of the one-particle
levels) and, in particular, are responsible for the transition to a spherical
equilibrium shape, with the approach to closed-shell configurations (see the
discussion in Chapter 6, pp. 520ff.).
It is a remarkable fact that all the strongly deformed nuclei that have so
far been identified have a prolate shape. For a harmonic oscillator potential,
in the limit of large quantum numbers, there is a symmetry between the
prolate shapes occurring at the beginning of the shell and the oblate deformations at the end of the shell. (It is seen from Eq. (4-186) that, in this limit,
configurations corresponding to the interchange of particles and holes give
values of S of the same magnitude.) The deviations from the harmonic
oscillator potential imply that the single-particle spectrum in the spherical
potential is unsymmetrical with respect to particles and holes in major shells
(see, for example, Fig. 5-1 and the comments in Chapter 5, p. 298), and
detailed estimates appear to be consistent with the observed prolate shapes
for the nuclei in Fig. 4-25 (as well as the nuclei at the beginning of the (sd)
shell). However, it remains an interesting problem to identify the structural
features that are responsible for the systematic favoring of the prolate
deformations.
Another important feature in the qualitative characterization of the
nuclear deformations is the preference for axial symmetry. For a harmonic
oscillator potential, an axially symmetric quadrupole deformation leaves the
single-particle states degenerate with respect to the distribution of quanta in
the x,xz plane and in general, therefore, this potential would lead to ellipsoidal deformations with three different axes. Since the degeneracy of the
orbits in the axially symmetric potential is of order A ' I 3 ,the deviations from
axial symmetry are only of order A - 2 / 3 , corresponding to the fractional
number of particles that can occupy a subshell. Effects opposing deviations
from axial symmetry are provided by the spin-orbit coupling (since the
orbital moment is quenched by the asymmetric potential; see Sec. 5-lc, p.
218) and the pair correlations (which favor maximum degeneracy of the
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single-particle orbits); there is at present no clear-cut evidence for the
occurrence of stable nuclear deformations without axial symmetry (see, for
example, the discussion of the spectra of 166Er(p. 166) and 24Mg(p. 287)). It
is possible, however, that such shapes may be encountered for states with high
angular momentum (see the discussion on pp. 42ff.).
Deformation of nuclear fields
The analysis of the electromagnetic interaction effects yields information
on the shape of the nuclear charge distribution; evidence on the deformation
of the nuclear field may be obtained from the scattering or bound states of
strongly interacting particles. The available data are rather preliminary, but
consistent with values of 6 similar to those obtained from the E 2 measurements. (See, for example, the data in Table 4-16, obtained from (aa’)
scattering. For the analysis of (pp’) scattering, see, for example, Table 6-2, p.
354. Evidence from the scattering of neutrons and protons on oriented nuclei
has been reported by Marshak et al., 1968, and Fisher et al., 1971, respectively. The extensive evidence on the effect of the deformation of the nuclear
potential on the bound states of neutrons and protons is discussed in Chapter
5. Evidence on the deformation of the potential acting on T mesons has been
obtained from the analysis of .rr-mesic atoms (Leisi et al., 1973).)
The Coulomb interaction and the presence of a neutron excess imply
that the deformation of the neutron and proton density distributions may
be somewhat different and thus give rise to an isovector potential with a
deformation different from that of the isoscalar potential. The deformation of
the isovector field could be obtained by comparing the cross sections for
excitation of rotational states by inelastic scattering of neutrons and protons,
of T’ and T , or by observing the isobaric analogs of the rotational
excitations in the direct (pn) process (see the discussion of the isobaric
structure of vibrations in Chapter 6, pp. 375ff.).
Another measure of the deformation of the nuclear shape is provided by
the splitting of the dipole resonance in deformed nuclei. The evidence from
these measurements is summarized in Table 6-7 and gives deformation
parameters that are consistent with those in Fig. 4-25 to within the accuracy
of the determinations.
Parameters for describing shapes with higher multipole deformation

A

A systematic characterization of the different components in the nuclear
shape deformations can be based on a macroscopic analysis of these deformations, as occurring in a system with a surface diffuseness small compared
with the r a d i ~ sIn
. ~such a system, the density po(r)for spherical shape can be

’The macroscopic analysis of properties that follow from the existence of a surface region thin
compared with the nuclear radius has been especially considered by Myers and Swiatecki (1%9) and
Myers (1973); such systems are referred to as “leptodermous.”
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expressed in the form p o f ( ( r - Ro)/a,), where po is the central density in a
heavy nucleus, while the form factor f involves the radius R , and the
diffuseness parameter a, (as, for example, in the Woods-Saxon form factor
(2-62)). A deformation with a wavelength large compared with the diffuseness
can be described as a bodily displacement of the surface in each local region.
The resulting density distribution is obtained by replacing R , by the angulardependent radius R ( 9 , q ) and at the same time correcting the diffuseness
parameter so that the magnitude of the normal derivative of the density at
each point on an equidensity surface is unaffected by the deformation.
Characterizing the deformed surface by the multipole parameters aAp,we
have
P(r>=Pof((r- ~ ( ~ , q D ) ) l a ( % d )

(4- 188a)

including the leading-order correction to the diffuseness a . The last term in R
has been included in order to conserve the particle number, to order a*; the
coefficient c is unity for a sharp surface and can more generally be expressed
in terms of radial moments (see Eq. (4-189~)).Deformations with A = 1 are
not included in the expansions in Eq. (4-188), since such a deformation is
equivalent to a displacement of the center of the sphere. The expansion of the
deformed density distribution in powers of aApyields

(4-189a)

(4- 189b)

(4- 1 8 9 ~ )
A
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(4-189d)

In the evaluation of the coefficient c from the normalization condition, it has
been assumed that the radius R, is defined by the relation (4-189b), which, in
particular, is satisfied for the radius parameter in the Woods-Saxon form
factor (2-62), ignoring terms of order exp{ - R o / a } .
For the density distribution (4-189a), the multipole moments can be
expressed as power series in ax$ with coefficients involving the radial
moments ( r " ) of po (see Vol. I, p. 160, for the evaluation of these moments
for the Woods-Saxon form factor). Thus, for example, the electric quadrupole
and hexadecapole moments for a charge distribution of the form (4-189a) are
given by

3
M(E4,p)= -ZeR:
4%-

(4-190)

with inclusion of the second-order terms involving aZp.
For an axially symmetric deformation, we have ( x x v = p , S ( v , 0) for the
compcnents with respect to the intrinsic coordinate system. The relation
between the quadrupole deformation parameters S and p2 is obtained by
comparing Eqs. (4-72) and (4-190)

(4- 191)

A

where the diffuseness correction has been included only in the linear term
and has been evaluated for the Woods-Saxon form factor (see Eq. (2-65)).
Evidence on hexadecapole moments (A = 4) has been obtained from the
excitation of the 4 + states in the ground-state bands of even-even nuclei by
Coulomb excitation, inelastic electron scattering, as well as from the inelastic
scattering of nuclear projectiles. As an example, Table 4-16 shows deforma-
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tion parameters obtained from an analysis of 50 MeV (Y particles, which gave
the first determinations of the P4 deformations. These experiments determine
the deformation parameters ( @A)pot of the effective potential acting on the (Y
particle; the deformation parameter PAof the density has been obtained by
assuming that the quantity RobAis the same for the potential and the density
(which in this case implies /3A~1.2(PA)pot,
since the mean radius of the
potential is about 20% larger than that of the density; see the discussion in
Chapter 6, p. 354. The deformation parameters in Table 4-16 agree rather well
with those determined from electromagnetic excitation (see Erb et al., 1972,
and Bertozzi et al., 1972).

PZ
P4

0.246
0.048

0.270
0.054

0.282 0.276
0.036 0.0

0.276
-0.048

0.276
-0.054

0.246
-0.072

Table 4-16 Deformations of rare-earth nuclei obtained from (m')
scattering.
The parameters /I2 and /I4 for quadrupole and hexadecapole deformations are
taken from the measurements and analysis of ( a d )scattering by D. L. Hendrie,
N. K. Glendenning, B. G. Harvey, 0. N. Jarvis, H. H. Duhm, J. Saudinos, and
J. Mahoney, Phys. Letters 26B, 127 (1968a).

V

A qualitative estimate of the trend of the hexadecapole deformations
may be obtained in terms of the moments of the orbits near the Fermi surface
(Hendrie et al., 1968, 1968a). For particles moving in an axially symmetric
harmonic oscillator potential, the orbits may be characterized by the quantum numbers N , n3, and A (see p. 216), and one obtains

-(27nf- 22n3N+3N2- A2- 6n3-2N)

A

In this expression, we have ignored the anisotropy in the oscillator potential;
for an individual orbit, the effect of the anisotropy is small (of order S), but
the cumulative effect contributes a significant hexadecapole moment of order
A S 2 , which corresponds to the second term in the relation (4-190) for the A = 4
moment.
For a prolate potential, the first orbits to be filled in a given major shell
are those with n3= N, and these orbits have large positive hexadecapole
moments. With decreasing values of n3 (for fixed N ) , the matrix elements
(4-192) decrease, becoming negative for intermediate values of n3. Typical
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orbits that are being filled for the nuclei listed in Table 4-16 have N = 5, n3=2
for the neutrons and N=4, n3= 1 for the protons (see Tables 5-12 and 5-13,
pp. 266ff.); the negative h = 4 moments of these orbits account for the
observed decrease of p4with increasing A . A similar trend has been observed
in the first half of the (sd) shell (P4('%e)w+0.2; p4(24Mg)x-0.05; see
Horikawa et al., 1971, and references quoted there). The first orbit to fill in
the (sd) shell has (Nn3A)=(220) (see Fig. 5-1, p. 220) and gives rise to the
large positive value of p4for '%e; the next orbit has (Nn3A)=(211), with an
almost equal and opposite sign of (r4Y,) and thus accounts for the smallness
of p4 for 24Mg. Early evidence for h = 4 deformations in the actinide nuclei
was obtained from the analysis of the intensities of a-decay fine-structure
components (Froman, 1957); for more detailed determinations based on
Coulomb excitation, see Bemis et al., 1973.

The p decay of 176Lu
(Fig, 4-26)

A

Two states of 176Ludecay by p emission to different members of the
176Hfground-state rotational band (see Fig. 4-26).
.3.7 hr.
K n = 0r =-1

log f t = 18.4
422
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L 596
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K n = O+
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Figure 4-26 Decay scheme for 176Lu.The data are taken from Table of Isotopes by Lederer
et al., 1967, except for the excitation energy of the 176Luisomer, which is from M. M. Minor,

R. K . Sheline, E. B. Shera, and E. T. Jurney, Phys. Reu. 187, 1516 (1969). All energies are in
keV.
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The short-lived isomer ( T ~ =
, 3.7
~ hr, IT = 1 -) decays by first forbidden
transitions to the h = O + and 2 + states of 176Hf.The ground-state decay
must be A = 1, while the transition to the 2 + level could be a mixture of A = 1
and A = 2. However, the calculatedft value for a first forbidden single-particle
transition of A=2 type is of order E2(=1d)larger than the fr value for a
similar transition of A = 1 type (see Vol. I, pp. 412 ff.); the observed ft value
for the transition in question corresponds to that of an unhindered A = 1 first
forbidden transition and, hence, it is not expected that A=2 can contribute
significantly to this transition. Thus, the leading-order intensity relation (4-9 1)
gives
f---=
t(l4
ft(l+o)

( I K I - K ~ O O ) ~ 1/2
<lKI-K~2Oj'=( 2

(K=o)
(4-193)
( ~ ~ 1 )

in terms of the K quantum number of the 176Luisomer. The observed value of
0.5+0.1 for the ratio of theft values (Hansen, 1964) clearly decides in favor
of K=O and at the same time provides a test of the intensity rules in fi decay.
The interpretation of 176Lu(ZT = 1- ) as KT = 0 - , r = - 1 receives strong
support from the observation of a negative quadrupole moment for this state
( Q = - 230 fm2; see the compilation by Fuller and Cohen, 1965). The lowest
intrinsic states in 176Luin many respects resemble those of '@Ho (see Fig.
4-20) with 3, =an= 7/2. In 176Lu,however, the single-particle assignments
are [404 7/21 for the proton and [514 7/21 for the neutron (see Tables 5-12, p.
266, and 5-13, p. 268), and the energy separation between the three bands
(K = 7; K = 0, r = 1) resulting from the coupling of these two orbits is rather
different from those in '@Ho. Additional evidence confirming the classification of the levels in 176Luis provided by the spectroscopic studies based on
the evidence from the 175L~(ny)
process (Minor et al., loc. cit., Fig. 4-26).
The long-lived 176Luground state (IT= 7 - ) decays by a highly hindered
first forbidden transition to the 1 = 6 state of the Km=O+
ground-state
band in 176Hf.By comparing the f r value of this transition with that for
unhindered first forbidden transition (such as the decay of the IT=
1isomer of 176Lu),the hindrance may be estimated to be of the order of 10l2.
This hindrance can be attributed to the K forbiddenness of the transition.
Assuming A = 1, the transition is K forbidden to order n = 6, and the observed
hindrance therefore implies a reduction in the transition intensity of about
lo2 for each order of K forbiddenness.

*

+

The p decay of '"Tm (Table 4-17)

A

The '72Tm ground state ( h = 2 - ) decays by A=2 first forbidden p
transitions to the first three members of the ground-state rotational band of
'72Yb. Assuming the first-order intensity rules, we expect the f i t values to be
proportional to (222- 211,0)-2 (see Eq. (4-92)). The comparison of the
measured intensity ratios with this expression is given in Table 4-17.
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0
2
4

8.63
8.43
9.77

1
0.63 ? 0.19
13.7 2 2
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1
0.7
14

Table 4-17 Intensity ratios for first forbidden
transitions in the decay of '72Tm. The data are
taken from P. G. Hansen, H. L. Nielsen, K. Wilsky,
Y . K . Agarwal, C. V . K. Baba, and S. K .
Bhattacherjee, Nuclear Phys. 76, 257 (1966).

v

The transition to the 2 + state in 172Ybmay contain admixtures of X = 0
and A = 1, but these components, which are favored by the leptonic matrix
elements, are K forbidden. Information on the contribution of X = 0 and X = 1
components in the 2 - +2
transition can be obtained from /3-y directional
and polarization correlations and from measurements of the spectral shape of
the emitted /3 particles. Transitions with A=2 have a spectral shape differing
significantly from that of allowed /3 decays, while X = 0 and X = 1 transitions
have approximately the allowed shape (in the approximation [>> 1; see Vol. I,
p. 413). The observed spectral shape for the 2-+2+
/3 branch gives a n
upper limit of 10% for the transition strength contributed by A = O or A = 1
components (Hansen et al., loc. cit., Table 4-17). Comparison of this limit
with typical f r values observed for unhindered transitions of this type (ji
-lo6-lo7) implies a reduction of the transition probability by a factor of
order 1O3 for this first-order K-forbidden transition.

+

K-forbidden E2 transitions in 244Cm(Fig.4-27 and Table 4-18)
The decay of the 1042 keV isomer in 2uCm (see Fig. 4-27) provides an
opportunity for testing the E2-intensity relation for K-forbidden transitions.
The isomeric state has K = 6 and the transitions to the ground-state band thus
have n = 4. For such transitions, the leading-order E2-intensity relation has
the form (see Eq. (4-95))

(1,+4)!
2( K = 61m,,,l K = O),
B ( E 2 ; Ki = 6 , Zi-+K f = 0,If)= (Ii62- 21Zf4)2
( I , - 4) !
(4- 194)

A

It is seen from Table 4-18 that the observed B(E2) values are in agreement
with this relation.
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B ( E 2 ; 6+6)
B ( E 2 ; 6-4)

3.6

3.7

B ( E 2 ; 6-8)
B ( E 2 ; 6+4)

0.34

0.39
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Ratios of B(E2) values for K-forbidden E2
transitions in 244Cm(see references to Fig. 4-27).

Table 4-18

v

A

The absolute decay rates implied by the lifetime of the isomer show that
the E 2 transitions are hindered by factors of about 10" and that the M1
transition (KZ=66+KZ=O6; see Fig. 4-27) is hindered by about lo'* as
compared with single-particle estimates (Eq. (3C-38)). For both multipoles,
the hindrance is, therefore, about a factor of 300 for each order of K
forbiddenness.

Kfi=6+

6

8

Kfi=O+
r =+1

6
4

42.9
0

Figure 4-27 Decay scheme for 244Cmm.
The data are taken from S. E. Vandenbosch and P.
Day, Nuclear Phys. 30, 177 (1962) and P. G. Hansen, K. Wilsky, C. V. K. Baba, and S. E.
Vandenbosch, Nuclear Phys. 45, 410 (1963).
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4-4 COUPLING BETWEEN ROTATIONAL AND
INTRINSIC MOTION FOR AXIALLY
SYMMETRIC NUCLEI
The phenomenological analysis of matrix elements in the rotational
coupling scheme, considered in Sec. 4-3, is based on the symmetry of the
deformation and on the adiabatic condition that makes it possible to
represent the matrix elements in terms of an expansion in powers of the
rotational angular momentum. In such a description, the coupling between
rotational and intrinsic motion resulting from the Coriolis and centrifugal
forces does not appear explicitly, but manifests itself in the I dependence of
the effective operators. These coupling effects can also be viewed in terms
of the admixing of different rotational bands. In the present section, we
shall consider such band mixing involving the low-lying intrinsic excitations. By further development of this approach, one may attempt to derive
all the I-dependent nuclear properties on the basis of the interaction
between rotation and intrinsic motion. (The cranking model considered on
pp. 75ff. is an example of such an extension.)
Coriolis interaction

The Hamiltonian describing the coupling between a set of bands,
labeled by i = 1,2,. . . ,n, can be written
H = Ho+ H ,

(4- 195)

where Ho is diagonal in i, while H , connects states belonging to different
bands (but having the same value of I ) . In the representation (4-195), the
Hamiltonian is assumed to be diagonalized with respect to all modes of
excitation other than those explicitly under consideration, and the operators
therefore include the I-dependent terms associated with all couplings other
than those described by H,.
The coupling H , expresses the nondiagonal effects of the rotation
within the space of states i, and the lowest-order coupling term is proportional to the rotational angular momentum
H , = h+ ,I-

+ 9-conj.

(4- 196)

where h + (= h,,= + 1) is an intrinsic operator (a matrix in the space i). The
interaction (4-196) gives rise to a coupling between bands with AK= 1, as
well as between two bands with K = 1/2. The diagonal effect of the
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interaction (4-196), in a K = 1/2 band, gives rise to a signature-dependent
term in the rotational energy (see the decoupling term in Eq. (4-61)).
If the intrinsic degrees of freedom i can be described in terms of one or
a few particles moving in an average potential produced by the rest of the
nucleons, and if it is assumed that this potential is independent of the
rotational motion, the coupling H , is the Coriolis interaction (see the
discussion of the particle-rotor model in Appendix 4A), and we have

(4- 197)

+

where Yois the moment of inertia of the residual nucleus, while J + = J ,
iJ2 is the component of the total angular momentum of the particles considered.
First-order effects of Coriolis coupling
The coupling (4-196) between two bands with A K = 1 gives rise to a
mixing of these bands,

IkZ)w In)c ( l ) l K + 1,Z)
Ik+ 1,Z)

x IK+ l,Z)+ C(1)lKZ)

(4-198)

where the caret denotes the coupled (or renormalized) states; the first-order
amplitude of admixture is

c ( l ) = ( K + l \ & + J K ) ( Z K)l/*(Z+
K + 1)

fl

K=O

1

KZO

(4-199)

In the energy denominator of the last expression, we ignore rotational
energies as compared with intrinsic energies. The above expressions also
apply to the mixing of two K = 1/2 bands, if the intrinsic state IK,) is
replaced by the time-reversed IK,)and if the signature factor ( is
added to c(Z).
The perturbation treatment of the Coriolis coupling is based on the
smallness of the quantity
Since the intrinsic excitation energies in
heavy nuclei are of the order of 1 MeV, the expression (4-197) for h + ,
together with Eq. (4-199) yields values for the matrix elements of E + , that
are
are typically of the order of a few percent. (Empirical values of
derived from the analysis of the spectra of 175Lu(p. 154) and 235U(p. 273).)

8
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The band mixing (4-190) leads to modifications in the various matrix
elements involving the coupled bands (Kerman, 1956). Compact expressions
for these effects are obtained by describing the band mixing in terms of a
canonical transformation
IkI)=exp{-iS)IKI)

xlKI)- i S I K I )
where the operator S is linear in the matrix
S=

E + ~defined

+

-~ ( E + ~
9-con;.)
I-

(4-200)
by Eq. (4-199)
(4-201)

The transformation exp { i s } diagonalizes the Hamiltonian (4- 195), to leading order in the coupling (see the discussion in Appendix 4A, pp. 206ff.).
The matrix elements of an operator JY between the perturbed states
can be obtained by evaluating the transformed operator
exp{iS} d e x p { - i s } = d + i [ S , J Y ] - & [ S , [ S , A]]+*-*
= d + 8 A

(4-202)

in the unperturbed basis. For a tensor operator d ( X , p ) , the transformation
(4-90) to intrinsic axes yields, to first order in S ,

(E+

,I-

+ %-con;.), 2
Y

=

2

+ { E + ~ ,

d(Xv)”tY

I

(4-203)

. ~ ( x ~ ) } [ I _ , ~ ~ ~M
] +
( A~ ~[ )E ] +{ ~z -, , ~$-con;.
~~}+

Y

where the intrinsic moments d ( X v ) have been assumed to be I independent. We have employed the identity (4A-26) for commutators of products
and have used the conventional notation for anticommutators ( { a ,b }
= ab ba).
In the first term of Eq. (4-203), the commutator of I - and L8tY is
proportional to SBt,,+, (see Eq. (1A-91)). This term, therefore, gives rise to
an I-independent renormalization of the intrinsic moments, and does not
lead to a modification of the leading-order intensity relations. The second
term in Eq. (4-203) introduces effective moments that are linear in I , and
leads to generalized intensity relations of the type discussed in Sec. 4-3.
For dipole moments, the various terms occurring in Eq. (4-203) are
discussed in Appendix 4A (see pp. 208ff.). The coupling partly leads to a

+
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renormalization of the leading-order terms, such as the parameters g,, g,,
and b that characterize M 1 transitions within a band and partly introduces
new terms linear in I,, which contribute to matrix elements with AK=O,
2 1, and t 2. (Coriolis effects in M 1 transitions between bands in 175Luare
considered on pp. 156ff. The I-dependent terms in the E 1-transition
moments observed in 177Hfmay also be attributed to the effect of firstorder Coriolis couplings; see p. 110.)
The coupling between two bands has an especially large effect on the
E 2 transitions between the bands, since the admixed components in the
wave function contribute with the collective matrix element proportional to
Q,. The resulting contribution to the E2-transition moment is contained in
the terms in Eq. (4-203) involving J ( E 2 , v = 0) = ( 5 / ( 16n-))'/*eQO.If we
neglect the difference between the Q, values for the two bands, the
commutator of E + and 4 E 2 , v = 0) vanishes, and the induced moment
6 J(E2) gives an I-independent renormalization of the intrinsic transition
moment J ( E 2 , v = l), without any effect on the relative transition probabilities. For low-frequency E 2 transitions ( A E S 1 MeV), the induced
moment is large compared with the unperturbed moment and implies a
strong enhancement of the absolute transition rates. (See the estimate in
Chapter 5, pp. 281 ff., and the example discussed on pp. 154ff.)
For E 2 transitions within a band, the second term in Eq. (4-203) gives
rise to deviations from the leading-order intensity relations (provided
K#O), but the effects are expected to be small, since they involve the
intrinsic transition moments J ( E 2 , v = 1) compared with the collective
moments M(E2,v=O) in the leading-order term. (See the example discussed on pp. 130ff.)
In a number of cases, it has been possible to estimate the band-mixing
amplitude ( K + 1 I&+ , I K ) on the basis of several different observed contributions to the transitions between the bands, and thus to test the consistency of the analysis. (See the example (17'Lu) discussed on pp. 154ff. The
interpretation of the observed matrix elements of h + l in terms of the
intrinsic one-particle configurations is discussed in Sec. 5-3d.)
Second-order contributions to rotational energy
The coupling (4-196) produces a repulsion between the interacting
bands resulting in the energy shifts

6 E ( K , I ) = -6E(K2=K1+1,1)
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%

COUPLING EFFECTS

149

The term proportional to Z(I+ 1) amounts to a renormalization of the A
coefficient in the rotational energy (see Eq. (4-46)), and corresponds to a
contribution to the moment of inertia
(4-205)
In the derivation of Eq. (4-205), we have assumed SY<<& and have
employed the relation (4-197) for h + ] (note that J 1 = ) ( J + +J-)). The
contribution of the term (4-205) to the difference of the moments of inertia
of even-even and odd-A nuclei is discussed in Sec. 5-3d, pp. 251 ff.
The expression (4-205) is the same as that obtained by considering
particles moving in an external potential rotated with a fixed frequency (the
cranking model; see pp. 75ff.). The above derivation applies to a single
degree of freedom; if several degrees of freedom together contribute a
significant fraction of the total moment of inertia, the results (4-204) and
(4-205) differ. The analysis based on the cranking model corresponds to
adding the contributions (4-205) to obtain the resultant moment Y(see Eq.
(4-llO)), and this is expected to be the correct answer as long as no single
degree of freedom contributes a significant fraction of the total. This result
may be obtained by treating tke coupling between the intrinsic degrees of
freedom produced by the “recoil term”, as illustrated by the analysis of the
particle-rotor model in Appendix 4A, pp. 205ff. (The early discussion of
Casimir, 1931, established the result for the inertial effect of a particle
bound harmonically to a rotor.)
Effective couplings with A K = 2

When the spectrum involves elementary modes of excitation with
AK = 2, significant rotational coupling effects may be described by an
effective coupling of the form

H,= h+,I?

+ 9-conj.

(4-206)

which produces a direct mixing of the bands. Coupling effects that are of
second order in the rotational angular momentum arise from the Coriolis
coupling (4- 196) acting in second order through intermediate states with
A K = 1 . These effects can be represented by the direct coupling (4-206),
provided the energies of the A K = 1 excitations are large compared with the
energy of the AK = 2 mode.
A term such as (4-206) that is of second order in Z may be considered
as part of the rotational energy, expressing the dependence of the moment
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of inertia on the intrinsic variable associated with the AK=2 excitation.
(See expression (6-296) for the coupling to y vibrations and Eq. (4-285) for
the asymmetric rotor.)
The effect of the coupling (4-206) can be treated by a canonical
transformation
S=

-

+

~ ( E + ~ I Z9-conj.)

(4-207)

with
(K21 E + 21 K

(K21 h + 2 I Kl)
J = E( K2)- ( K , )

( K 2 = K , +2)

(4-208)

(See the analogous equations (4-201) and (4-199) for the AK= 1 coupling.)
The E2 transitions between the coupled bands provide a sensitive
indicator of the coupling, since the admixed amplitudes contribute with the
large matrix elements characteristic of transitions within a band. The
associated additional moment is (see the relations (1A-91) and (4A-34) for
the 9 functions)

(4-209)

g)

1/2

= ~ + 2 (

eQ0([12,-@:2] -2{1379:2})+ 9-conj.

We have used the expression (4-67) for the collective part of the E2
operator, assuming Q, to have the same value in the two bands. A
difference in the Q, values for the admixed bands would give terms of
higher order in I (see Eq. (4-235)).
With the inclusion of the induced moment (4-209). the total transition
matrix element becomes

( K 2 = K I+2,Z211 d(E2)IIK1Z,)=(21, + 1)1’2(11K,22112K2)
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with

(4-2 1 1)

We have here assumed that the E2-transition moment, in the absence of the
coupling H,, is I independent. However, additional coupling effects, such as
the first-order Coriolis coupling acting through intermediate states with
K = K, 1, may contribute I-dependent terms to the E 2 moment (see Eq.
(4-203)). In the present analysis, these terms are included in the effective
operators in the representation that diagonalizes H,. Since the effective
moment for E 2 transitions with A K = 2, with the inclusion of terms linear in
I,, has the unique form (4-96) and leads to a generalized intensity relation
of the type (4-210), it is not possible on the basis of the I dependence of the
observed matrix elements to distinguish these different coupling effects.
The observed E 2 transitions between the ground-state bands and the
low-lying KT = 2 bands in even-even nuclei show large deviations from
the leading-order intensity relations. An example testing the generalized
relation (4-210) is discussed on pp. 158ff.
In second order, the coupling (4-206) produces a repulsion between the
levels in the interacting bands. The level shifts are of fourth order in Z and
contribute to the B term in the rotational energy by the amount

+

+

6B ( K , )= - 6B ( K 2 )

If one of the bands has K=O (and the symmetry r), the coupling only
affects levels with (- l)'= r . For the K = 2 band, we then obtain a contribution to the A , term as well as to the B term (see Eq. (4-62)),

= ( E (K = 2) - E ( K = O))(

K = 21& +'I K = 0)'

(4-213)

The perturbation of the E 2 transitions within the bands, arising from
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the AK= 2 coupling, can be expressed in terms of the additional moment

+ $ [ E + ~ , A ( E 2 , v = -2)]{

Z?,23i-2} + g-conj. (4-214)

For a K=O band, the expectation value of the first term vanishes, since E +
is odd and A ( E 2 , v = -2) is even under time reversal followed by Hermitian conjugation. From the identity (4-80) it therefore follows that the
reduced E2-matrix element is of the form (4-81) with

(4-2 15)

M 3 = -(K=O][&+,,J ( E 2 , v = -2)]/K=O)
2= - - ( 1K = 2 1 ~ + ~ 1 K=O)( K=21 A ( E 2 , v =2)IK=O)

The AK=2 coupling also gives rise to M 1 transitions between the
bands, which are forbidden by the leading-order intensity rules. This effect,
as well as additional consequences of the coupling between the ground-state
bands and the K = 2 y-vibrational bands in even-even nuclei, are discussed
in connection with the example considered on p. 158.
Effective couplings with A K = 0
The coupling between two bands with the same value of K can be
represented by an interaction of the form

H , = ;ho(I+ I -

+ I - I + ) = h, (I2- 1:)

(4-2 16)

The intrinsic operator h, can be viewed as representing the dependence of
the moment of inertia on the internal variables associated with the AK=O
mode of excitation. For example, the coupling (4-216) may describe the

~
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centrifugal distortion of the shape (see Eq. (6-296)) or the effect of the
rotation on the pair correlations (see the qualitative estimate (4-128) of the
dependence of S o n A). The conditions for representing the second-order
Coriolis effects in terms of the direct coupling (4-216) are the same as those
discussed above for the effective AK = 2 coupling.
The effect of the interaction (4-216) on the E 2 transitions between the
coupled bands is represented by the additional moment
(4-2 17)
with
(4-2 18)
The admixed bands are distinguished by the quantum number a, and we
have assumed equal Q, values for these two bands. The total transition
amplitude can be written

=(21,+ 1 ) 1 ’ 2 ( I , ~ 2 0 ~ 1 2 K ) ( M , + M , ( 1 2 ( Z1)-11(11+
2+
1))) (4-219)
with

M , = (a2KI A(E2, Y = O)la,K)

(k)
1/2

M2=

(4-220)

eQo(~2Kle0IaJO

The matrix element (4-219) has the unique form obtained by including
terms linear in I -, in the intrinsic moment (see Eq. (4-75)). Additional
contributions to M 2 may arise from coupling effects not included in H , (see
the comments following Eq. (4-210)).
A test of the generalized intensity relation (4-219) is discussed in the
example on pp. 168ff. Various additional consequences of the coupling
(4-216), including energy shifts and the effect on EO- and E2-matrix
elements in the coupled bands, are also considered in connection with this
example.
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ILLUSTRATIVE
E X A M P L E S TO
S E C T I O N 4-4

Effects of Coriolis coupling on M I and E2 transitions in I7'Lu (Fig. 4-28
and Table 4-19)
The ground-state band of 175Luhas K=7/2, and a K = 5 / 2 excitation
occurs at 343 keV (see Fig. 4-28). The excited band is populated in the fl
decay of 175Hf,and the measured B(M1) and B(E2) values for transitions
between the bands are listed in Table 4-19. From these data, it is possible to
obtain information about the Coriolis coupling of the two bands (Hansen et
al., Ioc. cit., Fig. 4-28).

E2 transitions

A

The E 2-transition probabilities are found to satisfy the leading-order
intensity relation (4-68). However, the absolute rates, which are of the order of a single-particle unit B,(E2), provide evidence for a coupling between
the bands. The K = 7/2 and K = 5/2 bands can be associated with the orbits

I

0.9%

€2

I II
10.8%

b2=1.8%

I b2= I b2%
991%

1.L%

6.5%

O

E 2 and M 1 transitions in '75Lu. The experimental data are from P. G. Hansen,
P. Hornshraj, and K. H. Johansen, Nuclear Phys. A126, 464 (1969). The figure lists the
branching ratios in the decay of the various levels; for the mixed M 1 + E 2 transitions, the
quantity S 2 is the ratio between the intensities of the E 2 and M I y transitions.
Figure 4-28
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[404 7/21 and [402 5/21 of the odd proton (see Table 5-12, p. 297). The E 2
transition between these orbits violates the E2, AK= 1 selection rules for the
asymptotic quantum numbers (An, = 1, AA = 1, A 2 = 0) and is therefore hindered; an estimate of the matrix element (D = 7/21 J ( E 2 , v = 1)lD = 5/2)
based on the proton wave functions in Table 5-2, p. 228, yields B (E2) values
that are of order
of the observed ones, and we may thus conclude that
the transition between the single-particle orbits can account for only a small
fraction of the observed rate.

V

A

Ki

Kf

Ii

5/2 5/2
5/2 1 / 2

7/2

9/2

If

7/2 7/2
7/2 9/2
7/2 7/2
7/2 9/2
5/2 5/2
7/2 7/2

B(E2)
e2fm4
21+5
2223

m(E2)
efm2

B(M 1)
(eh/2M~)~

20+2 (2.6k0.2)X
222 1
(3.6+0.6)X
18?3 (1.1?0.3)X10-3
2.8k 1.0
(6.5kl.l)X lo-’
750*
(8.0+0.8)X10-2
1.9Ox1O4 750

m ( M 1)
eh/2Mc
-(10.4kOS)x
t ( 2 6 2 2 ) x lop2
-(7.8+0.9)X
+3.6?0.3
+1.38?0.07

*value assumed
Table 4-19 E 2 and M I-transition matrix elements in 175Lu.The table is based on the data
reported by Hansen et al., loc.ci?., Fig. 4-28, and the halflife r1,2=3.2X lO-’’sec for the 343
keV level (B. I. Deutch, Nuclear Phys. 30, 191, 1962). The quantities in columns three and
five are experimentally determined intrinsic matrix elements defined by the relations

m( M 1) =

( 4;

-

(21, + l)-1’2(ZiKil AK IZfKr)- ’(KfI,ll . X ( M 1)11K,I , )

The signs of the M I-matrix elements in column six are obtained from the measured relative
phases of the M 1 and E 2 amplitudes, adopting a positive sign for the E2-matrix elements in
column three. For the transitions within the bands, the quantities in columns six and eight
equal Q, and (gK-gR)K, respectively. In the analysis, it is assumed that the intrinsic
quadrupole moment Q, in the K = 5 / 2 band has the same value as that measured for the
K = 7/2 band.

v

A

The rather large E2-matrix elements connecting the bands can be
interpreted in terms of a band mixing produced by the Coriolis force. Even a
small admixture gives rise to large E2-matrix elements on account of the
collective moments that are involved. (In fact, one expects quite generally
that the Coriolis coupling term will contribute the main part of the E2-matrix
element for low-frequency AK= 1 transitions; see p. 282.) The induced
E2-transition moment may be obtained from Eq. (4-203) (see also Eqs. (4-67)
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and (1A-91))

(4-221)
In the last expression for 8 d ( E 2 , p ) , we have assumed the two bands to have
the same value of Q,; the commutator involving Q, then vanishes. The
induced moment (4-22 1) gives an I-independent renormalization of the intrinsic moment 4 E 2 , v = l), in agreement with the data in Table 4-19. The
observed absolute transition rates determine the quantity E + Q,; for Q, = 750
fm2, as obtained from Coulomb excitation of the K = 7/2 band (see Fig. 4-25,
p. 133), one finds
( K = 7 / 2 1 ~ +,IK= 5/2) x 0.01 12?0.0OO5

(4-222)

We have adopted a relative phase between the two intrinsic states such that
the effective intrinsic E2-transition moment (with Y = 1) is positive (see Eq.
(4-221)); this phase convention is the same as that employed in Table 4-19.
A difference between the Q, values for the two coupled bands leads to a
modification of the E2-intensity relations, which can be derived from the
term proportional to [ E + I , Q,] in Eq. (4-22 1). The observed agreement with
the leading-order intensity relations implies I Q0(5/2) - Q0(7/2)IS0. 1Q,.
M I transitions

The M1-matrix elements for transitions between the K = 5 / 2 and
K = 7/2 bands exhibit significant deviations from the leading-order intensity
relation (see Table 4-19), but the data can be fitted by the generalized relation
obtained by including terms linear in I , in the intrinsic moments (see Eq.
(4-98))
< 4 = 7 / 2 , Zfll A ( M 1)1) Ki = 5/2,Ii)
= (21,

+ I)1’2(IiKi
1 1lZfKf)(M I + M2(If(If+ 1) - Ii(I , + 1)))

(4-223)

with

M I = - 0.26 ? 0.02

(4-224)

M , = 0.02 1 ? 0.002

A

The deviations from the leading-order intensity relations can be ascribed
to the Coriolis coupling. The induced M I moment is given by Eq. (4A-31),
and the matrix elements M I and M2 occurring in Eq. (4-223) are therefore
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given by

M I = ( K = 7/21 J ( M 1,v = 1)1K = 5/2)
1
+( K = 7/21 {

J(M 1, Y = 0)} - 6[ E +

E+

VT

(4-225)

1

M,= -( K = 7/21[ E

v5

J(M 1,v =O)]l K = 5/2)

+

J(M 1, Y = O)]l K = 5/2)

The matrix elements involving the Coriolis coupling may receive contributions from the admixing of the two bands as well as from the coupling to
other K = 5/2 and K = 7/2 bands contributing through nondiagonal matrix
elements of J ( M l , v = O ) . The latter contributions are expected to be
relatively small in the present example, partly because of the larger energy
denominators for the states coupled with large Coriolis matrix elements, and
partly because the nondiagonal matrix elements of J ( M l , v = O ) vanish in
the limit of the asymptotic quantum numbers. (See Table 5-3, p. 234.)
The value of M, resulting from the mixing of the K = 5 / 2 and K = 7 / 2
bands is given by
1
M2 = -( K = 7 / 2 1 ~ IK = 5/2)
+

(4-226)

fi
X

(( K = 5/21 ..U(M 1, Y = 0)l K = 5/2)

- ( K = 7/21 J(M 1, Y = 0)l K = 7/2))

The intrinsic M1-matrix elements can be expressed in terms of the g factors
(see Eqs. (4-84) and (4-86)),

(4-227)

(KI J ( M l , v = O ) I K ) =

The empirical values of ( g , - g R ) , determined from M 1 transitions within the
two bands, are listed in Table 4-19. From the observed value of M2 (see Eq.
(4-224)), one thus obtains

( K = 7/21e ,IK= 5/2) x 0.013 2 0.003
+

(4-228)

which is consistent with the band-mixing amplitude (4-222) determined from
the E 2 transitions.

Coriolis matrix element
Attributing the band mixing to the Coriolis interaction, we obtain from
the observed value of E + together with the relations (4-197) and (4-199),

(K= 7/2)h+ I 1 K= 5/2)
A

#i2

= - -(K=

2 4

x-5.0

keV

7/21 j+ I K= 5/2)
(4-229)

ROTATIONAL SPECTRA

158

V

Ch. 4

An estimate of this matrix element, based on the proton wave functions in
Table 5-2, p. 228, for the orbits [404 7/21 and [402 5/21 and the rotational
parameter h 2 / 2 4 = 13.7 ! eV (representing the average for '74Yb and 176Hf),
yields (K=7/21h+ , l K = 5 / 2 ) x - 5.8 keV. This estimate includes the factor
u(5/2)u(7/2) + u(5/2)~(7/2)=0.9 representing the effect of the pair correlations (see Eq. (5-43)).
The band mixing also implies corrections to the M I and E 2 transitions
within the bands, as well as to the rotational energies, but because of the
small value of
the effects are too small to have been observed in the
present example.

Analysis of E2 transitions between the ground-state band and the
K ~=
T 2 band ( y uibration) in '66Er (Figs. 4-29 and 4-30)

+

Extensive studies have been made of the intensity relations for the E 2
transitions between the ground-state band and the systematically occurring
K 7 ~ = 2 + bands that have been found as low-lying excitations in most
deformed even-even nuclei. As an example, we consider the detailed information available on the E 2 decay of the K = 2 band in i66Er. This band is
populated in both the decay of the i66Ho ground state (Zn-=O-) and the
decay of the '&Ho high-spin isomer (Z?r=7-), which has made possible
studies of transitions covering a wide range of Z values. The relevant level
scheme for 166Eris shown in Fig. 4-29.
I dependence of E2-matrix elements

A

The y transitions between the K = 2 and K = 0 bands are assumed to be
predominantly E 2 radiation, as suggested by the K-selection rule. For a
number of the transitions in Fig. 4-29, angular correlations have verified that
the M 1 admixtures are at most a few percent in amplitude (Reich and Cline,
1965).
The experiments directly measure the relative strength of the transitions
originating from each initial state I; (in the K = 2 band), and thus provide a
number of tests of the E2-intensity relations that are independent of any
further assumptions. Additional evidence is provided by the observed competition with E 2 transitions within the K = 2 band. By assuming the leadingorder intensity relations for these intraband transitions, it is possible to
compare the E 2 rates for those transitions between bands that originate from
the levels with Z, =4,5,6, and 7. The available evidence on the E 2 amplitudes
for the transitions between the K = 2 and K=O bands in 166Eris brought
together in Fig. 4-30.
The E 2 amplitudes in Fig. 4-30 show systematic deviations from the
leading-order intensity relation, which would correspond to a constant
ordinate. These deviations can be well accounted for by the generalized
intensity relation (4-98) obtained by including the first-order Z-dependent
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terms in the intrinsic transition moment
B(E2; K = 2,Z,+K= 0, I,)
=2~:(~,22-21~,0)2(1+ a,(zf(zf+ 1)a2=--

zi(zi+ 1)))’

(4-230)

M,
M,

(Early studies of the EZintensity relations for the decay of y-vibrational
bands were reported by Hansen et al., 1959, who employed a somewhat
different, though equivalent, form of the relation (4-230), involving the
Darameter
- 2M2 =- 2a2
z (4-23 1)
2 - M , +4M2
1 -4a2

A

The form (4-230) was given by Mikhailov, 1966.)

1555.71

166
6aEr

911.18

545.LL

26498
80.57
-0

KIT= O +
A = 13.504 keV
B = -13.0 eV
C z 1 L meV
Level scheme for ‘66Er.The data are taken from C. W. Reich and J . E. Cline,
Nuclear Phys. A159, 181 (1970).
Figure 4-29
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Analysis in terms of AK= 2 coupling

A

The preceding analysis makes no assumptions concerning the structure
of the K = 2 excitation nor of the origin of the correction terms in the E 2
moments. Further relations can be derived from more specific assumptions
regarding the coupling responsible for the matrix dement M,. In particular,
we shall consider the consequences of an effective AK=2 coupling that
directly mixes the two bands (see pp. 149ff.).
An additional contribution to the matrix element M , may arise from
first-order Coriolis effects, which lead to admixtures of K = 1 components into
the K = 0 and K = 2 bands. These components contribute through E2-matrix
elements with AK= 1, but the apparent absence of low-lying collective E 2
modes with KT = 1 + may suggest that these contributions to M , are small
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compared to those arising from the AK=2 coupling. It must be emphasized,
however, that the available evidence leaves considerable uncertainty regarding the interesting question of collective effects in the K = 1 excitations. (The
possible significance of the AK= 1 contributions to M2 has been discussed by
Gunther and Parsignault, loc cit., Fig. 4-30.)
The contribution to M2 from the AK= 2 coupling can be expressed in the
form (see Eq. (4-21 1))

(4-232)
where E~ is the reduced amplitude describing the admixture of the two bands

I k= 0, Z) w J K =0, Z) - c ( l ) l K = 2, Z)

Ik= 2,Z) w IK= 2,Z) + +.(I)(

I

1 + (- 1) )IK= 0,Z)

(4-233)
c ( I ) = E2(2(Z- l)Z(Z+

+

l)(Z 2))”2

The estimate of e2 has been obtained from the value Q,= 756 fm2determined
for the ground-state band (Elbek et al., 1960) and the value of M2 g’iven in
Fig. 4-30. (we have adopted a phase convention such that the matrix element
( K = 21 h 21 K = 0) is negative, corresponding to a labeling of the axes giving
4>X2, in accordance with the conventional notation for triaxial rotors (see
Eq. (4-282)). This convention implies a negative sign for c2 and c(Z), and the
observed negative sign of M 2 :M , thus implies a positive value for M I . ) The
value of E~ corresponds to a coupling matrix element (see Eq. (4-208))
+

h, 3 ( K = 21 h + 2/ K = 0) = E2( E ( K = 2) - E ( K = 0))

(4-234)

- 0.8 keV

In the derivation of the intensity relation (4-230) on the basis of the
AK=2 coupling, it has been assumed that the intrinsic quadrupole moments
of the two bands are equal. A difference in the quadrupole moments leads to
the more general relation (still retaining only terms linear in E ~ )

B ( E2; K = 2,Zi-+K=O,Zf)

+ M2(Zi(li+ 1) - Zf(Zf + 1))

= 2(Zi22 - 21ZfO)2( M ,

A

+ M,(( zi(zi+ 1) - zf(zf+1))2- 2(Zi(Ii+ 1)+ Zf(Zf + 1))))

2

(4-235)
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with

g)

1 /2

M2=~2(

eQ,(K=2)
(4-236)
1/ 2

M

(g)
,- 2L
12
-E

877

e(Q,(K=O)-

The data in Fig. 4-30 set a limit on the matrix element M,, which implies
The value of Q,( K = 2 ) obtained from the
analysis in Fig. 4-30 is consistent with this limit.
The band coupling (4-233) implies contributions to the rotational energy
terms B and A , (see Eq. (4-213))

I Q,( K = 2 ) - Q,( K = 0)l SO.1Q,.

6 B ( K = O ) = - 2 & $ ( E 2 - E O ) = - 1.8 eV
(4-237)
6B ( K = 2 ) = 6.4 ,( K = 2 ) = - f 6B ( K = 0 )
The observed B value for the ground-state band (see Fig. 4-29) is about an
order of magnitude larger than the contribution (4-237) and must therefore be
attributed to additional (as yet unidentified) rotational coupling effects; the
same conclusion applies to the term B ( K = 2). However, the contribution to
A , ( K = 2) resulting from the coupling to the ground-state band is more than
an order of magnitude larger than the observed value (see Fig. 4-29). Thus,
the present interpretation implies that the effect of couplings to higher-lying
Kr=O+ bands cancels the contribution (4-237) to A,, to a rather high
accuracy (see the discussion on p. 166).
The band mixing (4-233) implies small corrections to the intensity
relations for E 2 transitions within the bands. For the K=O band, the
modified relation is of the form (4-81) with coefficients given by (4-215)

B ( E 2 ;O-tK= 2, I = 2 )
B(E2;O+K=O,I=2)

-M3
=--

-

N-

1
a

12

B ( E 2 ; O-t K = 2, I = 2 )
B(E2;O+K=O,I=2)

(4-238 )

= - - 5 ~

A

For the transitions I + 2+I, the correction to the leading-order intensity
relation is sometimes expressed in terms of the parameter a , introduced in Eq.
(4-181). The coupling to the K = 2 band implies a contribution to a given by
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(see Eqs. (4-230), (4-232), and (4-238))

6a =

M2+8M,
Ml

=-1~10-4

(4-239)

Such a value of a implies a correction to the ratio B ( E 2 ; 1 = 4 + 1 = 2 ) :
B (E2; 1=2-+Z=O) of about 0.5%. (Multiple Coulomb excitation studies
have yielded an estimate for a of about - l o p 3 for the ground-state band of
166Er(Sayer et al., 1970), which would imply rather large contributions from
couplings that have not yet been identified.)
The coupling between the K=O and K = 2 bands also gives rise to M 1
transitions between the bands with amplitudes proportional to the amplitude
of the M1-matrix elements in the bands. If the two bands are assumed to
have the same value of g,, only the part of the M 1 operator proportional to
(g, - gR)Z3contributes, and we obtain

=((2Z, + 1)(Z, - l)Zl(Zl + l)(Z1+2))1’2(Z12 1 0(1,2)M
(4-240)
=(2(2Zl+1)Z1(Zl+1))~’2(Zl

1 1 l~Z22)(Ml+M2(Z2(Z2+l)-~l(Zl+l)))

with

M I = -4M2

(4-241)

M2=JM
The last expression in Eq. (4-240) gives the matrix element in the standard
form for first-order K-forbidden transitions (see Eq. (4-98)). The analysis of
y-transition intensities within the K = 2 band in 166Erhas yielded the value
I g, - gRlwO.l1 (Reich and Cline, 1970), corresponding to M 1 :E 2 intensity
ratios of the order of l o p 4 for the interband transitions in Fig. 4-29.
Since the direct band mixing is rather ineffective in producing M I
transitions between the bands, due to the small value of g,-g,,
it appears
likely that larger contributions to the M 1 transitions between the bands may
arise from first-order Coriolis effects acting through intermediate states with
K = 1. These effects give a matrix element of the form (4-240) with
M , = ( K = ~ ~ [ E J+ (~M
, 1,v= l)]IK=O)
(4-242)

A

M,=O
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This matrix element is of the same form as the leading-order intensity relation
for once K-forbidden M 1 transitions (see Eq. (4-95)). For the M 1 transitions,
therefore, the AK=2 and AK= 1 couplings give different intensity relations
and can be distinguished by a measurement of relative intensities. (Evidence
supporting an interpretation of the observed M I admixtures in the decay of
the K = 2 band in 15,Srn and 154Gdin terms of AK= 1 couplings has been
given by Rud and Nielsen, 1970.)
Interpretation of the KT = 2 + excitation
The low-energy and large E2-matrix element for exciting the K = 2 band
suggests that we are dealing with a collective mode involving deviations of the
nuclear shape from axial symmetry. (The B(E2) value for exciting the
K=2,1=2 state is about 28BW(E2), which is 14 times the appropriate
single-particle unit (see p. 549).) Such a collective mode could have the
character of a vibration around an axially symmetric equilibrium or might be
associated with an equilibrium shape deviating from axial symmetry.
If the equilibrium shape deviates from axial symmetry by more than the
zero-point vibrational amplitude, the system may be treated as an asymmetric
rotor (see Sec. 4-5). Since the deviations from axial symmetry are small, we
may use the approximate expressions of Sec. 4-5c to obtain the three different
rotational energy constants A ,
E(21)=3(A, +A,)
E(2,)

=A

+ A ,+ 4A,

(4-243)

h, = $ ( A , - A , )

Employing the energies in Fig. 4-29 and the value (4-234) for h,, we obtain
A , = 11.8 keV
A,=
A,

15.0 keV

= 190

(4-244)

keV

For a system with ellipsoidal shape, the E 2 operator involved in the
rotational transitions depends on two intrinsic quadrupole moments,

(4-245)

A

P
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where a is the intrinsic state (assumed to be an eigenstate of the operations
9K
(a) (see p. 177)).The ratio of Q2 and Q, is a measure of the deviation from
symmetry about the 3 axis, which is often expressed in terms of the parameter

Y,
Q2

tany=V3 Qo

(4-246)

The E2-matrix elements obtained from the value of M , deduced from the
data in Fig. 4-30 and the value of Q , quoted on p. 161 yield

Q , = 756 fm2

(4-247)

tan y = 0.18
For an ellipsoidal shape with a uniform distribution of charge and a sharp
surface, the values (4-247) correspond to principal axes with increments
SR I = - 0.07 R,, SR, = - 0. 14R,, and SR, =0.2 1R,, assuming a mean radius
R, = 1.2A
fm.
In the vibrational interpretation of the K a = 2 + mode, the excitation
energy represents the vibrational frequency (E(22)= hay), and the B(E2)
value for excitating the ny = 1 band gives a measure of the amplitude of
oscillation. Assuming approximately harmonic motion, one obtains
(K=21 A ( E 2 , v = 2)IK=0)
= 0.18
(K= 01 &( E2, Y = O)IK= 0)

yoG(y2)'/2wv3

(4-248)

for the zero-point amplitude in the nuclear ground state.
The coupling matrix element h, measures the dependence of the moment
of inertia on the vibrational amplitude y (see Eqs. (4-234) and (6-296)),
(4-249)
This value is comparable to, though somewhat smaller than, the value
obtained by assuming the moments of inertia to be proportional to the square
of the eccentricities (see Eq. (6B-17)),

=-

A

v3

=1.15

(4-250)
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The vibrational and rotational interpretations of the KT = 2 + excitation
have very different consequences for the higher states corresponding to
multiple excitations of the KT = 2 mode. In the rotational model, the next
band has K T = ~ +and an energy four times that of the K r = 2 + band (see
Eq. (4-284)),while the superposition of two vibrational quanta leads to bands
with KT=O+ and 4 + and energies approximately twice the energy of the
n y = 1 band. In the spectrum of 166Er,there is at present no evidence on the
bands representing double excitations. Indirect evidence for the occurrence of
a K=O, ny=2 band is provided by the observed very small value of the A ,
coefficient in the K T = ~ +band referred to earlier (p. 162). For harmonic
vibrations, the coupling to the Kr=O+, ny=2 band exactly cancels the
contribution from the ny = 0 (ground-state) band; in the asymmetric rotor
interpretation, the smallness of the A , term as compared with the contribution (4-237) must be attributed to a chance cancellation produced by the
coupling to other degrees of freedom.
The available evidence, though inconclusive, thus appears to favor an
interpretation of the KT = 2 + excitation in terms of a y vibration rather than
a rotation associated with a static y deformation. In this connection, it must
be emphasized that the application of the asymmetric rotor model assumes
the zero-point oscillations in the asymmetry coordinate y to be small compared with the average value of this coordinate. The present information on
the K = 2 mode of excitation does not provide direct evidence concerning the
ratio of these two quantities, but it might be expected that the zero-point
oscillations in the y direction would be of similar magnitude as those in the /3
direction. The experimentally observed E2-matrix elements for exciting the /3
vibrations are comparable to those exciting the K T = ~ + bands (see the
example on p. 551), which may suggest that, even if the equilibrium occurs for
y # O , the zero-point fluctuations in y are of similar magnitude as the
equilibrium value. (While the models of harmonic vibrations and rotations of
a static nonaxial shape represent limiting coupling schemes, the degrees of
freedom involved may be treated more generally in terms of a twodimensional (anharmonic) oscillator with radial variable y and azimuthal
angle associated with rotations about the 3 axis.)

+

Effects of coupling for large angular momentum

A

The analysis of the AK = 2 coupling given above is based on a perturbation treatment that requires the coefficients c(Z) in Eq. (4-233) to be small
compared with unity. For the largest values of Z in Fig. 4-29, this condition is
rather well fulfilled ( c ( I ) s O .1). However, the coupling increases strongly with
I , and for Zw20 the perturbation treatment is no longer valid. For such large
values of I , a transition takes place to a new coupling scheme in which the
system rotates about the axis with the largest moment of inertia.
The nature of the transition depends on the interpretation of the AK=2
excitations. If this mode corresponds to a rotation about the 3 axis of a fixed
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asymmetric shape, the coupling scheme for large angular momenta is that
described in Sec. 4-5e, in which the system rotates about the 1 axis. It can be
verified that the condition (4-307) for the validity of this coupling scheme is
ensured, when the perturbation solution (4-233) becomes inadequate.
If the A K = 2 excitation corresponds to vibration about an axially symmetric equilibrium shape, the coupling (4-206) implies a tendency for the
system to deviate from axial symmetry because of the reduction in the
rotational energy that can be obtained by lifting the degeneracy in the
moments of inertia perpendicular to the 3 axis. The equilibrium value of y, as
a function of Z, can be obtained by considering the sum of the potential
energy in y and the rotational energy. For small y, the leading-order
coefficients in the potential and rotational energy can be obtained from the
above analysis,

(;J

A,(y)=A+2 - h,

A,(y)=A-2

-

(4-25 1)

h,

K O )

A

where yo is the zero-point amplitude in y, given by Eq. (4-248). The terms
V ( y ) and A,(y) describe the potential and centrifugal energies in the twodimensional oscillator with radial variable y and angular momentum + I , . The
difference between the terms A , ( y ) and A2(y) provides the coupling (4-206),
which drives the oscillator away from the y = 0 equilibrium. For sufficiently
small values of I , this coupling can be treated as a perturbation and gives an
energy reduction proportional to y2, corresponding to a decrease in the
effective restoring force in the y motion. For Z - l h ~ , , / h ~ l ' ' ~ ,the y = O
equilibrium becomes unstable, and the perturbation treatment of the coupling
breaks down. For larger values of I , there develops an equilibrium with
y > yo, and the rotational motion can be approximately treated in terms of the
coupling scheme in which the angular momentum is aligned in the direction
of the largest moment of inertia ( Z = Z l ; see Sec. 4-5e). It must be emphasized
that, for the very large values of I associated with the transition to a triaxial
shape, the rotational motion may be strongly affected by couplings that are
not included in the present analysis (see the discussion of the spectrum in the
yrast region on pp. 71 ff.).
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Rotational coupling effects involving the ground-state band and the
(Figs. 4-31 and 4-32; Tables
excited Kn = 0 + band (/3 vibration) in 174Hf
4-20 and 4-21)
An extensive body of data obtained from Coulomb excitation and (a,xn)
reactions leading to '74Hf provides evidence on the rotational coupling effects
in the AK = 0 transitions between the ground-state rotational band and the
excited K v = O + band at 828 keV (see Fig. 4-31). The energies of the
ground-state band are analyzed in Table 4-20 in terms of an expansion in
powers of Z ( Z + l), and the results of this analysis are discussed on p. 69,
together with other evidence concerning the behavior of the rotational energies in the ground-state bands of even-even nuclei.
Transitions between the two K = 0 band

A

The amplitudes for the E 2 transitions between the excited O + band
(K=OJ and the ground-state band ( K = O , ) are shown in Fig. 4-32. It is seen
that the data deviate significantly from the leading-order intensity relation,
which would correspond to a constant ordinate in Fig. 4-32, but are consistent with the generalized intensity rule, which includes a linear I dependence
1C
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2020.1
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1L85.6

8

1009.11
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L
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9 1.00

0

0

K n = 0,+
A = 15.29 keV
B = -21 eV

8

1631

6

1308

4
2

1063
901

0

828

K n = O,+
A = 12.3 keV
B = -30 eV

"'Hf
72

Low-lying Kn=O+ bands in 174Hf.The data are taken from J. H. Jett, D. A.
Lind, G. D. Jones, and R. A. Ristinen, BuU. Am. Phys. SOC.XI, 13, 671 (1968); S. A. Hjorth,
S. Jagare, H. Ryde, and A. Johnson (private communication, 1970); H. Ejiri and G. B.
Hagemann, Nuclear Phys. A161, 449 (1971). The A and B coefficients given in the figure
have been determinedfrom the energies of the two lowest excited states in each band.
Figure 4-31

I,,,

2
4
6
8
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12
14

A

15.167
15.293
15.305
15.309
15.312
15.314
15.315

-qio-2)

~(10-4)

-O(1Op6)

E(10-*)

-F(lO-'o)

G(lO-'*)

W

r
m

n
2.106
2.356
2.459
2.523
2.570
2.609

cl
m

0.96
1.54
1.96
2.30
2.60

0.85
1.81
2.79
3.73

0.69
1.82
3.21

0.45
1.38

0.230

Table 4-20 Z(Z+ 1) expansion of the ground-state rotational band of 174Hf.The energies of the ground-state
rotational band of '74Hf are taken from Fig. 4-31. The expansion coefficients are in keV times the power of 10
indicated at the top of each column. These coefficients have been obtained by fitting the energies up to a given
terms. We wish to thank I. Hamamoto for help in the
value of I,,, by a polynomial in Z(Z+ 1) with ,Zt,
preparation of the table.
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I f ( I f + l-)I i ( I l + l )
E2 intensities for transitions between the 02+ and 0 1 + bands of 174Hf.The
data are taken from Ejiri and Hagemann, loc. cit., Fig. 4-31. The relative phase of the
different transitions has not been experimentally determined, and in the construction of the
figure it has been assumed that the ratio of the reduced matrix elements, represented by the
square root of the B ( E 2 ) values, has the same sign as the ratio of the Clebsch-Gordan
coefficient.

Figure 4-32

V

in the intrinsic moment (see Eq. (4-219))
B (E2; K = 0, 11+ K = o,, I,)

=(zi020~I,0)2(M,+ M2(Zi(Ii+1 ) - Z,(Z,+
= (1,0201

A

1))y

zfo)%;( 1 + uo(I,( zi + 1) - Z,( I,+ 1))Y

(4-252)

where the last expression defines the parameter a,, often employed in the
literature. The empirical data in Fig. 4-32 provide evidence for a value of
uo= -0.025. The interpretation of the matrix elements M , and M , will be
considered below.
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M1- and EO-matrix elements for
transitions between the 02+ and 0 , +bands of
174Hf.The data are taken from Ejiri and Hagemann, loc.cit., Fig. 4-31. The quantity in the
second column is the experimentally determined
intrinsic matrix element

Table 4-21

$)

I/2

rn(Ml)=(

((21+ l)Z(Z+ 1 ) ) y

The sign is determined relative to the E2-matrix
element, which is taken to be negative (positive
M I , see Eq. (4-219).)

v

The MI-and EO-transition amplitudes are listed in Table 4-21. The
EO-matrix elements are approximately independent of I , which agrees with

the leading-order intensity rule for a scalar operator. For the M 1 transitions,
the I-independent moment gives a matrix element proportional to (IOlOlIO),
which vanishes. The leading-order contribution to the transition moment is,
therefore, linear in the angular momentum; since there is only a single such
term (see Eq. (4-89)), it must be proportional to I, which has the appropriate
symmetry for the M1 operator,
(4-253)
where g, is an operator in the intrinsic variables. The moment (4-253) gives
the transition matrix element

A

The M 1-transition probabilities in Table 4-21 show a strong increase with I ,
but are barely accurate enough to test the relation (4-254).
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Analysis in terms of coupling between the bands

The deviations from the leading-order E2-intensity relations exhibited in
Fig. 4-32 may arise from a number of effects associated with the coupling
between intrinsic and rotational motion, but the low-frequency and the rather
large matrix element for the excitation of the K = 0, band (see below) suggests
that important contributions to the matrix element M , arise from the mixing
of the two bands described by an effective AK=O coupling. In the following,
we shall pursue the consequences of assuming that the entire matrix element
M , can be interpreted in this manner.
The coupling of the two bands has the form
pt=O,,I)= IK=O,,I)- E,I(I+ l)lK=O,,I)
If?=

where the amplitude

o,, I ) % IK= 0,J) + &,I(I + 1)1K = o,, I )
E,

(4-255)

can be obtained from Eq. (4-220)

w-3~10-~

(4-256)

The estimate of E, is based on the value of a, given above and the transition
probabilities B(E2; K = 0,, Z = O+K= 0,, I = 2) = (0.06 2 0.01) x e210-48cm4
and B ( E 2 ; K = 0,, I = O+ K = O,, I = 2) = 5.3 x e210-48 cm4, corresponding to
Q,=730 fm2 (Ejiri and Hagemann, Zoc.cit. Fig. 4-31). The sign of E, depends
on the relative phase for the intrinsic states 0, and 0,, which has been chosen
so as to make the E2-matrix element M , in Eq. (4-252) positive. The
amplitude E, is related to the matrix element of the operator h, occurring in
the effective K=O coupling Hamiltonian (4-216) and, by means of Eq.
(4-2 18), we obtain

( 0 2 ~ h o ~0 2.6keV
,)~

(4-257)

The coupling of the two bands gives rise to a correction to the energies of
the ground-state band proportional to Z2(Z 1)2 and with a coefficient

+

SB (K=O,) = - E ~ Z ( E ( K = 0,) - E ( K = 0,))
w-8eV

A

(4-258)

which is a little less than half of the experimentally observed value for the B
coefficient of the ground-state band (see Table 4-20). The coupling also
contributes to the B coefficient of the K=O, band with an amount of equal
magnitude and opposite sign, but comparable contributions of negative sign
may arise from the coupling of the K = 0, band to the higher-lying K = 0 band
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that is expected to result from the double excitation of the mode responsible
for the K = 0, band.
The band mixing (4-255) implies corrections to the E2-matrix elements
within the ground-state rotational band, which can be written in the form

1/2

= (21,

+ 1)1/2(1,020~120)(=)
5
eQ,( 1 + a ( Z l ( Z l + 1) + Z2(Z2+

1)))

(4-259)
where
B (E2; O+ K = O,, 1 = 2)
"B(E2;O+K=O1,Z=2)
(4-260)

x 4 10-4
~

where the numerical estimate is based on the experimental data employed in
Eq. (4-256). For transition matrix elements ( I , = I ,+- 2), the parameter a in
Eq. (4-259) is equivalent to that introduced in Eq. (4-181), and the value
(4-260) implies corrections of about 1.6% in the ratio B(E2; 4+2):
B(E2; 2-0). The available experimental evidence is not sufficiently accurate
to identify effects of this magnitude.
From the observed intensity of the EO transitions between the two
bands, one can estimate the 1 dependence of the mean square charge radius
of the ground-state band
2EO
Z

Z

S(r2)= -(K=021

4

9

2 r,2~K=O1)1(Z+1)
p= 1

4 10-51(1+
~

(4-261)

(( r2)w27 fm2)
where we have used the value of E~ from Eq. (4-256) and the average
monopole matrix element in Table 4-21. (The sign of this matrix element has
not yet been determined.) The magnitude of the J-dependent term (4-261) has
not been measured for 174Hf,but somewhat smaller values have been reported
for the heavier Hf isotopes on the basis of Mossbauer resonance studies (see
the compilation by Shenoy and Kalvius, 1971).
The coupiing between the bands also contributes to the A4 1 transition

A
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The matrix element (4-262) is of higher order in I than the leading term
(4-254), and with improved accuracy of the experimental data in Table 4-21,
it should be possible to determine separately the two contributions to B ( M I).
An indication of the possible magnitude of the term (4-262) may be obtained
by assuming I gR( K = 0,) - gR(K = OJ-0. I , which together with the value
(4-256) for e0 leads to an M I amplitude that is about a factor of 2 smaller
than the values in Table 4-21.
Interpretation of the K = 0, excitation

The Kr=O,+ excitation in 174Hfis characterized by a rather strong
EZexcitation probability. (The value of B ( E 2 ;K=01,Z=O+K=02,Z=2)
quoted above is about 10B,(E2), where B,(E2) is the appropriate singleparticle unit (see p. 551)) This enhancement suggests that the excitation may
be described as a collective vibrational mode associated with variations in the
nuclear quadrupole deformation (see Chapter 6, pp. 361 ff.). The amplitude of
oscillation may be obtained from the E2-transition matrix element; since the
transition operator is linear in the deformation parameter j3, we have

B(E2; O+ K = 0,, I = 2)
B(E2;O+K=Ol,I=2)

x o . 12

(4-263)

where Po is the equilibrium value of P. (The relation between the quadrupole
deformation parameters P and 6 is given by Eq. (4-191).)
The EO-matrix element in Table 4-21 is a few single-particle units (as
defined by Eq. (6-434)) and may be compared with the value associated with
a volume-conserving quadrupole vibration (Reiner, 1961; see Eqs. (6-82) and
(6-8411,

2 r,210,)=2p0 (4",
-ZR0
Z

(0,l

p= I

x 1 3 fm2

2)(

I+

; ( ;o~)(021P-Polol~

--T2 -

(4-264)

using R , = 6.1 fm and a = 0.54 fm (see Eqs. (2-69) and (2-70)).
In the vibrational description, the intrinsic matrix element for the M 1
transition occurring in Eq. (4-254) can be expressed in the form
(4-265)
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The values of B ( M 1 ) in Table 4-21, if interpreted in terms of the first-order
effect (4-254), thus yield ( a g R / a / 3 ) x O . 5 .
Similarly, the matrix element of the effective coupling operator ha can be
expressed in terms of the dependence of the moment of inertia on the
eccentricity (see Eq. (6-296)),
(4-266)

and the empirical value of h, (see Eq. (4-257)) yields
(4-267)

This value is much greater than the eccentricity dependence of the rigid
moment of inertia (see Eq. (4-104)), but the effect of the pairing on the
moment of inertia is rather strongly dependent on the vibrational amplitude.
Such a dependence arises partly from the fact that the excitation energies of
the single-particle transitions induced by the Coriolis interaction depend on
the nuclear eccentricity. In the simple estimate (4-128) for the moment of
inertia, the single-particle transition energy is proportional to P, and the
dependence of S o n this energy implies

x0.9

A

4-5

(4-268)

assuming the values of Aiw,S and A given on p. 83. An additional contribution to a X/ab may arise if the pairing parameter A depends on the vibrational amplitude p.

ROTATIONAL SPECTRA FOR SYSTEMS WITHOUT
AXIAL SYMMETRY

The considerations in the preceding sections apply to systems with
axial symmetry, for which the collective rotational motion is restricted to
take place about axes perpendicular to the symmetry axis. In any quanta1
system, there will be fluctuations in the shape, which involve momentary
excursions away from axial symmetry. These fluctuations are treated above
as intrinsic excitations, and their effect on the rotational motion is included
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in the general expressions derived in Sec. 4-3 (see also the A K = 2 coupling
discussed in Sec. 4-4).
If the system possesses a stable equilibrium shape that deviates from
axial symmetry by an amount exceeding the zero-point shape fluctuations,
it becomes possible to go a step further in the separation between rotational
and intrinsic motion and to consider collective rotations about all axes of
the intrinsic structure. In such a situation, the rotational families contain an
added dimension, and the rotational relationships are correspondingly more
extensive.
The study of rotational motion in nuclei with asymmetric shapes is
potentially a field of broad scope. Although, at present, there are no
well-established examples of nuclear spectra corresponding to asymmetric
equilibrium shapes, it appears likely that such spectra will be encountered
in the exploration of nuclei under new conditions (large deformations,
angular momentum, isospin, etc.). The discussion in the present section is
directed partly toward these potential applications to nuclear spectra, but is
also motivated by the fact that the analysis of the more general rotational
motion of a nonaxial system gives a broader view of many of the problems
treated in the previous sections. (The quanta1 theory of asymmetric rotors
has been extensively developed in connection with the analysis of the
spectra of polyatomic molecules; see, for example, the texts by Herzberg,
1945, and by Townes and Schawlow, 1955. The possibility of exploiting the
asymmetric rotor in the interpretation of nuclear spectra has been especially emphasized by Davydov and Filippov, 1958; see also the review by
Davidson, 1965.)
4-5a Symmetry Classification for Even A
In the analysis of rotational motion for a system with an even number
of fermions, we shall assume a nondegenerate intrinsic state, as may be
expected if the intrinsic Hamiltonian possesses no higher symmetry than
rotations of 7~ about one or more axes, in addition to space and time
reversal invariance. In fact, in such a situation, as will be discussed below,
the intrinsic invariance group has only one-dimensional irreducible representations. (In contrast, for an odd-A system, time-reversal invariance in
itself implies a twofold degeneracy. For the even-A system, multidimensional irreducible representations may occur if the intrinsic invariance
group includes an axis of order n 2 3 (an axis of order n signifies invariance
with respect to rotations of 277ln). In fact, an axis of order n 2 3 together
with time reversal (which has nondiagonal matrix elements between the
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states with complex conjugate eigenvalues for the rotations) or together
with an additional rotational axis implies that the intrinsic invariance group
contains noncommuting elements.)
Symmetry of Hamiltonian

If we assume the deformation to preserve time-reversal invariance, the
nondegenerate intrinsic states will be eigenstates of 9- and will have
vanishing expectation values for intrinsic operators that are odd under 37
Hence, the rotational Hamiltonian, expressed as a function of the components I, of the total angular momentum with respect to intrinsic axes, is
invariant with respect to the inversion I,-+ - I,. To leading order, H,,, is
thus a bilinear expression in the I,, which can be brought to a diagonal
form by a transformation to principal axes,
(4-269)
The coefficients A,, which represent expectation values for the intrinsic
state, may be expressed in terms of the moments of inertia,

h2
A,= 2 x

(4-270)

The Hamiltonian (4-269) is invariant with respect to rotations through
the angle 77 about each of the three principal axes,

9,77)
(= exp { - irI, }

(4-271)

The commutation relations for the intrinsic components I, (see Eq. (1A-91))
imply the identities
9 1

(4= 9 3 ( 7 7 ) 9 2 ( 7 7 )

92(72) 93(77)

= 93(77) 92(77> 9 ( 2 4

(4-272)

and cyclic permutations
where
9(277) =

( 9l(77))2

= ( 5v2(77)f

= ( 93(
7r))z = ( -

(4-273)

is a rotation of 277. For even values of A, such a rotation equals the identity,
and the operations 9,
(77) commute; the more general relations (4-272) also
apply to odd-A systems to be considered below.

2
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For even A , the symmetry group of the Hamiltonian consisting of the
9 ? 2 ( ~ )and
,
9 ? 3 ( ~is) the point group
commuting elements 1, 97,(~),
conventionally denoted by D2. The eigenvalues of 9,
(7) equal r,= ? 1,
and since r l = r 2 r 3 , the symmetry group has the four (one-dimensional)
representations
( + + +)

(4-274)
(-

-

+)

The symmetry quantum numbers r, thus label the eigenstates of the
asymmetric rotor Hamiltonian (4-269).
Eigenstates

For a system with three different moments of inertia, none of the
components Z, are constants of the motion, but eigenstates with symmetry
quantum number r, involve only components with even values of Z, (for
r,= + 1) or odd I, (for r,= - 1). In the representation in which I , is
diagonal (with eigenvalues K ) , the expansion of the rotational wave function with specified symmetry r2r3 takes the form

where
where

T

labels the different states in the band with the same value of Z and

(4-276)
The relative phase of the components with opposite K is given by the
is denoted
quantum number r2 (see Eq. (4-18), where the operation g2(r)
by 9J.Components with K = 0 occur only for r3= 1 and ( - I)’= r2; from
this selection rule, it follows that the eigenstates of the rotational Hamiltonian with specified point symmetry (~1r2r3)comprise the sets of I values

+

I=

{
(4-277)

The four symmetry classes together give (2Z+ 1) states for each value of I.

4
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Constraints associated with intrinsic D, symmetry

The form (4-269) for the leading-order rotational Hamiltonian, which
leads to the classification of the states in terms of D, symmetry, was based
only on the assumed time-reversal invariance of the deformation. If, in
addition, the deformation, and thus the intrinsic Hamiltonian, possesses D,
invariance, as for shapes with ellipsoidal symmetry, the rotational degrees
of freedom are restricted by constraints similar to those discussed in Sec.
4-2 for axially symmetric systems.
For a deformation with D, symmetry, orientations that differ by a
rotation 9,
( T ) are indistinguishable, and these rotations become part of
the intrinsic degrees of freedom. The corresponding reduction in the rotational degrees of freedom can be expressed by the constraint ( 9?,(~)),
= ( 9,
( T ) ) ~which
,
is similar to the relation (4-1 1). Thus, for an intrinsic
state with quantum numbers r,, the rotational spectrum contains only the
states belonging to the symmetry class with the same values of r,. In
contrast, for a deformation that violates D, symmetry, the rotations 9,
(7)
are no longer part of the intrinsic degrees of freedom, and the rotational
spectrum contains all the states (4-277) belonging to the four different
symmetry classes.
Additional intrinsic symmetries

If the deformation is invariant with respect to finite rotations that are not
contained in the D, group, the rotational Hamiltonian possesses the invariance of
the extended symmetry group that includes the D, group, as well as the additional
elements of invariance of the deformation. In such a situation, the tensor of inertia
will have axial symmetry; in fact, the extended group must contain at least one axis
of order n > 2, and such an axis is seen to be a symmetry axis for the inertial tensor.
The existence of a symmetry axis for the inertial tensor implies that the moments of
inertia in directions perpendicular to the symmetry axis are equal, and that the
component of angular momentum along this axis is a constant of the motion. A
system with these properties is referred to as a symmetric top. If the intrinsic
structure possesses two or more axes of order n > 2 (as for tetrahedral or cubic
symmetry), the tensor of inertia acquires spherical symmetry ( A = A , = A J , and
the system is referred to as a spherical top. (The occurrence of a symmetry axis of
order n > 3 may lead to degeneracy in the intrinsic motion (see p. 176) and thus to
the occurrence of terms in the rotational Hamiltonian that are linear in Z,.)
The eigenstates of the rotational Hamiltonian can be classified in terms of the
representations of the extended symmetry group. For a given intrinsic state, the
rotational spectrum is restricted to the representations that have the same
symmetry quantum numbers as the intrinsic state with respect to the rotations that
leave the intrinsic structure invariant. For example, if the intrinsic state has the
eigenvalue exp{ - 2 n i v / n } for a rotation of 2 n / n about an axis of order n, the
rotational spectrum contains only states with K = v, v ? n, v ? 2n,. . . , with respect to
this axis. If the intrinsic state belongs to a multidimensional irreducible representa-
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tion of the intrinsic invariance group (as for axial symmetry combined with g2(r)
invariance), the wave function involves a linear combination of the different
intrinsic states belonging to the given representation, obtained by a symmetrization
procedure analogous to that employed €or the axially symmetric nuclei (see Eq.
(4-19)).
One may also consider the possibility of deformations that are invariant with
respect to a combination of a finite rotation and a reflection in space or time,
without being invariant under these operations separately. In such a situation, the
rotational degrees of freedom are coupled to those associated with the inversion in
the manner discussed in Sec. 4-2f. For example, if a deformation of symmetry
Y,, + Y 3 - , is superposed on an ellipsoidal deformation, the intrinsic structure is
invariant under g 3 ( a )and the combination S2= L ~ ~ (9,
T and
)
the intrinsic states
can be labeled by the eigenvalues r3 and s, of these two operations. The rotational
spectrum contains the representations (r3,r2= 2 1) that have the same value of r3 as
the intrinsic state, and the two representations have opposite parity ( T = r2s2).
Molecules with identical nuclei

In molecular spectra, restrictions on the rotational degrees of freedom arise
when a permutation of identical nuclei can be accomplished by a rotation of the
molecule. (For a discussion of the symmetry classification of the states of polyatomic molecules, see for example, Landau and Lifschitz, 1958, pp. 383ff.) The
rotations that either leave the equilibrium positions of the nuclei invariant, or result
in permutations of identical nuclei, constitute a subgroup G of the rotations in
three dimensions. The group G is contained in the “molecular symmetry group”
that characterizes the invariance of the Hamiltonian describing the electronic and
vibrational degrees of freedom with respect to the intrinsic coordinate system; in
turn, the molecular symmetry group is contained in the invariance group of the
rotational Hamiltonian. The elements of G can be expressed either in terms of
overall (external) rotations or as internal operations consisting of rotations of
electronic and vibrational variables and permutations of identical nuclei. In
analogy to the constraints discussed above for nuclear systems, the molecular
spectrum is restricted by the condition

D(G ;rotation) = D ( G ;electronic)@D(G ;vibration)@ D(G ;permutation) (4-278)
where the representations D(G ) characterize the symmetry with respect to the
group G of the different components in the molecular wave function. The factor
D ( G ; permutation) refers to the spatial permutation symmetry of the nuclei, which
in turn is determined by the statistics and the wave function for the nuclear spins.
I
As an example, we consider the molecule C2H4 (ethylene,
C=C ,
), in
which the four protons lie at the corners of a plane rectangle with the two carbon
nuclei (assumed to be I’C) placed symmetrically on an axis bisecting two opposite
sides of the rectangle. For this molecule, the symmetry group G consists of the
)
axes through the center of the
identity and the three rotations 9 ? K ( ~about
molecule; each of these rotations involves a pair of tianspositions of the four
protons, (P12P34),
(P13P,4),(P14P23).
Two of the rotations also involve an interchange of the 12C nuclei, but the Bose statistics and the spin 0 for these nuclei

>
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imply that this interchange always gives a factor + 1. The invariance group is seen
to be G = D,,whose representations are one-dimensional, and the condition (4-278)
therefore reduces to the corresponding relation for the eigenvalues, rK(rotation)
= r,(electronic) X r,(vibration) X r,(permutation). Permutations of the H atoms
constitute a subgroup of the symmetric group S, and, for the protons with spin 1/2
and Fermi statistics, the possible spatial permutation symmetries are [f] = [ 1 1 1 11,
[211], and [22], corresponding to the conjugate spin permutation symmetries
[f] = [4],[3 11,and [22] associated with the total spin quantum number S = 2,1, and
0, respectively (see Appendix IC, Vol. I, pp. 115 and 120). The determination of the
quantum numbers r,(permutation) involves the decomposition of the representations of S, into representations of the subgroup that consists of the identity and the
three pairs of transpositions (and which is isomorphic with D2). In the present case,
this decomposition can be immediately obtained by noting that the three representations of D, involving negative values of rK (see Eq. (4-274)) must occur together
and that these representations do occur in [f]=[211], for which one of the basis
functions may be taken to be symmetric in particles 1 and 2 and antisymmetric in 3
and 4 (see Table 1C-1, Vol. I, p. 128) and therefore an eigenfunction of P,,P, with
eigenvalue - 1. Since the dimensions of [f]are 1, 3, and 2 for [ l l l l ] , [211], and
[22], respectively, as can be seen from the rules given in Vol. I, p. 111, the following
decomposition results: A proton spin state with S = 2, corresponding to [f) = [ I 1 1I],
implies r,(permutation)= (+ +), while S = 1 ([f]=[21I]) yields the representations ( + - -), (- + -), ( - - +), and S = 0 ([f] = [22]) the symmetric representation ( + +) occurring twice. Thus, from a knowledge of the quantum numbers rK
for the electronic and vibrational motion, one can determine the possible
symmetries rK (rotation), for given value of S. The set of states contained in the
rotational spectrum then follows from Eq. (4-277).

+

+

4-5b Energy Spectra
The determination of the eigenvalues of the rotational Hamiltonian
(4-269)with three different moments of inertia requires diagonalization of
matrices with dimensions increasing with I . The energy spectrum can be
expressed in the form

(4-279)
where E,,(K) are the eigenvalues of the matrix

depending on a single asymmetry parameter, conventionally denoted by

K,

(4-28I)
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Since we can label the principal axes such that
(4-282)
it is sufficient to determine the eigenvalues of H ( K )in the interval
-1<K<1

(4-283)

corresponding
,
to K = 1, the ellipsoid of inertia is an oblate
For Oa;=4
and K = - 1, the ellipsoid of inertia is prolate. (If
spheroid, while for 4=4
the moments of inertia have the classical rigid-body values, a prolate
(oblate) shape implies an oblate (prolate) ellipsoid of inertia, but this
relationship is not in general valid for quanta1 systems; for example, if the
system possesses axial symmetry, the moment of inertia with respect to this
axis vanishes, and the ellipsoid of inertia is therefore prolate, irrespective of
whether the shape is prolate or oblate.)
) a function of K is shown in Fig.
The spectrum of eigenvalues of H ( K as
4-33 for a few values of 1. The states are labeled by the symmetry quantum
numbers (r,r2r3).The set of eigenvalues E,, for negative K is the same, apart
from opposite sign, as for positive K ; the inversion involves an interchange
of the 1 and 3 axes. (Tables of eigenvalues ETIhave been given by King et
al., 1943 and 1949 (I< 12) and by Erlandsson, 1956 (13 < I < 40); the
properties of the spectrum for large I will be discussed further below.)
If two of the moments of inertia are equal (axially symmetric rotor,
K = ? I), the spectrum consists of a succession of bands with specified K
representing the component of the angular momentum along the symmetry
axis of the inertial tensor, and the energy within each band is linear in
Z(Z+ 1). For K = 1, the symmetry axis is the 3 axis and K = Z3,while for
K = - 1, the 1 axis becomes the symmetry axis and K = I , , as indicated in
Fig. 4-33a. A small asymmetry can be taken into account by means of a
coupling between bands with different values of K , and the spectrum can
be expressed as a power series in I ( I + 1) (see Sec. 4-5c). For intermediate
values of K , there is no longer a conserved quantum number K , and the
expansion in powers of Z(Z+ 1) will not in general be a useful tool.
Nevertheless, for any value of K , m e can define analytic trajectories that
link states with successive values of I into rotational sequences (Regge
trajectories). However, the spectrum of the asymmetric rotor with its
multiplicity of states for given Z reveals ambiguities in the definition of the
Regge trajectories. This feature is illustrated by the example considered on
pp. 194ff.
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In a nucleus with a shape that is invariant with respect to 9?K(r),
the
one-particle orbits are twofold degenerate and the ground-state configuration of an even-even nucleus is obtained by a pairwise filling of conjugate
orbits. Such an intrinsic state has the quantum numbers r , = r2= r3 = r = 1
(see the similar arguments for axially symmetric shapes on p. 29). For an
asymmetric rotor with this intrinsic symmetry, the low-energy spectrum
contains the sequence Ir = 0 ,2 , 4 + ,... (as for a K = 0 band), while the
next group of excitations has IT = 2 , 3 , 4 ,. .. (as for a K r = 2 + band).
Such a pattern is widely observed (see, for example, the spectrum of 166Er
discussed on p. 159 and the spectra of the 0 s isotopes in Fig. 6-32, p. 536);
with the available evidence, however, it has not been possible to establish
quantitative relationships in these spectra that are specific to the asymmetric rotor model. The excitation energy of the second 2 + state is never
observed to be less than 500 keV, and is therefore considerably larger than
the rotational excitation energies in the strongly deformed nuclei. On this
basis, the excitations have usually been described in terms of vibrational
degrees of freedom, but it must be emphasized that many features of the
spectra are not well understood at present (see the discussion of the
quadrupole vibrations in Chapter 6, pp. 549ff. and pp. 554ff.). The possibility of an interpretation of some of these spectra in terms of shapes with a
small asymmetry parameter is further discussed on pp. 164ff. and in Sec.
4-5c. The crucial evidence for deciding between a rotational and a vibrational interpretation would be provided by the identification of the levels
corresponding to a repeated excitation of the mode responsible for the
second I r = 2 + state. In the asymmetric rotor model, these states correspond to a K r = 4 band beginning at an energy of between 10/3 and 4
times that of the second I r = 2 + state. (In the oblate limit ( K = - I), the
second 2 + and third 4 + states have Z, = O and energies A,Z(I+ 1); in the
prolate limit ( K = I), the states have 1Z31= I and energies A , Z + A 3 1 2 . ) For
harmonic vibrations about an axially symmetric equilibrium shape, the
double excitation gives rise to two bands with Kr=O+ and 4 + , with
excitation energies approximately twice that of the second IT = 2 + state.
Additional tests of the coupling scheme of the asymmetric rotor could
be provided by evidence on the intensity rules for transitions involving
different states with the same intrinsic configuration. For wave functions of
the form (4-275), the matrix elements of tensor operators can be evaluated
by a transformation to the intrinsic coordinate frame, as in the derivation
of the intensity rules for the axially symmetric rotor (see Sec. 4-3d). The
resulting intensity relations depend on the coefficients c( K ) , which in turn
depend on the asymmetry parameter K , and in general involve a number of
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Figure 4-33 Eigenvalues of the characteristic matrix H ( K )for the asymmetric rotor. The
eigenvalues are taken from the tables by G. W. King, R. M. Hainer, and P. C. Cross, J .
Chem. Phys. 11, 27 (1943) and 17, 826 (1949) and by G. Erlandsson, Arkiu Fysik 10, 65
(1956) and are shown, for a few values of I , as a function of the asymmetry parameter K ; the
states are labeled by the quantum numbers (r,r2r3)of the D2group.

intrinsic matrix elements, corresponding to different components Y of the
tensor operator. These intensity relations are more comprehensive than
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I =20

those for axially symmetric nuclei, on account of the greater number of
rotational levels associated with a given intrinsic state of an asymmetric
system.
4-5c Systems with Small Asymmetry

If two of the moments of inertia are approximately equal ( 4 x N 2 )the
,
spectrum can be separated into bands characterized by the quantum
number K (= 13). In the treatment of such a nearly symmetric rotor, it is
convenient to write the Hamiltonian (4-269) in the form
Hrot=)(A,+A,)I’+ + ( 2 A 3 - ~ , - ~ , ) ~ 2 + ~ ,
Hc=S(A,-AJ(I1 +I:)

(4-284)
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The corrections to the axially symmetric band structure are described by the
term H , in Eq. (4-284), which is of the form (4-206) for effective AK=2
couplings with

A+,= $ ( A , 4

(4-285)

2 )

From the expressions given in Sec. 4-4, one can therefore obtain the
leading-order effects of the coupling, including first-order corrections to the
intensity relation for E2 transitions between bands with AK=2 and second-order corrections to the rotational energies and to the E 2 transitions
within the bands.
As an example of higher-order corrections, we give the coefficients in
the rotational energy expansion (4-62) for the K=O band (in a system with
r 2 = r3= + l),
1 u2
A = i ( A , +A,)+ +* * 8 b

(4-286)

D=
a-A,

...

-7 a4+

4096 b3
-

A,

b-2A3- A , - A ,

and for the K = 2 band,
A = ) ( A , +A,)+

1 a2
-+ *
8 b

-

* *

(4-287)
B = - -1 +u2
.

..

48 b
I t must be emphasized that the above expressions for the rotational energy
coefficients are based on the leading-order rotational Hamiltonian (4-269),
which is quadratic in the I,. Additional contributions may arise from
higher-order terms in the rotational Hamiltonian involving fourth and
higher powers of the angular momentum.
In view of the systematic occurrence of excited K 7 ~ = 2 +bands in the
spectra of strongly deformed even-even nuclei, one may consider the
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possibility of describing these spectra in terms of a rotor deviating slightly
from axial symmetry. The energy of the second 2 + state is typically an
order of magnitude larger than the energy of the first excited 2 + state,
which implies A,-lOA,, while the observed magnitude of the AK=2
coupling implies [ A - A21- 10- 'A (see the example discussed on p. 164).
The assumption of a slightly asymmetric rotor does not lead to any new
relation between the E2-matrix elements connecting the K=O and K = 2
bands, beyond those obtained from the general analysis of AK= 2 couplings
(as treated in Sec. 4-4), but the observed rotational energies may be
compared with the relations (4-286) and (4-287). Examples are provided by
the spectra of '68Er (Table 4-1, p. 65), 166Er(Fig. 4-29, p. 159), and 174Hf
(Table 4-20, p. 169). It is found that the observed higher-order terms in the
energies exhibit quite a different pattern from that implied by the relations
(4-286) and (4-287). Thus, the B terms in the K=O and K = 2 bands are
observed to be rather similar, in contrast to Eqs. (4-286) and (4-287), which
imply B ( K = ~ ) M- fB(K=O). For the C and D terms in the observed K=O
bands, one finds C >0, D <0, and I Clz1021D1, while Eq. (4-286) implies
C < 0, D > 0, and I C IM 1 D I. The observed A , terms in the K = 2 bands are
either very small (compared with B(K=O)) or negative, in contrast to the
result (4-287), which implies A,=:)IB(K= 0)l. Thus, the observed deviations
from the leading-order rotational energies in the low-lying bands of eveneven nuclei cannot be ascribed to deviations from axial symmetry in the
nuclear shape.
4-5d Symmetry Classification for Odd A
The lack of definite evidence for the occurrence of asymmetric rotor
patterns in the spectra of even-even nuclei makes it difficult to test the
corresponding relationships in the more complex spectra of the odd-A
nuclei (see, for example, the comments on the spectrum of A =25 on pp.
287ff.). In the present section, we consider briefly the general features of
the odd-A spectra that can be obtained from symmetry considerations.
(The analysis of the spectrum of a particle coupled to a nonaxial rotor was
considered by Hecht and Satchler, 1962.)
For a system with an odd number of fermions, the intrinsic states are
doubly degenerate, if the deformation is invariant under time reversal
(Kramers' degeneracy, see Vol. I, p. 19). The rotational Hamiltonian is
therefore a 2 x 2 matrix in the space of the conjugate intrinsic states, which
will be denoted by I a , p = 1) and Ia,p= - 1)= - Y I a , p = 1) (see Eq. (IB20)). Such a matrix can be written as a linear combination of the unit
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matrix po and the three Pauli matrices p( = p , , p2, p3). Since po is even under
time reversal, while the components of p are odd (see Eq. (1B-23)), the
rotational Hamiltonian is of the form

where Ho is even and H odd with respect to the inversion I,-+ - I,. If we
include only the leading-order terms, linear and bilinear in I,, the rotational
Hamiltonian can be written
(4-289)
where the intrinsic axes have been chosen to coincide with the principal
axes of the inertial tensor in H,. The coefficients a,, in Eq. (4-289) are real
(since Hro, is Hermitian) and are analogous to the decoupling parameter in
K = 1 / 2 bands of axially symmetric nuclei.
If the intrinsic Hamiltonian possesses D , symmetry, one can choose
basis states crp that are eigenstates of 9 , ( ~since
); (9,(~))
1~
for=
an
are) ? i. The states
odd-A system (see Eq. (4-273)), the eigenvalues of 9 , ( ~
p = ? 1 have complex conjugate eigenvalues r3 and, selecting the state p = 1
as the one with eigenvalue - i, we have g3(r)=
- ip,. The phases of the
states may be determined in accord with the standard convention g 2 ( r ) 7
= + 1 . Since Y=ip, (see Eq. (1B-22)), this condition implies 9 , ( =
~-)ip,,
and we therefore have
(4-290)
9,T)
(= - ipK
as a consequence of the relation g1(r)=
9,(~)9
and
~ cyclic
( ~ )permutations. (These relations for the operators ( 9,
(T))~
acting on the intrinsic
variables are the inverse of the relations (4-272) for the corresponding
operators ( 9,
( T ) ) acting
~
on the orientation angles.)
The invariance with respect to the operations 9 J n ) implies that, in
the basis (4-290), the rotational Hamiltonian (4-289) takes the form
(4-29 1)
corresponding to a diagonal decoupling matrix, q,,= uKtikK.
For an odd-A system, the total wave function may involve rotational
components with all possible K values ( - I 6 K < I ) each occurring together
with both the intrinsic states p = ? 1. The 9,
(T)symmetry of the intrinsic
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motion imposes the selection rules
exp{ - i r K } = - ip, =

9,(7~)
=

{ -:
I

p = -l 1

(4-292)

and the further relation 9?,(77)37=1 leads to wave functions of the form

(In the limit of axial symmetry, the intrinsic state denoted by aK equals
for K = 1/2,5/2,. .. and CP,,,=
for K=3/2,7/2 ,... . Since @ a , p = - ,
= -L7<Pa,p=1, the minus sign between the two components of +aIKM in Eq.
(4-293) corresponds to the plus sign in Eq. (4-19).) For a given value of 1,
the states (4-293) involve (I+1/2) terms, and the rotational spectrum has
the components
1= 1/2, (3/2)2, (5/2f,. ..

(4-294)

The multiplicity of states equals (21 + 1) multiplied by two (as a result of the
twofold degeneracy of the intrinsic states) and divided by four (as a result
of the invariance with respect to the D , group with four elements).
For a system consisting of a particle coupled to an asymmetric rotor,
the rotational energy (4-289) is obtained from expression (4-269) for the
rotor by replacing I , by R, = 1,-j,. The operator j , , considered as a 2 X 2
matrix in the space la,p= ? l), is linear in p,, and hence the coefficient a,,
in Eq. (4-289) equals the trace of the productj,p,. If the potential produced
by the rotor possesses D , symmetry, the rotational Hamiltonian is given by
Eq. (4-291) with
= Tr ( j K P K )

(4-295)

The decoupling parameters a, depend on the symmetry r, of the rotor as
well as on the single-particle wave functions. Thus, for example, for a
(T)= rKexp{ - irj,} = -2ij,r, (see
particle state with j = 1/2, we have 9,
Eq. (1A-48)), and the relation (4-290) therefore implies a, = r,. For these
values of a,, the rotational Hamiltonian (4-291) yields a spectrum of
doublets corresponding to vanishing coupling between the j = 1 /2 particle
and the rotor with symmetry r,.
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4-5e States with Large I

Simple and illuminating solutions for the asymmetric rotor can be
obtained for the high angular momentum states in the yrast region. In the
classical theory of the asymmetric rotor, the motion reduces to a simple
rotation without precession of the axes, if the angular momentum is along
the axis corresponding to the largest or smallest moment of inertia. Correspondingly, in the quanta1 theory, the states of smallest (or largest) energy
for given I acquire a simple structure in the limit of large I (Golden and
Bragg, 1949).
With the axes labeled such that 4>S2
>,a; ( A < A , < A 3 ) , the states
of lowest energy for given I (the yrast states) have ~ Z , ~ = Z . The coupling
between the components of the rotational wave function with positive and
negative values of I , becomes negligible for the states with I Z , l x Z > > l , and
I , may thus be treated as a positive quantity. The angular momentum
components perpendicular to the 1 axes obey the commutation relation

,

[ I - , I , ] = 21, x 2 z ( I , = I , t 4 )

(4-296)

and can therefore be treated approximately in terms of boson creation and
annihilation operators
1 I , c=- 1
,t= I-

V Z

(4-297)

In terms of these variables, the rotational Hamiltonian (4-269) can be
written
H

=A

* 12++ ( A 2+ A , - 2A ,)(I? + I;) + + ( A *

-

A J( 1; - 1;)

(4-298)

= A , 12+H’

with
H ’ = +LY(ctc+cc+)+) p ( c t c + + C C )

(4-299)
n=c+c=I--I,
LY

= ( A 2 + A3 - 2A , ) I
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The number of boson excitations is denoted by n , and the boson vacuum
( n = 0) is the state with I , = I ; each quantum carries an angular momentum
of - 1 unit with respect to the 1 axis. (For an odd-A system, the leadingorder Hamiltonian contains additional terms linear in I , (see Eq. (4-289)),
which may give rise to terms linear in c t and c; for a system with D,
symmetry, however, the terms a,Z2p2 and a3Z3p3 can be neglected in the
approximation considered, while a,Z,p, is approximately a constant
(=a, 0 )
The Hamiltonian (4-298) can be diagonalized by a canonical transformation to the new boson variables ?; and ;,
c t = x;t+y;

(x2-y2= 1)

(4-300)

;t= x c t - y c

and one obtains

+ 4)

H'=Aw(Ti

(4-301)

i = ;t;
with the excitation quanta
Aw=

(a2-

p') 1/ 2 =21((A,-

I/2

AI)(Ap41))

(4-302)

and the transformation coefficients
(4-303)

The stationary states can thus be characterized by the quantum number 3
together with I (and M ) , and the energy values are

E(Ti,I)= A J ( Z +

1) + (Ti + * ) A w

(4-304)

The quantum number Ti describes the precessional motion of the axes with
respect to the direction of I ; for small amplitudes, this motion has the
character of a harmonic vibration with frequency w . If the intrinsic state
possesses D, symmetry, the spectrum of an even-A rotor is restricted to the
states with

( - 1)"

= rl( - 1)

I

(4-305)

while for odd A , the spectrum contains states with all values of Ti. The
asymptotic spectrum (4-304) for an even-A system can be recognized in the
example illustrated in Fig. 4-34, p. 197.
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The validity of the approximate solution (4-304) requires (see Eqs.
(4-296) and (4-297))
(4-306)

Z 2 > > ( Z ~ + Z ~ ) = Z ( c ~ c + cct)

By using the explicit solution given above, the condition (4-306) can be
expressed in the form
(4-307)
If the three moments of inertia are of comparable magnitude (and fi is
small), the condition (4-307) corresponds to I>>1. If one of the inertial
parameters is much larger than the other two ( A , > A , , A , ) , as for a nucleus
that deviates only slightly from axial symmetry, the transition to the
coupling scheme described above, with K = ZlwZ, occurs for angular
momenta of order (A3/(A2-A1))1/2, while for lower values of I , the yrast
states have K = Z3x0.
The E 2 moment of the nucleus can be expressed in terms of two
intrinsic quadrupole moments Q, and Q, (see Eq. (4-245)). For the states in
the yrast region with l Z l l x Z , we shall define an intrinsic nuclear coordinate
system 3y’ with axes x’ = x2,y’ = x3, z’ = x l , so that 9,+ is the orientation of
the 1 axis. Thus, Q, is the quadrupole moment with respect to the I axis,
while Q, is a measure of the asymmetry in the shape with respect to this
axis. In the representation in which K=Z is diagonal, the reduced E2matrix elements are given by
(Z’K’” A(E2)11ZK)=(2Z+ 1)’I2(

A) e(Q0(ZK201Z’K’)
1/2

+ Q2((ZK221 Z’K’) + (ZK2 - 21 Z’K’)))

(4-308)

For K x Z , the vector addition coefficients in Eq. (4-308) have the approximate values
(ZK20~ZK)w(ZK2 211 IfI2 K+-2 ) x 1

*

(ZK201Z+ 1 K ) w -(Z+ I K20lZK)w(
(ZK221Z+ 1 K + 2 ) x - ( Z +

1 K + 2 2-21ZK)x-

1/2

f)

($)

( I - K + 1)’12 (4-309)
‘/2

(z-K)1/2

ignoring terms of order I - ’ or smaller. In this approximation, the matrix
element (4-308) is conveniently expressed in terms of the variables Z and
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n = Z - K. Introducing the operator m(Zl, Z2) defined by

(Z’,K’=Z’-

11’11

J ( E 2 ) l l Z , K = I- n )
(4-310)

we obtain

+

m (Z,Z’)w Qo8( I ,Z’) Q28(Z? 2, Z’)

where the operators c’f and c are the creation and annihilation operators
(4-297). By means of the transformation (4-300), the operator rn can be
expressed in terms of the variable fi, in which the Hamiltonian is diagonal
to the approximation considered.
The leading-order terms in the operator (4-31 1) involve no change of fi
and give the static moment

(4-312)

Qc
Qo

as well as the transitions

5 e2Qe,”
B ( E 2 ; fir+;, I+ 2 ) x 1677

(4-3 13)

induced by the rotation of the intrinsic Q2 moment about the 1 axis.
The terms in Eq. (4-31 I ) with Z’= I+ 1 are proportional to the
vibrational amplitude and involve transitions with Afi = + 1,
5

A

B ( E 2 ; f i Z + f i - I , I - 1 ) =1677
- e 2 ~ I( f l Q 0 x - f l Q 2 y )

2

(4-3 14)
5 2;+1
2
B ( ~ 2f i;~ + l i + 1, z- I ) = -e -(.\/3 ~ , y V 2 Q,X)
1677
Z
The strength of these transitions is smaller than for the transitions (4-313)
without change in the vibrational quantum number, by a factor of order
6 / I , which represents the square of the amplitude of the precessional
motion.
The qualitative features of the spectrum of the asymmetric rotor in the
yrast region are seen to correspond to sequences of one-dimensional rota-
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tional trajectories with strong E2 transitions along the trajectories and
much weaker transitions connecting the different trajectories. In contrast to
the bands of symmetric rotors, which have band heads with I = K (that may
give rise to K isomerism), the different trajectories of the asymmetric rotor
merge into the single common band with I = 0 (or I = 1/2), for any intrinsic
state. The very tentative evidence on nuclear spectra in the yrast region, for
A 160 and 1-30, may suggest the occurrence of the characteristic asymmetric rotor patterns (see pp. 72ff.).

-

v
ILLUSTRATIVE
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S E C T I O N 4-5

Regge trajectories for an asymmetric rotor (Fig. 4-34)

A

The concept of a Regge trajectory (see Vol. I, p. 13) is intimately
connected with that of rotational band structure. One-dimensional trajectories that are analytic functions of the total angular momentum Z can be
trivially defined for the rigid, axially symmetric rotor, for which the energy is
a linear function of Z(Z+ 1). Such trajectories can also be quite generally
defined in the two-body problem, since the separation between the angular
and radial motion leads to a radial wave equation in which the angular
momentum only appears as a parameter and can therefore be varied continuously. The characteristic feature of these systems is the existence of an
internal axis of rotational symmetry with respect to which one may define the
quantum number K ; for given values of the three quantum numbers K I M ,
the rotational motion is completely specified. For the axially symmetric rotor,
K is a constant of the motion and labels the trajectories. For a system of two
spinless particles, K is constrained to have the value 0, while for two particles
with spin, the trajectories are obtained by a diagonalization of a matrix with a
number of dimensions corresponding to the possible values of the helicities.
In more general many-body systems, the quantum number K is not a
constant of the motion; indeed, there may be no unique way of introducing
an intrinsic coordinate system. In such a situation, the definition of the Regge
trajectories involves new features, some of which may be illustrated by a
study of the asymmetric rotor.
The energy of an asymmetric rotor can be defined as an analytic
function of the total angular momentum Z by considering the eigenvalue
problem as a matrix equation in the representation in which Z3 is diagonal.
The invariance of the rotational Hamiltonian with respect to the D, group
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(see Sec. 4-5a) implies that the matrix (for an even-A system) separates into
four submatrices specified by the symmetry quantum numbers r3= (- 1)') and
c, of which the latter represents the relative phase of the components with
I , = 2 K, where K = 1Z31.For the physical states, we have (see Eqs. (4-273) and
(4-276))
I+KI
I
c3=r2(-l)
-r2r3(-l) = r , ( - 1 )
(4-315)
In the representation ZKc,, the matrix elements of the Hamiltonian (4-269)
are given by
(IKc3IH,,,I IKc,)

= AZ( I

+ 1) + ( A 3- A ) K 2+ +c3(A

A2)Z(Z

K + 1)(Z+K+2))1'2

= S ( A , - A , ) ( ( I - K-l)(I-K)(Z+

A =- K 2
I(

-

fi
1

+ 1)6(K, 1)

K=O
KfO

A=i(A,+A,)

2 4

In these matrices, I may be treated as a parameter that can be continuously
varied, while the spectrum of K values ( K even for r 3 = 1 and K odd for
r 3 = - 1) as well as the phase cg( = 2 1) are held fixed. (The state K=O occurs
only for the trajectory with r3 = 1 and c3= 1.) For noninteger values of I ,
the matrix elements (K- K + 2) no longer vanish for certain K values (K = I
or I - I), and we therefore obtain infinite matrices extending to arbitrarily
large positive K values. For I - 1 < K < Z, the nondiagonal matrix elements
become imaginary; the analytic continuation is obtained from the symmetric
(non-Hermitian) matrix, as indicated in Eq. (4-316).
The condition for the existence of discrete eigenvalues for the infinite
matrix (4-3 16) can be determined by considering the asymptotic behavior, for
large K , of the coefficients c ( K ) in the eigenvectors (4-275). Thus, to leading
order in K,

+

+

( A3 - A ) . ( K )

+

KzI$ ( A
-

1 - A2)( C(

K - 2) + C( K + 2 ) )

(4-3 17)

Hence, the ratio
a=

c(K+2)
4K)

(4-3

approaches a constant value given by

A

1
a+-=-2
a

2A3- A , - A,
A , -A2

(4-3 9)
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If 4; is either the largest or the smallest of the three moments of inertia, the
right-hand side of Eq. (4-3 19) is positive and larger than 2 (assuming N2 to be
the intermediate moment). The two roots a,,a2 are then real and positive with
a , < 1 and a2> 1, and c ( K ) is a superposition of an exponentially increasing
and an exponentially decreasing function of K . Thus, in the usual manner, the
condition that no exponentially increasing component may be present defines
a set of discrete eigenvalues. For the representation based on the intermediate
axis, the roots of Eq. (4-319) are complex with la,[= Ia21= 1. The inclusion of
terms of order K - ' in Eq. (4-317) shows that, in this case, lc(K)I is always
proportional to K - I ; the infinite matrices, therefore, do not have discrete
eigenvalues, but a continuous spectrum. (The discussion of the convergence
of the solutions is due to R. Cutkosky, private communication. For a more
detailed treatment of the analytic structure of the asymmetric rotor spectrum
as a function of I , see Talman, 1971.)
For given moments of inertia labeled such that ,a;>s2
>,a;, one can thus
define Regge trajectories in two different ways, employing either the Z, or the
I , representation. These two sets of trajectories are illustrated in Fig. 4-34 for
the moment ratios 4 :-a; :4 = 4 : 2 : 1. The trajectories with positive r, (based
on even I , values) and those with positive r , (even I , ) are drawn with solid
lines, while those with negative r, and negative r , are dashed. Within each set,
the trajectories are labeled by a serial number K , which represents the
ordering of the solutions for given I ; with increasing values of K , the energy
of the I , trajectories increases, while the I , trajectories decrease in energy. (If
the moments of inertia are continuously varied, so that the rotor becomes
symmetric with respect to the 3 (or 1) axis, the label K on the I , (or I , )
trajectories becomes equal to the eigenvalue of IZ,l (or 1Z11).) For KfO, there
are two trajectories for each value of K , corresponding to the phase c, (or c,)
between the components t K . As can be seen from the c,-dependent terms in
Eq. (4-316), the lowest I , trajectory of given K has r,c,= - 1; for the I ,
trajectories, the lowest member has rlc, = + 1. The splitting of the c doublets
increases with increasing values of I , but decreases with increasing K , since
the c-dependent terms only affect the matrix elements in Eq. (4-316) with the
lowest K values.
The physical states correspond to the intersections of two trajectories
with the same set of symmetry quantum numbers (rlr2r3);see Eq. (4-315). In
the figure, the physical states with symmetry ( r ,r2r3)= (+ +) are indicated
by solid circles.
The spectrum of the asymmetric rotor acquires a simple structure in the
regions corresponding to the highest and lowest states of given I (and I >> 1);
in these asymptotic regions, the motion can be approximately described in
terms of rotation about a single axis and a vibration-like precessional motion
(see Sec. 4-5e). Thus, in the yrast region (lowest energies for given I ) , the
physical states have the approximately conserved quantum number K = I , = I ,

+
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corresponding to the serial number of the I , trajectories. The states with
different I , but with the same intrinsic vibrational motion, lie on the I ,
trajectories, which can be labeled by the vibrational quantum number i and
have a slope determined by the moment of inertia/, (see Fig. 4-34). Hence,
in this region of the spectrum, the I3 trajectories have the characteristic
properties of rotational bands, while the I , trajectories represent vibrational
sequences.
The results obtained for the asymmetric rotor provide an example of the
multiplicity of coupling schemes that may be employed in the definition of
Regge trajectories in systems with many degrees of freedom. The two sets of
trajectories in Fig. 4-34 correspond to the coupling schemes that characterize
the simple structure of the spectrum for the lowest and highest states of given
I , respectively. Each set of trajectories can be continued through the entire
spectrum, and in this sense is complete and exclusive. However, the full
characterization of the rotational relationships requires the use of both sets of
trajectories.

APPENDIX

Particle-Rotor Model

The simple model consisting of a particle coupled to a rotor provides an
approximate description of many of the properties of the low-lying bands in odd-A
nuclei and, at the same time, illustrates various general features of rotating systems.
It has therefore played an important role in the development of the theory of
nuclear rotational spectra. The application of the model to scattering problems is
considered in Appendix 5A.

4A-1 The Coupled System
The rotor is assumed to possess axial symmetry and 9 invariance (see Sec.
4-2c) and to have the quantum numbers R,=O, r = + 1, as for the ground states of
even-even nuclei (see p. 27). The angular momentum of the rotor is denoted by R,
with component R , with respect to the symmetry axis, and the spectrum consists of
the sequence R = O,2,4,. .. (see Eq. (4-15)).
The energy of the rotor is taken to be proportional to the square of the angular
momentum, corresponding to the Hamiltonian
(4A- 1)
as in the classical expression for a symmetric rigid body constrained to rotate about
axes perpendicular to the symmetry axis (the dumbbell). The moment of inertia of
the rotor is denoted by xo.
The expression (4A- 1) may be regarded as the first term
in an expansion of the rotational energy in powers of the angular momentum (see
p. 23); higher terms would be associated with the distortion of the rotor produced
by the centrifugal and Coriolis forces.
The interaction between the rotor and the particle is described by a potential
V , depending on the variables of the particle in the body-fixed system. The
potential may be velocity and spin dependent and in particular may include a
spin-orbit coupling, but V is assumed to be invariant under space reflection and
time reversal, as well as axially symmetric and invariant under the rotation
9= S2(?T).
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The present model ignores the possibility of terms in the potential depending
on the angular rotational frequency, such as may arise from rotational perturbations of the rotor (centrifugal distortions proportional to w : ~ ~as, well as terms linear
associated with the velocity-dependent interactions; see the discussion on p.
in urOt
80 and pp. 278ff.). The Hamiltonian for the coupled system is

H = HrOt+T + V

(4A-2)

where T is the kinetic energy of the particle. The anisotropy of the potential
provides the coupling between the motion of the particle and that of the rotor.

4A-2 Adiabatic Approximation
If the rotational frequency is small compared with the excitation frequencies
that characterize orbits with different orientations relative to the potential V , the
motion of the particle is strongly coupled to the rotor and follows the precessional
motion of the axis of the rotor in an approximately adiabatic manner. The coupled
system can then be described in terms of a superposition of intrinsic motion, for
fixed orientation of the rotor, and a rotational motion of the system as a whole.
4A-2a

Wave functions

The intrinsic motion is determined by the wave equation
( T + V)Q.,(q) = EKQAq)

(4A-3)

where q represents intrinsic coordinates (including the spin variable). The eigenfunctions Q K and eigenvalues EK of the intrinsic motion are labeled by the
quantum number K representing the components Z, of the total angular momentum; since the rotor has R , = 0, the quantum number K is equal to the eigenvalue
of the component j 3 of the particle angular momentum (which is often denoted by
a). The intrinsic states are degenerate with respect to the sign of K , as a
consequence of the 9 invariance, or T invariance, of the intrinsic Hamiltonian.
The states with negative K are labeled by K,and we employ the phase choice (see
Eqs. (4-16) and (4-27))
QK( q ) = T Q K ( q )= 9;'aK(
q ) = - 9,QK(q)

(4A-4)

The particle is assumed to be a fermion; hence, 9';
= 9i(2a) = - 1, and K takes the
values 1/2, 3/2,. .. .
The rotational motion is specified by the quantum numbers K I M , and the
total wave function has the form appropriate to an .%"invariant system (see Eq.
(4-19))
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where w represents the orientation of the rotor. The wave functions (4A-5) form a
complete orthonormal set, which provides a convenient basis for describing the
coupled system, when the adiabatic condition is fulfilled.
The coupling between the angular momenta of the particle and the rotor that
is implicit in the wave function (4A-5) can be exhibited by transforming to the
representation ( j R )ZM appropriate to a weakly coupled system. Employing the
transformation (1A-34) from the intrinsic to the fixed coordinate system and the
coupling relation (1A-43) for the 9 functions, one obtains

w)

'/2

((IjR)IMIKZM)=(IjKII()(

1
(jKROlZK)-(l+(-

d2

l ) R ) (4A-6)

where the first factor represents the expansion of the intrinsic state Q K ( q )onto a
spherical basis IjK characterized by the orbital angular momentum I and the total
angular momentum j of the particle. The symmetrized form of the wave function
(4A-5) ensures that the amplitude (4A-6) is nonvanishing only for R = 0,2,. .. . The
second and third factors in Eq. (4A-6) give the weight of the different states R of
the rotor in the adiabatic coupling scheme.
4A-2b Energy

In order to express the Hamiltonian in the representation (4A-5), we employ
the relation R = I - j . The angular momentum of the rotor is thereby decomposed
into a part I, which rotates the system as a whole and thus acts only on the
rotational wave function, and a part j acting only on the intrinsic variables.
For the energy of the rotor (4A-1), we obtain

(4A-7)
with the notation I -, = I , -+ iZ2 and j -, = j , 2 ij,. The first term in the Hamiltonian
(4A-7) depends only on the total angular momentum and is a constant of the
motion. The second term in Eq. (4A-7) represents a recoil energy of the rotor and
depends only on the intrinsic variables; this term might therefore be included in
equation (4A-3) determining the intrinsic wave function Q K . However, since the
recoil energy is comparable in magnitude with rotational energies and, therefore,
small compared with intrinsic energies, we may neglect the effect on Q K in first
approximation. The third term in Eq. (4A-7) represents the Coriolis and centrifugal
forces acting on the particle in the rotating coordinate system (see Eqs. (4-107) and
(4-1 19)). This term is nondiagonal in K (has A K = 2 1) and provides a coupling
between intrinsic and rotational motion. In the special case of K = 1/2 bands, the
Coriolis interaction connects the components with opposite K in the states (4A-5)
and hence contributes to the expectation value of the energy.
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The expression (4A-7) for H,,, leads to a total Hamiltonian, which may be
written in the form (see Eq. (4A-2))

H = H,+ H ,
H,= T + V +

(4A-8a)

~

Ci2
I2
2

.a

(4A-8b)

(4A-8c)
The wave functions (4A-5) are the eigenstates of H,, and in this basis, the
expectation value of the energy is given by (see Eqs. (4-20) and (1A-93))
E,,=(KIMIHIKIM)=

EK+E,,,

Erot= (KIMIHrotIKIM)

(4A-9)

The parameter a in the rotational energy for K = 1/2 bands has the value

a= -(K= 1 / 2 l j + l K = 1/2)

(4A-10)

and is referred to as the decoupling parameter.
4A-2c Matrix elements

The matrix elements of the various operators, such as electric and magnetic
multipole moments, can be evaluated, in the basis (4A-5), by means of the general
procedure described in Sec. 4-3. For a tensor operator, the transformation to the
body-fixed coordinate system is given by Eq. (4-90) and leads to matrix elements
involving products of intrinsic and rotational factors.
An example is provided by the M 1 moment, which can be expressed in terms
of the g factors for the various angular momenta in the system (see Eqs. (3-36) and
(3-39))

(4A- 1 1)
For transitions between two states in the same band, the reduced Ml-matrix
element is of the form (4-85) derived in Sec. 4-3c on the basis of symmetry
arguments. The present model provides explicit expressions for the intrinsic matrix
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elements occurring in this general expression,

The quantity gK is the average g factor for the intrinsic motion. The occurrence of
the parameter b, referred to as the magnetic decoupling parameter, is a special
feature of M 1 transitions within K = 1/2 bands.
4A-3 Nonadiabatic Effects
The coupling H , (see Eq. (4A-8)) gives rise to an interweaving of rotational
and intrinsic motion that can be analyzed in terms of a mixing of different
rotational bands. (The effects of the band mixing produced by the Coriolis
interaction were discussed by Kerman, 1956.)
4A-3a Contributions to energy
For small rotational frquencies, the coupling H , can be treated by a perturbation expansion (except when special degeneracies occur in the intrinsic spectrum).
Acting in second order, H , gives the energy contribution
SEgj=

(UZMI H,I KIM)^
Y

(4A- 13)

EY - EK

where v labels the bands that are coupled to the state KIM by the interaction H,.
The perturbation (4A-13) gives rise to a term proportional to Z(I+ 1) arising from
the second-order effect of the Coriolis coupling. In addition, the expression (4A- 13)
contains a term independent of I and, for K = 1/2 bands, a signature-dependent
term linear in Z arising from the combined effect of the Coriolis and recoil energies
in the coupling H , (see Eq. (4A-8c)). The coefficient of Z(Z+ 1) is
(4A-14)
where the summation extends over all bands v with K, = K ? 1. For K = 1/2 bands,
the terms in Eq. (4A-14) with K, = K - 1 are to be interpreted as excited bands with
K,= 1/2.
The contribution (4A-14) to the rotational energy can be expressed as a
renormalization of the effective moment of inertia
(4A- 15)
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assuming SX<<<a.
The increase in the inertia of the system represents the contribution of the particle as it is dragged around by the rotor, and may also be obtained
by considering a particle moving in an external field rotated with a constant
frequency orot= (&)-'nZ (the cranking model, see pp. 75 ff.).
To third order in H,, we obtain a contribution to the energy of K=3/2 bands
that is cubic in I ,
SE:/=(-

I

1)

+ 3/2

( I - 1/2)(1+ 1/2)(Z+3/2)A3

In addition, the third-order effects of H , give a contribution to the energy of
K = 1/2 bands proportional to (- 1)'+'/2(Z+ 1/2)Z(Z+ I), as well as terms of lower
order in I . The fourth-order perturbation contains terms proportional to Z 2 ( 1 + l)',
and by proceeding to higher orders, one obtains a power series expansion for the
energy of the general form (4-62).
The leading-order contribution to the term in the energy expansion involving
I" arises from the Coriolis coupling acting in nth order, and the magnitude of this
contribution is given by
(4P.-17)

E, - EK),and where j
where uintis a measure of the intrinsic frequencies (hintrepresents the magnitude of the matrix elements of j + . The rotational frequency
orOt
is the ratio between the angular momentum &I and the moment of inertia.
If the intrinsic spectrum is of vibrational character, the validity of the rotational coupling scheme requires the adiabatic condition urot<<uint
= uVib
(see the
discussion on p. 3). The estimate (4A-17) implies a more restrictive condition for
the convergence of the perturbation expansion in the case of particle motion with
large values of j . However, for particle orbits with large angular momentum, the
elementary effects of the Coriolis interaction produce only relatively small changes
in the orientation of the orbit; hence, the smallness of the perturbation of the wave
function i s not a necessary condition for the convergence of the expansion for the
energy and matrix elements in powers of the rotational angular momentum. In fact,
the estimate (4A-17) leaves open the possibility of systematic cancellations in the
higher-order terms. An example is provided by the motion of a particle in a
rotating harmonic oscillator potential, for which tbe expansion of the energy is
determined by the ratio of urOt
to the difference in the oscillator frequencies along
different axes, irrespective of the angular momentum of the particle orbit (Valatin,
1956; Hemmer, 1962).

9 4A-3

NONADIABATIC EFFECTS

w205

The recoil energy in H , (see Eq. (4A-8c)) is independent of I and therefore
contributes to the coefficient of the I"-dependent terms ohly through rotational
perturbations of order n 1, or higher. The resulting corrections to the coefficient,
as estimated in nth order, are therefore of relative magnitude (lij)2/So(E,- EK),
which is comparable to 6N/No (see Eq. (4A-15)). The recoil term has especially
simple consequences if the intrinsic excitations involve approximately independent
degrees of freedom (spin and orbit in the absence of spin-orbit coupling, two or
more independent particles, etc.). In such a situation, the part of the recoil term
that couples the different components gives rise to a renormalization of the
moment of inertia occurring in the Coriolis coupling.
An example illustrating this effect of the recoil term is provided by the
decoupling term in the absence of spin-orbit coupling. For a K = 1/2 band, with
I - A = 0, the second-order energy arising from the Coriolis and recoil terms, each
3:
acting in first order, gives

+

(4A- 18)

The intermediate states have K, = 1 / 2 , Z( = sg) = - 1 / 2 and the orbital part,
denoted by K , has A,= 1. In the Coriolis matrix element, only the orbital part ofj,
contributes, and the factor a is the decoupling parameter in the unperturbed band,
which equals the value of r( = t 1) for the A = O orbital state (see p. 33). The recoil
matrix element receives its contribution from the part ofj: +jI involving I-s,. The
sum in Eq. (4A-18) is the same as that occurring in the expression for 6A for the
A = O band (see Eq. (4A-14) and note the factor f i in the matrix elements (4-92)
connecting a A=O state with a state having AZO). We therefore obtain
&A,= a6A

(4A- 19)

Hence, the decoupling parameter, defined as the ratio between the (renormalized)
A , and A coefficients, remains equal to the unperturbed value r, and the spectrum,
with the inclusion of the nonadiabatic effects, retains the doublet structure, as
required by the absence of spin-orbit coupling.
A further illustration of the role of the recoil term is provided by the
contribution to the moment of inertia, for a system consisting of a rotor with two
independent particles n and p (a neutron and a proton). In this case, the thirdorder contribution to the coefficient of the I ( I + 1)-dependent energy that results
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from the recoil term acting once and the Coriolis term twice (once on n and once
on p) is

K ( u . ) = K,? 1
K(up)=Kp+ I

K(u,)=K,? I
K ( u p ) = K p %1

(4A-20)
The same term occurs if one adds the separate contributions of n and p to the
moment of inertia rather than to the energy itself.
The result (4A-20) corresponds to the fact that, in estimating the rotational
energy contribution of the proton, we may consider the system in terms of the
proton coupled to an effective rotor that consists of the neutron plus the core. The
moment of inertia of this rotor equals 4+S 4 and, hence, the Coriolis coupling
acting on the proton involves this renormalized moment.
It must be emphasized that corresponding third-order terms involving the
Coriolis coupling acting twice on the neutron or on the proton will not, in general,
give results equivalent to those arising from the expansion of (&+ 8 4 + 8Np)-'.
For a single degree of freedom, the effect of the recoil term can be expressed in the
above manner only if the degree of freedom can be repeated, as in the case of
vibrational modes.
4A-3b

Renormalization of operators

A systematic analysis of the effect of H , on the various matrix elements for the
particle-rotor system may be developed by viewing the perturbation expansion in
terms of a canonical transformation

H'=exp{iS}Hexp{
=H

-is}

+ i[ s,H J t [s,[ S ,H I ] + . . .
-

that diagonalizes the Hamiltonian in the representation (4A-5).

(4A-2 1)

4A-3
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To first order in I ,-, the transformation S is determined by the condition
A2
i[S,H,]= -(j+z2 4

(4A-22)

+j-Z+)

We have ignored the recoil term in H,, which only produces I-independent effects,
to the order considered. From Eq. (4A-22), we obtain

s=- i ( & + Z - + & - Z + )
where the intrinsic operator

E+

(4A-23)

(denoted in Sec. 4-4 by

E+,)

is given by

di2 .

[ f f o , ~ 2 ] = h k = 2- -4 J IT
(4A-24)

(In Eq. (4A-22), only the nondiagonal part of the Coriolis interaction is included.)
With S given by Eq. (4A-23), the transformed Hamiltonian (4A-2 1) takes the
form, to second order in I ,-,

+ f ([ &

+

,h - 1

+[

&

-, h +I)( z:

+ I;) + f [E + ,h + 1 2 + 3

E -9

h - 11:

(4A-25)

as follows from the relation

for operator products in which a and b commute with A and B .
In the Hamiltonian (4A-25), the term proportional to Z3(= j 3 ) gives a correction to the intrinsic motion. The term proportional to I : + 1; gives the renormalization (4A-15) of the moment of inertia and produces a coupling between different
bands with AK=O. Finally, the terms proportional to I ! and I : provide a coupling
between bands with A K = 5 2 .
The effect of the Coriolis coupling on the matrix elements of a given operator
F is obtained from the transformed operator
F’=exp{iS}Fexp{ - i S } = F + W

(4A-27)

with

+

6F= i [ S , F ] . *

*

=[(&+I-+E_I,),F]+ f . .

(4A-28)
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The transformed operator is to be evaluated in the space of the unperturbed wave
functions (4A-5), and thus the consequences of the band mixing caused by the
Coriolis coupling are described by the additional term 6F in the effective transition
operator.
As an illustration, we consider the renormalization of a dipole moment
(4A-29)

where the components dv3 d ( X = 1,v) refer to the intrinsic coordinate system
(see Eq. (4-90)). For the induced moment ad,we obtain from Eq. (4A-28), to
leading order,

(4A-30)

with

We have assumed that the intrinsic moments dvcommute with I , , as is the case
for operators (such as the electric dipole moment) that do not explicitly depend on
the rotational angular momentum. The M 1 moment contains a term proportional
to I (see Eq. (4A-I I)), but .since this term commutes with S , the induced moment
may be obtained from the foregoing equations with
(4A-32)
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In the evaluation of the terms in Eq. (4A-31), we have employed the relation
(1A-91) for the commutator of I -, and g;,, and the anticommutator relation (see
Eqs. (1A-88) and (1A-89)),

{ I - , 9;I } - { I + , g;~}
=2’12

2

u= 2 1

= 23/*(1,, -

{ I u ,g:,}

z3g;,,)

(4A-33)

as well as the further identity

[I2>ax,,]= v { I,, ax,,}+ @(A

+ 1)

+f(A(h+l)-v(v-l))

- Y(V

’/2

+ 1f2{

I + , -9”,,+,}
(4A-34)

{I-,G3x,,”-l}

The induced moment 6 d given by Eq. (4A-31) partly contains Z-independent
terms, which are equivalent to a renormalization of the unperturbed intrinsic
moments J v In
. addition, 6 ~ involves
7
terms linear in I ,-, which give rise to
matrix elements with an Z dependence different from that of the unperturbed
moments. Moreover. these terms contribute to the K-forbidden transitions with
AK=2, for which the matrix element vanishes in the absence of the Coriolis
coupling.
For M I transitions within a band, the two first terms with AK=O in Eq.
(4A-31) represent renormalizations of the intrinsic and rotational g factors by the
amounts (see Eqs. (4A-11) and (4A-12))

while the first term with AK= 1 in Eq. (4A-31) gives a renormalization of the b
parameter in K = 1/2 bands (see Eq. (4A-12)),
gK -gRlb) =

-( K =

1/21 { ‘+

2

(( g/-

gR>‘3

+( g s -gR)’3)}

IK=

/2 ) (4A-36)

The terms in Eq. (4A-31) involving [I2, -%$,I do not contribute within a band, since
the intrinsic matrix elements vanish as a consequence of the behavior of the
operators under Hermitian conjugation and time reversal. It is seen that the M 1
operators in a band, up to terms linear in the Coriolis coupling, have the general
form represented by Eq. (4-89).
4A-3c Transformation of coordinates

The canonical transformation that leads to a diagonalization of the Hamiltonian may be viewed as a coordinate transformation to a new set of variables,
in terms of which the Hamiltonian is diagonal in the representation (4A-5). If we
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denote the original variables by x = ( q p ,w I J , where q and p represent the particle
variables relative to the orientation of the rotor, the new variables are

(4A-37)

x’=exp{ - iS}xexp{ i s }

When expressed in these variables, the Hamiltonian has the form (see Eq. (4A-21))

H ( q p ,1, ) = exp { - is } H ’ ( q p ,1, ) exp { is }
= H’(q’p’,ZL)

(4A-38)
The eigenstates of the effective intrinsic Hamiltonian
are labeled by a set of
quantum numbers v that includes K . The effective rotational Hamiltonian depends
on v and can be expressed as a function of the components I; of the angular
momentum with respect to the intrinsic coordinate system with orientation a’.(The
Hamiltonian, being a scalar, cannot depend explicitly on orientation angles.)
The stationary states written in terms of the coordinates (q,w) are superpositions of wave functions of the form (4A-5) and describe sets of coupled rotational
bands. In the new variables (q’,w’), the stationary states retain the form (4A-5), and
the couplings are now expressed in terms of the structure of the operators

(4A-39)

F ( x )= F ’ ( x ’ )

where F‘ is the transformed operator (4A-27). For example, the electromagnetic
moments, which are rather simple functions of x , have a more complicated form
when expressed in the x’ variables, as illustrated by the renormalization of the
dipole moments given by Eq. (4A-3 1).
For the first-order transformation (4A-23), the renormalization of the
coordinates is given by

6q = 4’ - q = - [
6w=w‘-

+ ,411-

- [ E - 9 41 I

,

(4A-40)

w= -E+[Z-,W] -&-[Z+,W]

For the Euler angles, the evaluation of the commutators yields

(4A-41)

This renormalization implies that the collective orientation angles depend to some
extent on the particle variables. In turn, the new intrinsic coordinates q’ depend on
the rotational frequency. (For a further discussion of collective coordinates for
rotation, see Bohr and Mottelson, 1958.)

CHAPTER

5

One-Particle Motion in
Nonspherical Nuclei
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As discussed in Chapter 4, a considerable class of nuclei exhibit spectra
with the characteristic relations in energies and transition intensities that
imply an approximate separation between rotational motion of the system
as a whole and internal motion with respect to a body-fixed coordinate
frame. This separation is a consequence of the departure of the nuclear
equilibrium shape from spherical symmetry. The starting point for the
description of the intrinsic degrees of freedom in such nuclei is the analysis
of one-particle motion in nonspherical potentials with the symmetry and
shape indicated by the rotational spectra.'
The present chapter begins with a discussion of the deformed potential
and the associated one-particle orbits (Sec. 5-1). The main results are
contained in the figures and tables illustrating the one-particle spectra as a
function of the eccentricity. These spectra provide an immediate classification of the observed low-lying states in the broad class of deformed odd-A
nuclei (Sec. 5-2). This classification opens the possibility of exploring many
different features of the single-particle motion, including the generalizations
of these degrees of freedom that result from pairing and polarization effects
and from the coupling to the rotational motion (Sec. 5-3). Thus, the
phenomena that form the topic of the present chapter represent a major
enlargement of the available data on one-particle motion in the nucleus.

5-1 STATIONARY STATES OF PARTICLE MOTION IN
SPHEROIDAL POTENTIAL
5-la Symmetry and Shape of Nuclear Equilibrium Deformation
The observed quantum numbers of the rotational spectra imply that, in
the cases studied so far, the nuclear equilibrium shape possesses axial
symmetry and 9 invariance, and that the deformation conserves 9and 7
symmetry (see the discussion in Sec. 4-3a, pp. 27ff.). The measured
moments show that the main deformation is of quadrupole symmetry,
corresponding to a spheroidal shape with an eccentricity that is typically of
order 0.2 to 0.3; see Fig. 4-25, p. 133. (The significance of the spheroidal
'Early studies of nucleonic motion in spheroidal potentials were made by Hill and Wheeler (1953),
Moszkowski (1955), Nilsson (1955), and Gottfried (1956). The calculations by Nilsson (loc. cit.) played a
special role in providing the basis for the classification of the extensive body of data on the spectra of
odd-A deformed nuclei (Mottelson and Nilsson (1955, 1959); see also Stephens, Asaro, and Perlman
(1959) for the classification of the heavy-element region; Paul (1957), Rakavy (1957), and Litherland et
al. (1958) for the classification of the (sd) shell nuclei; Kurath and PiEman (1959) for the p shell).
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symmetry can be understood in terms of simple features of the nuclear shell
structure, as discussed in Chapter 6, pp. 591 ff.)
The considerations in the present chapter are restricted to deformed potentials
with shapes corresponding to those encountered in the low-energy nuclear spectra
that at present constitute the only source of detailed evidence on one-particle
motion in deformed nuclei. The phenomenon of shape isomerism (see p. 26) opens
the prospect of extending the studies to potentials with much larger deformations.
(Single-particle spectra in very strongly deformed potentials such as are encountered in the fission isomers are considered in Chapter 6, pp. 591 ff.) Moreover, the
possibility of instability with respect to odd-parity deformations is suggested by the
spectra of heavy nuclei as well as by the mass asymmetry observed for the fission
fragments. (See, for example, the discussion of the octupole vibrational mode on
pp. 559ff. For an analysis of single-particle motion as a function of odd-parity
deformations in the region of the fission barrier, see Gustafson et al. 1971.) The
possibility of shapes without axial symmetry represents another potentially important extension of the present studies. (See the discussion in Sec. 4-5b; for an early
discussion of nucleonic motion in ellipsoidal potentials, see, for example, Newton
1960.) The interest in such an extension is heightened by the fact that the
centrifugal distortion provides a systematic tendency away from axial symmetry for
states with large angular momentum (see p. 42). The rotational motion also
produces a component in the nuclear potential (Coriolis interaction) that violates
time-reversal invariance; for large rotational frequencies, major changes in the
structure of the one-particle motion may result (see, for example, the analysis of
motion in a rotating harmonic oscillator potential, discussed on pp. 84ff.). In
electronic many-body systems, the occurrence of spin-dependent Y-violating potentials results from exchange effects of the Coulomb forces and in particular gives
rise to the phenomenon of ferromagnetism (see, for example, the review by
Herring, 1966). In atoms and molecules, the valence electrons produce a polarization of the spins of the electrons in the core, which can be described by a spin
dependence of the Hartree-Fock potential (see, for example, the review by Watson
and Freeman, 1967). In a similar manner, the nuclear spin polarizability can be
viewed as an effect produced by a static deformed field violating Ysymmetry (see
the discussion by Tewari and Banerjee, 1966).

5-lb Deformed Potential
An axially symmetric quadrupole deformation of the spin-independent
part of the nuclear potential can be expressed in the form
V ( r , Q ) =V,(r)+ V2(r)P,(cos8)

(5-1)

where 8 is the polar angle of the particle with respect to the nuclear
symmetry axis. A deformation of the nucleus that does not affect the
diffuseness of the surface to first order can be described in terms of an
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angular dependence of the radius parameter R in expressions such as
(2-169); see the discussion of the leptodermous model on pp. 137ff. For a
deformation that transforms the spherical surface R = R, into a spheroid
with a difference of radii equal to R,6, we obtain to first order in the
deformation parameter 6

W,W=W ( r -

R(W)

=V,f(r-R0)-f6R

R ( 9 ) = R,(1

O

af
V -P2(cos9)
O

ar

(5-2)

+ $6P2(c0s9))

where the spherical potential is written in the form V,f(r- R,), in terms of
the constant V , and the radial form factorf. Since the average nuclear field
is generated by nucleonic interactions with a range small compared to R,
one expects the parameter 6 in Eq. (5-2) to be approximately equal to the
corresponding parameter (4-72) describing the quadrupole deformation of
the nuclear density. (See further comments on this point on p. 354.)
The leading-order effect described by Eq. (5-2) provides the basis for
the discussion in the present chapter. Finer details in the potential involve
the angular dependence of the surface diffuseness and the possibility of
higher multipole components (evidence on the magnitude of the YMdeformation is discussed on p. 140). The neutron excess and the polarization
produced by the Coulomb interaction also imply the possibility of a
difference in the deformations of the isoscalar and isovector components of
the total potential.
The deformation of the spin-orbit potential follows from that of the
central potential, if one assumes the spin-orbit coupling to be proportional
to the local gradient of a potential, as in the discussion in Chapter 2, Vol. I,
p. 218 (see also the derivation based on an average of a two-body spin-orbit
interaction in Vol. I, p. 259),
V , ( r , 9 ) = V,.,'V

%S

fi,(~)-36R,~P2(COSQ)

dhs
+ -r1 -(3x,(px
ar

S)3-(h))

(5-3)

In this expression, we have used the form (2-144) for the spin-orbit potential
in the spherical nucleus, withf, representing the radial form factor and the
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constant V,$ giving the strength. Moreover, we have expanded to first order
in the deformation, as in the relation (5-2) (see also Eq. (3A-26) for the
gradient of a spherical harmonic).
The estimate (5-3) of the effect of the deformation on the spin-orbit
potential depends rather sensitively on the structure of the surface region.
At present, there is only little empirical evidence that tests this component
in the deformed potential, though the polarization measurements in inelastic proton scattering appear to be consistent with Eq. (5-3); see, for
example, Sherif (I 969).
Since the spin-orbit potential in spherical nuclei is an order of magnitude smaller than the spin-independent potential, the deformed part of V,$
is correspondingly smaller than the deformation of the spin-independent
potential and may often be neglected in the analysis of the one-particle
motion.

5-lc Structure of One-Particle Wave Functions
The 9 invariance and axial symmetry of the nuclear potential imply
that the parity T and the projection Q of the total angular momentum along
the symmetry axis are constants of the motion for the one-particle states.
These states are twofold degenerate, since two orbits that differ only in the
sign of Q represent the sanie motion, apart from the direction of revolution
about the symmetry axis (time-reversal symmetry or 9 symmetry). A
qualitative survey of the structure of the one-particle states can be obtained
by considering limiting situations corresponding to small and large deformations.
For small deformations, the states may be approximately characterized
by the quantum numbers n!j appropriate to a spherical potential. To first
order in 6, the energy is

(5-4)
Q 2 = + 1,+2

,..., k j

where E,,(nlj) is the eigertvalue for the spherical potential. The 2j+ 1 states of
given nlj are seen to be split, with only the + Q degeneracy remaining. For
positive V2 (negative S), the potential (5-1) represents an oblate distortion
and the perturbation favors the orbits with large 1Q1, corresponding to the
fact that these orbits represent states of motion in the equatorial plane.
In addition to the diagonal terms (5-4), the deformed potential (5-1)
gives rise to nondiagonal matrix elements with Ast = 0, A1 = 0, 2 2. Since the
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one-particle spectrum in the spherical potential contains near-lying states
that fulfill these selection rules, even rather small deformations may lead to
appreciable mixing of states with different values of nlj. In fact, for the
deformations typically encountered, the approximation (5-4) may be grossly
inadequate.
For large deformations, an approximate description of the one-particle
motion can be based on the similarity of the nuclear potential to that of a
harmonic oscillator (see, for example, Fig. 2-22, Vol. I, p. 223). A spheroidal
deformation can be represented by the anisotropic oscillator potential

= )Mw;r’(

1 - $8P2(C0S9))

o 3 ~ w O1 ( +8)

wI -aO( 1

(5-5)

+ +8)

where wo is the oscillator frequency for the spherical potential, while w3 and
represent the oscillator frequencies of the deformed potential, in directions parallel and perpendicular to the symmetry axis, respectively. The
deformation transforms the spherical equipotential surfaces into ellipsoids,
which have been assumed to have a volume that is independent of deformation (w3w: = w i ) . To first order in the deformation, the parameter 6 defined
by Eq. (5-5) equals the difference between the major and minor axes,
divided by the mean radius (compare Eq. (4-73) for the deformed density).
For the spheroidal potential (5-9, the motion separates into independent oscillations along the 3 axis and in the (12) plane, and the energy is
&

(n3n1 ) = (n3 + 4)Aw3+ (n,

+ l)Ao,

(5-6)

where n, = n , + n2 is the number of quanta in the oscillations perpendicular
to the symmetry axis. The degenerate states with the same value of n, can
be specified by the component A of the orbital angular momentum along
the symmetry axis, which takes the values

A = ?n1,?(n,-2),

..., ? 1 or 0

(5-7)

The nuclear potential deviates from that of a harmonic oscillator partly
in the radial dependence associated with the existence of a rather welldefined surface and partly in the occurrence of the spin-orbit interaction.
The pattern of the energy shifts associated with the surface effect is
considered in the example on pp. 218ff. and is further discussed in the
example in Chapter 6, pp. 591ff.; in particular, these shifts remove the
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degeneracy of the states with different A but the same values of (n3n,); the
energy &(n3nlA) decreases with increasing A, corresponding to the favoring
of the states with large 1 in the spherical potential (see Vol. I, p. 222).
In the absence of spin-orbit coupling, the single-particle states in the
axially symmetric (and time-reversal invariant) potential have a fourfold
degeneracy (for A#O), corresponding to the sign of A and of the component C(= ? 1/2) of the spin along the symmetry axis. The spin-orbit
coupling produces a splitting of the states with numerically different values
of the component of total angular momentum

To leading order, the coupling gives an energy shift of the form
(5-9)
which favors the states with parallel spin and orbit (since V, is positive). In
the estimate (5-9), we have ignored the effect of the deformation on the
spin-orbit potential.
Numerical solutions of the one-particle spectrum valid for small as well
as large deformation parameters are illustrated in Figs. 5-1 to 5-5 (pp.
221 ff.). The main features of these spectra can be immediately understood
in terms of the transition between the coupling schemes (nZjQ) and
(n,n,AQ) considered above. Thus, for small 6, the figures show the linear
dependence on 6 given by Eq. (5-4), while for large 6, the variation is again
approximately linear, but with a slope given by Eq. (5-6). As can be seen
from the figures, the transition takes place gradually over a range of values
of 6, but for most orbits is nearing completion for the values of 6
corresponding to the equilibrium shapes of the strongly deformed nuclei.
In view of the approximate validity of the quantum numbers n3n1AZ,
it is convenient to label the orbits by these “asymptotic” quantum numbers;
the conventional notation is [Nn3AQ], where N = n3 n, is the total 0scillator quantum number. The validity of the asymptotic quantum numbers
can also be inferred from the wave functions given in Tables 5-2, pp. 228ff.,
and 5-9, p. 290. The quantum numbers n3,n,, and A imply selection rules
in the one-particle matrix elements (see, for example, Table 5-3, p. 234);
these asymptotic selection rules are found to play a major role in the
distribution of the transition strength for the various multipole operators
(see the discussion in Sec. 5-3b).
The validity of the quantum numbers A and Z is a rather general
feature of strongly deformed axially symmetric potentials. In fact, the states
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coupled by the spin-orbit interaction, which are degenerate in the spherical
limit, become widely separated for large deformations. (A deformation that
violates axial symmetry leads to a loss of the quantum numbers A and 2
and to the disappearance of the first-order spin-orbit coupling. In fact, in
the potential of lower symmetry, the orbital motion, in the absence of
coupling to the spin, becomes nondegenerate, in which case all components
of the orbital angular momentum have vanishing expectation value, as a
consequence of time-reversal invariance. (Degeneracy in the orbital motion
may occur, if the potential retains a symmetry axis of order n 2 3, together
with time-reversal invariance; see the discussion on p. 176.) This result
corresponds to the quenching of the orbital moment known in polyatomic
molecules and crystal fields (see, for example, Van Vleck, 1932); for a
discussion of orbital angular momentum in molecules and crystals, see
Herzberg, 1966, Chapter 1, and Ballhausen, 1962.)
The separation of the orbital motion represented by the quantum
numbers n3 and n , appears as a more specific feature associated with the
resemblance of the nuclear potential to that of a harmonic oscillator. The
most direct empirical evidence for this separation comes from the near
crossing of levels with different n3n,, but with the same values of Q and 7~
(see the discussion on p. 230).
The analysis of the one-particle spectra in deformed nuclei can be
extended to include the unbound states that manifest themselves in terms of
single-particle resonances. The strength associated with a particular singleparticle resonance n o in a spherical potential becomes distributed over
many different resonances in the spheroidal potential, each characterized
by the quantum numbers an-, with Q < j and 7~ =( - 1)'. Thus, one may
speak of a splitting of the one-particle strength function produced by the
deformation. This effect is illustrated by the neutron s-wave strength
function, shown in Fig. 5-6, p. 235. (The general formalism that may be
employed in the treatment of scattering problems for deformed potentials is
considered in Appendix 5A.)

v

ILLUSTRATIVE
EXAMPLES T O
S E C T I O N 5-1

One-particle spectra as function of spheroidal eccentricity (Figs. 5-1 to
5-5; Table 5-1)
A

An approximate description of the deformed nuclear potential, which has
been extensively employed in the interpretation of single-particle motion in
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deformed nuclei, is obtained by a simple modification of the harmonic
oscillator (Nilsson, 1955; Gustafson el al., 1967),

+

P2 + M (
H =a
;
.
;
2M

+

0:

(x:

+ x;)) + U / / h W 0 ( 12 (P),,,)+ v/shwo(I
-

*

s)
(5-10)

(12),,,=

iN(N+3)

For w3 = o1 = oo,the Hamiltonian (5- 10) corresponds to a spherical harmonic
oscillator with the addition of a spin-orbit coupling of the form (5-3) and a
term proportional to 12. The latter term lifts the degeneracy within each major
oscillator shell in such a manner as to favor the states with large I , corresponding to the level ordering in a potential with a more sharply defined
surface (see Vol. I, p. 222). The term (I2),,, is a constant for each oscillator
shell chosen so that the average energy difference between shells is not
affected by the 1’ term. Since the l2 and I - s terms represent relatively small
perturbations of the oscillator potential, the effect of the deformation on
these terms has been neglected. (For large deformations, see the discussion on
pp. 593ff.)
The values of the constants v , ~and ulS that are given in Table 5-1 have
been obtained from’an adjustment of the Hamiltonian (5-10) to the available
data on the intrinsic spectra of the deformed nuclei. The approximate values
of vIIand qScan also be derived from the parameters appropriate to spherical
Woods-Saxon potentials; see Vol. I, p. 238 and the discussion on pp. 593ff.
(In the light nuclei, the simple form of the spin-orbit coupling in Eq. (5-10)
only qualitatively describes the observed doublets; the value of vls in Table
5-1 for N and 2 less than 20 has been chosen to reproduce the splitting of the
d doublet in the nuclei after l 6 0 . )
A convenient definition of the deformation parameter for the anisotropic
oscillator is
(5-1 1)
which leads to a linear relation for the eigenvalues (5-6),
4 n 3 n 1 ) = h G ( N + t-f6,,,(2n3-n,))

(5-12)

+

where N = n3 nL is the total oscillator quantum number and G the mean
frequency,
G=

A

f(0,
+w2+03)=

5(20, +a3)

(5-13)

To leading order, the definition (5-1 1) corresponds to the parameter
employed in Eq. (5-5) and, assuming the same eccentricity of density and the
potential, also corresponds to the parameter 6 defined in terms of the
quadrupole moment (see Eq. (4-72)). However, the various deformation
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Figure

Region

- Vlr

- 011

5- 1
5-2
5-3
5-4
5-5

N a n d Z <20
50< Z <82
8 2 < N < 126
8 2 < Z < I26
126< N

0.16
0.127
0.127
0.1 15
0.127

0
0.0382
0.0268
0.0315
0.0206

Table 5-1
5-1 to 5 - 5 .

V

Parameters used in the single-particlepotentials of Figs.

parameters differ when higher-order terms are included. We have therefore
explicitly labeled the parameter in Eq. (5-1 1) to indicate its definition in terms
of the oscillator frequencies. (The relation between 6 and the parameter Pz
appearing in the multipole expansion of the radius parameter is given by Eq.
(4- 19I).)
In the diagonalization of the one-particle Hamiltonian, one may employ
the oscillator representation n3nl, for which the I-independent part of H has
the diagonal form (5-12). In this representation, the operator I is given by Eq.
(5-26) and is seen to contain terms that conserve the total number of
oscillator quanta (AN = 0) as well as terms with AN = 2. The latter terms are
of order S relative to the AN=O terms and will be neglected. (See in this
connection the comment on p. 230 concerning the crossing of levels with
AN=2.)
The spectra obtained from a numerical diagonalization of the Hamiltonian (5-10) are illustrated in Figs. 5-1 to 5-5. The eigenvalues are plotted
in units of Kiw as a function of the deformation parameter So,,. Apart from
terms of order S&, the mean frequency G can be identified with the frequency
oo estimated for spherical nuclei (see Vol. I, p. 209),
AG=:Cioo= 41 A

A

Ch. 5

-

MeV

(5-14)

This estimate of Kwo is based on an adjustment of the oscillator potential so
as to yield the correct mean square radius of the nuclear density distribution.
Such an adjustment of the oscillator potential also leads to an energy
separation between major shells in the neighborhood of the Fermi level in
agreement with that obtained from a Woods-Saxon potential (see, for example, Fig. 2-30, Vol. I, p. 239). This agreement is preserved when the
modification of the oscillator potential is taken in the form (5-10).
The empirical information on the nuclear eccentricities comes mainly
from the measured E2-matrix elements and thus determines the deformation
parameter S defined in Eq. (4-72). As mentioned above, this parameter differs
from So,, in higher-order terms, but in order to carry the analysis to this
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Spectrum of single-particle orbits in spheroidal potential ( N and Z < 2 0 ) . The
spectrum is taken from B. R. Mottelson and S. G. Nilsson, Mat. Fys. Skr. Dan. Vid.Selsk. 1,
no. 8 (1959). The orbits are labeled by the asymptotic quantum numbers [Nn,RO] referring
to large prolate deformations. Levels with even and odd parity are drawn with solid and
dashed lines, respectively.
Figure 5-1

V

A

accuracy, it becomes necessary to consider a number of other effects, such as
the angular dependence of the surface diffuseness and differences in the
eccentricities of the density and potential.
In regard to the latter point, it may be more appropriate to equate the
quantities R,S corresponding to the displacement of the surface (see, for
example, Table 6-2, p. 354); this relationship would imply values of S for the
potential that are 10-20% smaller than for the density. Since the spectra in
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Figure 5-2 Proton orbits in prolate potential (50 < Z < 82). The spectra in this and the
following figures (Figs. 5-2 to 5-5) are taken from C. Gustafson, I. L. Lamm, B. Nilsson, and
S. G. Nilsson, Arkiv Fysik 36,613 (1967). The orbits are labeled by the asymptotic quantum
numbers [Nn,AO]. Levels with even and odd parity are drawn with solid and dashed lines,
respectively. (Erratum: The orbit [301 3/21 is incorrectly labeled [301 1/21 at bottom of
figure.)

V

A

Figs. 5-1 to 5-5 are not sensitive to such relatively small changes in 6, the
applications in the present chapter are based Qn the assumption that So,, can
be approximately equated to the deformation parameters obtained from Q, as
given in Fig. 4-25 and Table 4-15.
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Neutron orbits in plolate potential (82 < N

< 126). See caption to Fig. 5-2.

The main trends of the energy levels in Figs. 5-1 to 5-5 can be understood in terms of the approximate solutions for small and large deformations
as discussed in the text, p. 217. Thus, the expectation value of H in the
representation NrjQ appropriate to small S is given by Eq. (5-4), while the
expectation value in the cylindrical oscillator representation n3n1 A 0 is given
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Figure 5-4
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Proton orbits in prolate potential (Z > 82). See caption to Fig. 5-2.
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-A2-

#)+ v J c )

(5-15)

Q=A++)

The deformation characterizing the transition to the asymptotic
approximation (5- 15) can be estimated by comparing the energy shifts produced by the deformation with those associated with the terms v, and v,. The
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Neutron orbits in prolate potential ( N

> 126). See caption to Fig. 5-2.

former are of order NKw,G, while the latter increase with I and become
comparable to the spacings of the major shells for the largest values of the
angular momentum. Thus, for typical equilibrium deformations (6--A N - I ) , the asymptotic description is applicable to most orbits; however, this
description may be inadequate for orbits with especially large values ofj. (For
example, the sequence of proton orbits [550 1/21, [541 3/21, [532 5/21, etc. in
Fig. 5-2 is rather well described as hI1,*, even for 6x 0.3 (as can be seen from
Table 5-2), and similarly, the neutron orbits [660 1/21, [651 3/21, etc. in Fig.
5-3 are rather close to i,3/2.)
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The model (5-10) of the deformed potential has the simple feature that
the A dependence of the potential is approximately represented by a scaling
of the unit of energy. The model is specifically designed to describe the levels
in the region of the Fermi surface, but may be less appropriate for highly
excited levels due to the continued increase of the potential beyond the
surface region. For a review of calculations employing different models of the
deformed potential, including the Woods-Saxon form, see Ogle et al. (1971).
The level diagrams in Figs. 5-1 to 5-5 provide the basis for an interpretation of the spectra of odd-A deformed nuclei, as is discussed in some detail in
the examples to Sec. 5-3. As an aid in these applications, the particle numbers
obtained by filling the orbits up to a given level are indicated at a number of
points in the spectra.
For the strongly deformed potentials, the one-particle spectra exhibit
considerable complexity and a more uniform level density than for the
spherical potential. However, we note several rather simple systematic features in the spectra of Figs. 5-1 to 5-5.
(i) The levels associated with a major shell in the spherical potential
spread out in a rather uniform manner with increasing deformation. This
pattern provides an interpretation of the trends in equilibrium deformations
as exhibited in Fig. 4-25, p. 133. At the beginning of the deformed region at
N z 9 0 , the neutron levels at S=0.3 have moderate negative slopes as a
function of 8, and thus the deformation increases until a maximum is reached
for Nm 100. In contrast, the proton levels have positive slopes for 2 > 62, and
the deformations decrease with increasing proton number. In the heavy
element region, the deformations are expected to increase to a maximum at
ZmIOO, while the neutron maximum is passed at N z l 5 0 .
(ii) The spreading out of the levels of the major shells leads to a
relatively low single-particle level density for equilibrium deformations in the
middle of shells. A probe of the average one-particle level density in the
neighborhood of the Fermi level is provided by the pair correlations, since the
extent of configuration mixing produced by the pairing force depends
strongly on the energy separation between the one-particle levels. (See, for
example, the expression (6-616) for the magnitude of the pair-correlation
parameter A.) The decreased level density in the deformed nuclei is reflected
in a decrease in the magnitude of the odd-even mass differences (see Fig. 2-5,
Vol., I, p. 170).
(iii) For the anisotropic harmonic oscillator potential, major degeneracies
in the single-particle spectra (shell structure) occur when the oscillator
frequencies are in the ratio of (small) integers (see Fig. 6-48, p. 592). The ratio
wL : w3 = 2 : 1 implies So,, = 0.6 (see Eq. (5-1 l)), and the closed-shell numbers
in a pure harmonic oscillator potential are .. ., 60,80,110,140,. . .. The I’ and
1-s terms remove the degeneracies of these shells and, as for the spherical
shell structure, shift a few of the orbits with the largest A and Q = A + 1/2
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into the shell below (see the discussion in Chapter 6, p. 597). Indications of
the Tesulting minima in the single-particle level density at nucleon numbers
..., 66,86,116,148 ,... can be seen in Figs. 5-2 to 5-5. (For such large
deformations, it becomes necessary to consider the effect of the deformation
on the 1' and I * s terms; see the discussion on pp. 594 ff.)

One-particle wave functions for spheroidal potential (Table 5-2)
The diagonalization of the Hamiltonian (5-lo), as discussed in the
previous example, yields eigenfunctions in the cylindrical oscillator basis
n3n1ASZ. Table 5-2a gives a selection of these wave functions for the oneparticle spectra drawn in Figs. 5-2 and 5-3. The table is intended to illustrate
the structure of the eigenstates and provides a basis for the analysis of the
empirical data on the low-energy spectra of the odd-A nuclei in the region
150 < A < 190. The eigenstates are labeled by the asymptotic quantum
numbers [Nn,ASZ]and are given for a deformation 8=0.3. The evaluation of
matrix elements of one-particle operators in the n3nl ASZ representation is
discussed in the following example, pp. 231 ff.
Other features of the deformed wave function may be exhibited by
transforming the wave functions to a spherical basis NlhSZ. This transformation can be carried out in two steps; the first, involving a transition to an
isotropic oscillator, is obtained by scaling the wave functions by the factors
( W ~ / W ~ ) ' and
/ ~
(a1/ o ~ ) ' /in~ directions parallel and perpendicular to the
symmetry axis, respectively. The second step involves a transformation from
the isotropic cylindrical basis to the spherical quantum numbers. (For a
discussion of the tracsformations between the various oscillator representations, see Talman, 1970.)
The scaling of the wave function leads to a considerable increase in the
number of significant components of the states in the spherical basis. It is
therefore convenient to absorb this part of the transformation into the
operators and to exhibit the wave functions resulting from the effect of the
second transformation alone. The states given in Table 5-2b are obtained in
this manner from those listed in Table 5-2a. In the evaluation of matrix
elements on the basis of the wave functions in Table 5-2b, the scaling of the
position and momentum operators implies

2)

1/ 2

,'+PI(

wp,( 1 + 48)

'/2

z)

xpz(1

P2--'P2( a1

2)

I /*

A

x3+x3(
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+i 8 )

1 /2

P3 +P3(
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(5-16)
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N=4

n,=4
A=O

IN n 3 W
protons
413 5/2
411 3/2
411 1/2
404 7/2
402 5/2
402 3/2
400 1/2
neutrons
404 7/2
400 1/2
402 3/2
N=5
"n@2]
protons
532 5/2
523 7/2
514 9/2
541 1/2
neutrons
530 1/2
505 11/2
521 3/2
523 5/2
521 1/2
512 5/2
514 7/2
510 1/2
512 3/2
N=6
"n3Aal
neutrons
651 3/2
642 5/2
633 7/2
624 9/2

n3=3
A= 1

n,=2
A=0,2
- 0.342

-0.179

0.054
0.174
0.108
0.976
0.982
0.965
0.968

-0,123
-0.115

-0.219
-0.213
-0.218

0.976
0.968
0.968

- 0.223

0.130

- 0.255

-0.310

- 0.156

0.026

0.06 1
0.05 1

0.010

0.047
0.048

n3=5

n3=4

A=O

A= 1

n3=3
A=0,2

-0.151

- 0.669
-0.107

0.605

-0.158

0.181

n3=2
A = l,3

n3= 1
A=0,2,4

n3=0
A = l,3,5

0.397
0.934
0.396

0.310
0.312
0.978
0.022

0.075
0.177
0.21 1
0.063
0.055
1 .Ooo
0.184
0.178
0.197
0.166
0.151
0.157
0.156

-0.618

0.702

0.160

0.291

-0.152

- 0.475

0.826
0.850
0.797
- 0.330
- 0.33 1
-0.337
-0.335

0.189
0.204
0.184
0.919
0.932
0.898
0.90 1

- 0.452
- 0.234

- 0.453

-0.141
0.022

0.1 10
0.1 10

n3=5
A= 1

n3=4
11=0,2

0.698

0.489
0.81 1

- 0.207
-0.199

n3=0
A=0,2,4

0.938
0.926
0.900
-0.219
-0.111
- 0.203
-0.168

- 0.250

0.861

n3= 1
A=1,3
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n,=3
A = 1,3

n3=2
A=0,2,4

n,=l
n3=0
A=1,3,5 A=0,2,4,6

0.463
0.435
0.889

0.218
0.368
0.37 1
0.943

0.107
0.126
0.263
0.296

Table 5-20

0.026
0.045
0.058
0.151

Cylindrical basis

Table 5-2 Wave functions for nucleonic motion in prolate potential. The table gives
eigenstates for the Hamiltonian (5-10) with parameters as given in Table 5-1 (50<Z<82;
82 < N < 126) and a deformation S = O . 3 . In Table 5-2a, the wave functions are expanded in
the basis Nn,AD, while in Table 5-2b the same states are given in the basis NIAD. The wave
functions are similar to those contained in the more extensive tabulation by S . G . Nilsson,
Mat, Fys. Medd. Dan. Vid. Selsk. 29, no. 16 (1955), except for the minor modifications in the
parameters of the potential. In Table 5-2a, the phases of the components are chosen in
accordance with the convention described on pp. 231 ff. (see especially Eq. (5-27)), and the
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N=4
[ Nn,AQI

protons
413 5/2
411 3/2
411 1/2
404 7/2
402 5/2
402 3/2
400 1/2
neutrons
404 7/2
400 1/2
402 3/2

- 0.296

0.4 I8
-0.163
-0.218
0.232
- 0.086
0.147
-0.219
0.186
-0.106

N=5

INn,AQl
protons
532 5/2
523 7/2
514 9/2
541 1/2
neutrons
530 1/2
505 11/2
521 3/2
523 5/2
521 1/2
512 5/2
514 1/2
510 1/2
512 3/2

+ 1/2

1=4

A = Q - 1/2
1=2

0.297

0.966
-0.193
0.539

0.81 I

+ 1/2

A=&
1=3

1=5

0.775

1=4

1=2

0.938
-0.140
0.396
0.976
-0.111
0.22 I
- 0.072

0.952
-0.160

0.976
-0.104
0.259

-0.192
0.940

Z=

1/2

I= 1

A = 3 + 1/2

Z = - 1/2

1=0

0. I79
0.864
- 0.099

0.563
-0.196
Z=

229

-

0.246
0.848

1/2

A = Q + 1/2

1=5

1=3
- 0.062

- 0.232

0.882
0.939
0.978
-0.354

- 0.244

0.485

-0.335

0.399
0.3 I2
0.21 1
0.686

0.663
1.000
0.57 I
- 0.25 I
-0.207
0.415
-0.262
0.28 I
-0.151

0.179

-0.342

- 0.249

0.552

0.575
0.427
0.08 1
0.832
0.252
0.672
-0.150

-0.287

- 0.278
0.861
0.50 I
- 0.255
0.932
-0.153
0.358

0.429
-0.116
0.629
0.267

-0.144

2=+1/2

N=6

INnJQI

1=6

neutrons
651 3/2
642 5/2
633 7/2
624 9/2

0.146
0.829
0.895
0.945

0.47 1

0.565
0.32 I

A=Q-l/2
1=4
1=2

- 0.311

- 0.324
- 0.240
-0.141

0.120
0.055

-0.151
0.850

Z = - 1/2

1=6
0.497
0.437
0.371
0.296

I= I

0.040
-0.212

-0.287

0.323

A = Q + 1/2
1=4
1=2

-0.199
-0.120
- 0.056

Table 5-2b

0.034

Spherical basis

overall phase is chosen so as to give a positive value for the leading coefficient,
(Nn,AOl[Nn,AO]). The phases of the spherical basis, employed in Table 5-2b, correspond to
angular wave functions i'YIAand radial wave functions that become positive for r+co (see
Vol. I, p. 360; this phase convention differs by the factor i' from that employed by Nilsson,
locxit.); the overall phase is the same as in Table 5-2a, which leads to a positive sign for the
largest component, for all the states in the table. We wish to thank J. Damgaard, I. L.
Lamm, and S. G. Nilsson for help in the preparation of the table.
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While the scaling in general implies corrections to the matrix elements of
order 6, the matrix elements of the angular momentum within an oscillator
shell (AN=O) are only affected to order 6*.
An expansion in terms of basis states labeled by the total angular
momentum j of the particle can be obtained from the wave functions in Table
5-2b by means of the transformation

(5-17)

where v (= [ Nn,AZ]) labels the eigenstates. The wave functions of the (sd)
shell are given in the NGO representation in Table 5-9, p. 290.
The eigenstates in Table 5-2b exhibit the very strong mixing of components with different I values resulting from the deformation. The approximate validity of the asymptotic quantum numbers can be seen from Table
5-2a. For most of the states, the leading component represents 80% or more of
the total wave function; however, the states that in the spherical limit have
large values of j approach the asymptotic limit more slowly and, for 6=0.3,
have large admixtures. This conclusion is the same as that deduced from the
variation of the energies as a function of 6 (see p. 222).
As discussed on p. 220, the A N = 2 matrix elements of the l2 and I-s
terms have been neglected in the diagonalization of the Hamiltonian (5-10).
As a result of this approximation, levels with different N , but with the same
quantum numbers On, exhibit crossings. (See, for example, the Oa = 3/2
levels [402 3/21 and [651 3/21 in Fig. 5-3 that cross at 6 ~ 0 . 3 . The
)
interaction
between these approximately degenerate levels with AN = 2 is expected to be
small, on account of the large differences in the quantum numbers n3 and n, .
Estimates have yielded interaction energies that are of the order of or less
than 100 keV, but the results are sensitive to the occurrence of higher
multipoles in the deformation as well as to the radial shape of the potential
(Nemirovsky and Chapurnov, 1966; Andersen, 1968 and 1972). In the narrow
region of S in which the distance between the unperturbed levels is comparable with their interaction, the orbits become strongly mixed; such a sharing
of the properties of the orbits has been observed in the one-particle transfer
intensities and has yielded experimental values of the interaction matrix
elements of 5&100 keV (Sheline et al., 1967; Tjum and Elbek, 1967; Grotdal
et al., 1970). The smallness of these coupling matrix elements is a rather
striking manifestation of the approximate validity of the separation of the
motion into oscillations parallel and perpendicular to the symmetry axis.

+
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Matrix elements for oscillator wazje functions in cylindrical basis (Table

5-3)
In the evaluation of matrix elements for particles moving in a harmonic
oscillator potential, it is often convenient to describe the motion in terms of
the quanta of oscillation. For a one-dimensional oscillator, the operators ct
and c that create and destroy quanta are linear combinations of the
coordinate and momentum of the particle,

RMu

1 /2

(ct-c)

(5-18)

where o is the oscillator frequency. The nonvanishing matrix elements of ct
are
( n + lJc+l,z)=(n+ $I2
(5-19)
and the normalized wave functions can be written
-1/2

In)=(n!)

t "

( c ) In=O>

(5-20)

For the three-dimensional oscillator, we shall employ the standard phasing of the states, such that 9T=+ 1, where 9 represents a rotation of 180"
about the 2 axis. The matrix elements of pI, x2, and p 3 are then real and will
be taken to be positive in the (n,n2n3)basis, while the matrix elements of xl,
p 2 , and x3 are imaginary. (The phase of the matrix element of x in Eq. (2-154)
is that of the one-dimensional oscillator, as in Eq. (5-18).) Taking the
operators c: to have real and positive matrix elements, as in Eq. (5-19), one
obtains

(5-21)

A
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In the limit of spherical symmetry ( o I = 0 2 = w 3 ) , the quantities cT,icl,cf form
the Cartesian components of a vector.
For the spheroidal oscillator potential, one may employ a cylindrical
representation where the particle states are specified by the number of quanta
n3 in the direction of the symmetry axis and the number of quanta n , (and
n - ) moving in the (12) plane and carrying + 1 (and - 1) units of angular
momentum relative to the 3 axis. The total number of quanta and the 3
component of the total angular momentum are given by
N=n3+ n, +n-

(5-22)

R=n+-nIn the cylindrical basis ( n + n - n , ) , we shall adopt a phase choice such
that the operators c!+,cf,ct have positive matrix elements and, in the limit of
spherical symmetry, form the spherical components of a vector operator (see
Eq. (1A-56)),
,t = + 2 - ' / 2
2

t
(c1

4)
(5-23)

with the inverse relations

(5-24)

A

$ 5-1
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The wave functions in Table 5-2a are expressed in the basis Nn,A, in
which the matrix elements of the coordinates are (see Eq. (5-24))
( N ‘ n , , h ? l l x , + ix21Nn,A) = ti

( 2Mo,tl )
~

1/2

((N-n,kA+2)1/26(N’, N + 1 )

(5-25)

The orbital angular momentum is a bilinear expression in the ct,c
operators,
l,k i12=(2w3w,)

I,=

CLC,

-

~

1/2

((w3+w,)(c:c,

+ct,c3)+(w3-0,)(cfct+

+C3C,))

(5-26)

c t- c -

and we obtain the matrix elements
a 3+

( N n ; , A + 111, k i121Nn3A)=

( ( n , + 1 ) 1 /2 (

N-n,iA)

1/2 S ( n ; ,

n,+ 1 )

2(w30,

+ ( n 3 ) 1 / 2 N( - n3+ A +2)’”S(n;,

n3 - 1 ) )

(5-27)

(Nn3hl 131 N n 3 A ) = A

A

The components I , k i12 have additional matrix elements with A N = k 2,
associated with the second term in Eq. (5-26). The A N = 2 matrix elements,
however, are smaller by a factor S than the A N = O matrix elements, corresponding to the fact that the orbital angular momentum becomes a constant
of the motion for a spherical potential.
The above relations are convenient for the evaluation of matrix elements
of the various multipole operators. For E 1 and M 1 moments, the selection
rules are summarized in Table 5-3, and the matrix elements follow from Eqs.
(5-25) to (5-27). For multipole operators of higher order, the selection rules
and matrix elements can be obtained by expressing the operators as
polynomials of the coordinates and angular momentum components. (Tables
of selection rules for multipole operators for y and j3 transitions have been
given by Mottelson and Nilsson, 1959.)

PARTICLE MOTION IN DEFORMED NUCLEI

234H

Multipole

v=AQ

Operator

El

-tl

x , t ix,

0
MI

-tl
-tl

0
Table 5-3

x3

I , ? il,
s1 t is,
s3>13
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lArz31

AA

A2

1
1

0
1

t 1

0
0

0,2
0
0

I
0
0

t1

0

0
0

tl
0

IAN1

0

Selection rules for E 1 and M 1 moments in spheroidal oscillator potential.

Strength function for slow neutrons interacting with a nonspherical
nucleus (Fig. 5-6; Tables 5-4 and 5-5)
As an illustration of the effect of the nuclear deformation on the
one-particle strength function in the resonance region, we consider the model
of slow neutrons interacting with a complex square-well potential of
spheroidal shape without spin-orbit coupling (Margolis and Troubetzkoy,
1957),
V(r)=V+iW
r<R(9)=Ro(l+f6P,(cos9))
(5-28)
=O
r>R ( 9 )

The angle 9 is measured from the symmetry axis of the nucleus, which is
assumed to have a fixed orientation during the collision (adiabatic approximation; see p. 238). For zero incident energy, the expansion of the wave
function in spherical harmonics takes the form

(5-29)

A

where j l is a spherical Bessel function, while the coefficients AI,Bl, and the
scattering length a are complex constants obtained by requiring the continuity of the wave function and its derivative across the nonspherical boundary
R ( 9 ) . The boundary conditions in Eq. (5-29) are appropriate to the limit of
very small incident energies, for which one can neglect the outgoing waves
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with IZO; in this limit, the scattering amplitude reduces to the scattering
length ( f = - a; see Eqs. (2-183) and (3F-33)). The cross section for absorption (compound nucleus formation) is given by (see Eq. (3F-72))
ucOmp=-4nXIma

(5-30)

which may also be expressed in terms of the s-wave strength function (see Eq.
(2-159))
(5-3 1)

where
):?I is the average neutron width of the s-wave resonances, reduced to a
neutron energy of 1 eV, while D is the average spacing of these resonances.
Strength functions, obtained from the potential (5-28), are given in Fig.
5-6 as a function of the mass number. The parameters given in the figure
imply

(5-32)

(KRo(= 2.05A ’ I 3

A

where K is the inside wave number (see Eq. (5-29)). The strength function
peak, shown in Fig. 5-6 for spherical nuclei with A = 150, corresponds to the
4s resonance (IKR,,i = :T).

1

V = - ( L2 + 1.26 i ) M eV

nL s

R0=1.45 A”3fm

3
-I

[600 h]

[610’/2]

-90

100

110

120

I

I

I

130

1.40

150

I
160

I

170

180

190

200

210

220

A
Figure 5-6 Strength function for s-wave neutrons of zero energy incident on a deformed
square-well potential. The theoretical analysis is due to B. Margolis and E. S. Troubetzkoy,
Phys. Rw. 106, 105 (1957).
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As can be seen from Fig. 5-6, the deformation causes a splitting of the 4s
resonance into several components. This effect can be attributed to the
coupling to the near-lying resonances in the channels with I = 2,4, etc. and is
similar to the effect of the deformation on the bound orbits, which leads to a
division of the s-wave strength between the different orbits with A r = O + . A
simple estimate of the strength function in the neighborhood of the 4s
resonance may be obtained by considering the coupling between the states in
the N = 6 shell (4s, 3d, 2g, and li). The position of these states, in the absence
of coupling, may be characterized by the value of R , for which they occur at
zero energy. The imaginary part of the potential does not significantly affect
the location of the resonances, and for a real spherical potential, the condition for zero energy resonance implies (see Eq. (5-29))
(5-33)
which is equivalent to
(5-34)

j,- 1 (KR,) = 0

The resulting eigenvalues for the four resonances in the N = 6 shell are

KR, =

I

11.00

4s

10.90

3d

10.42

2g

9.36

li

(5-35)

which can be converted to energy differences by means of the relation

h2
AE= -KR,A( KR,)
MR;
w220A -2/3 A( KR,)

MeV

(5-36)

appropriate to KR, = 11 and R, = 1.45A fm.
To first order in 6, the coupling has the form (see Eq. (5-2))
H , = 3SVR,S(r- R,)P,(cosS)

(5-37)

with the matrix elements (see Eqs. (IA-42) and (1A-44))

-)

<~',A=OlH,II,A=O)=36z""VR: 9'/
(R,) 9/,.(R,)(/02011'0)2(2 / + 1
21 + 1

1 /2

(5-38)
A

In evaluating the coupling matrix elements (5-38), we shall employ radial
wave functions corresponding to resonances at zero energy; this approxima-
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tion is justified provided the shifts in the one-particle strength satisfy the
condition A(KR,)<<n. For resonance states at zero energy, the radial wave
functions at the surface can be obtained from the integral of the square of the
wave function over the nuclear volume,

iRo(9,
( r ) )2 r'dr

=

f R i ( 9,(R,))'

1
= \I 21-1
21+

I=O
1

If0

(5-39a)

(5-39b)

The relation (5-39a) follows from standard expressions for the integral of the
Bessel functions, using the boundary condition (5-33). The relation (5-39b)
expresses the normalization condition; for the states with I # 0, the normalization integral receives an additional contribution from the region outside the
nuclear surface, as given by Eq. (3F-56). This region does not contribute for
1=0 waves, due to the strong reflection at the surface r = R,; in fact, once the
neutron has penetrated into the nucleus, it stays there indefinitely (for zero
bombarding energy); in contrast, the I # O waves are held within the neighborhood of the nucleus by the centrifugal barrier, but penetrate rather easily
back and forth through the surface r = R,. One may also recognize that the
square of the wave function at r = R , can be directly related to the singleparticle width for resonance scattering, since the outgoing flux is equal to the
density obtained from Eq. (5-39) multiplied by the centrifugal barrier factor u,
and the outside velocity (see Eq. (3F-51) and the discussion in Sec. 3F-2b).
Diagonalizing the Hamiltonian consisting of the diagonal elements given
by Eqs. (5-35) and (5-36) and the nondiagonal terms given by Eqs. (5-38) and
(5-39), one obtains the eigenvalues and s-wave strengths listed in Table 5-4.
The eigenstates have been labeled by the asymptotic quantum numbers Nn,R.
The differences in KR, can be related to differences in A by means of
(5-40)

A

and the values in Table 5-4 are seen to account rather well for the distribution
of s-wave strength in Fig. 5-6. The widths of the separate resonances are
determined by the absorption potential W and are therefore not much
affected by the deformation. As mentioned above, the treatment of the
coupling has assumed A(KR,)<< n. While this condition is rather well fulfilled
for the two major components in the s-wave strength function, it is badly
violated for the very weakly excited state with KR,%9.
The empirical data on the s-wave strength function in the region 140 < A
< 180 show large deviations from the values calculated for a spherical
potential (see Fig. 2-26, Vol. I, p. 230), and it is apparent from the results for
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the simple model that the effect of the nuclear deformations must be included
in the interpretation of these data. However, in a quantitative analysis, the
effects of the diffuseness of the potential and of the spin-orbit coupling are
expected to be significant.
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[601
[6201
~6401
[6601

11.29
10.60
10.11
(9.01)

0.62
0.34
0.04
(6 X lop5)

Eigenstates for zero-energy neutrons in deformed potential. The parameters of the potential are
the same as those given in Fig. 5-6.

Table 5-4

V

A

The diffuseness reduces the reflection of the neutrons at the nuclear
surface and thus considerably increases the single-particle width and hence
the total area under the strength function curve. (Compare the results for a
spherical potential in Fig. 5-6 with those in Fig. 2-26, Vol. I, p. 230; see also
the treatment of the effect of diffuseness on the single-particle width in Vol. I,
p. 445; estimates of neutron strength functions for diffuse spheroidal potentials have been given by Chase et d,1958.)
The spin-orbit coupling gives rise to a mixing of the A = 0, Z = 1/2 and
A = 1, Z = - 1/2 states and thus to an additional splitting of the s-wave
strength function. As an illustration of the significance of this additional
coupling, the s-wave strength for the N = 6, f2 = 1/2 states, as calculated from
the Hamiltonian (5-lo), are listed in Table 5-5. It is seen that, for 6=0.15, as
in Fig. 5-6, the spin-orbit coupling has a major effect on the distribution of
the 1=0 strength, and even for 6=0.30, as for the largest deformations in the
region considered, the effect is considerable. The last column of Table 5-5
gives the distribution of the 1= 0 strength for a spheroidal oscillator potential,
which represents an asymptotic situation, in which the effects of the deformation are large compared with the spin-orbit coupling as well as with the
separation between the states with the same value of N in the spherical
potential.
In the above discussion, the rotational energy of the target nucleus has
been neglected. As in the treatment of the bound-state problem, such an
approximation can be justified when the rotational frequency is small compared with the frequencies involved in the structure of the intrinsic state. In
the treatment of low-energy scattering, it is in general necessary to include the
rotational energy in the region outside the nucleus, where it may decisively
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(I =O([ Nn,R Q = 1/2])'
[ Nn3AQ21

6=0.15

6 = 0.3

Asymptotic

[600 1/21
[611 1/21
[620 1/21
[631 1/21
[640 1/21
[651 1/21
[660 1/21

0.59
0.17
0.08
0.14
0.002
0.02
0.0003

0.55
0.08
0.15
0.11
0.03
0.07
0.0 1

16/35
0
8/35
0
6/35
0
5/35
-

Strength of s waves for neutron orbits with N = 6 . The
expansion amplitudes for 6=0.15 and 0.30 are taken from S. G.
Nilsson, Mat. Fys. Medd. Dan. Vid. Selsk. 29, no. 16 (1955). The values
in the last column refer to a spheroidal harmonic oscillator potential
(in the limit of small deformation).

Table 5-5

'
I

A

affect the propagation of the particles. In the present case, this correction is of
minor significance, since it does not affect the 1=0 channel and since, in the
other channels, the rotational energy is small compared with the centrifugal
barrier. (The use of the adiabatic approximation in the more general treatment of scattering by nonspherical systems is discussed in Appendix 5A.)

5-2 CLASSIFICATION OF ODD-A SPECTRA
Aligned coupling scheme

The occurrence of a nonspherical component in the one-particle potential removes the degeneracies that are characteristic of a spherical nucleus
and leaves only the twofold degeneracy associated with time reversal
invariance. Thus, in an even-even nucleus, the lowest state of independentparticle motion is obtained by a pairwise filling of conjugate orbits and is
nondegenerate. This ground-state configuration is characterized by an
alignment of the orbital motion of the nucleons with respect to the orientation of the deformed fieid (aligned coupling scheme). In an axially symmetric potential, the pairwise filling of the orbits implies
A

K=

Qk=0

(5-41)

k=l

The last filled orbit in the ground-state configuration is referred to as the
Fermi level. Excited configurations are obtained by transferring one or
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more particles from the occupied orbits into the unoccupied orbits above
the Fermi level. The unoccupied orbits below the Fermi level are referred to
as holes, while the occupied orbits above the Fermi level are called particles
(see the discussion of the particle-hole representation in Appendix 3B).
In an odd-A nucleus, low-lying configurations are obtained by occupying one of the orbits singly (a single particle or a single hole), while the rest
of the nucleons occupy the lowest remaining orbits pairwise. In such a
configuration, the values of KT are the same as the quantum numbers GT of
the single particle or single hole. More complicated configurations may be
created by exciting one or more of the particles from the paired “core.”
Pair correlations. Quasiparticles
A significant modification of the independent-particle motion is to be
expected from the interactions that give rise to the nuclear pairing effect. In
fact, in heavy nuclei ( A > loo), these interaction energies, as measured by
the odd-even mass difference A, are of the order of 1 MeV (see Fig. 2-5,
Vol. I, p. 170) and thus several times larger than the spacing between
single-particle orbits in the deformed field (see Figs. 5-2 to 5-5). In spite of
the rather large configuration mixing that must be expected in such a
situation, essential features of the one-particle motion may be preserved,
because the pairing effect can be generated by interactions that only give
rise to transitions (v,ijl)+(v2ij2)of two particles in conjugate orbits, as in the
JT = 0 + paired two-particle state in a spherical nucleus. (For an analysis of
the correlation effect in the paired two-particle state, see the discussion of
the ground state of 206Pbon pp. 641 ff.)
In the ground state of an even-even deformed nucleus, the configuration mixing generated by transition matrix elements ( v 1F,)+(v2F2) produces
a coherent superposition of components involving only pairs of particles in
conjugate orbits. In an odd-A nucleus, the lowest states involve a single
unpaired particle in one of the orbits near the Fermi level; this particle is
iot affected by the pair interactions of the type considered, and the rest of
he particles form a pair correlation similar to that of the ground state of
wen-even nuclei. Such states in odd-A nuciei can be classified by the
pantum numbers of the unpaired particle.
Thus, the pair-correlated system can be described in terms of generalzed one-particle excitations referred to as quasiparticles, and the number of
quasiparticles is denoted by v. The ground state of an even-even nucleus is
the quasiparticle vacuum (v=O), and the low-lying states of odd-A nuclei
are single-quasiparticle states (v = 1).
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The pair correlations are associated with strong configuration mixings
involving all the levels (vF) within a distance of order A from the Fermi
level. When the number of these levels is large, a rather simple, collective
description of the pair correlations can be obtained in terms of a generalized one-particle potential that acts to create and annihilate pairs of
particles in conjugate orbits. (The collective degrees of freedom of such a
“pair field” are discussed in Sec. 6-3f, and the quasiparticles that result
from one-particle motion in the presence of the pair field are considered in
the example on pp. 647ff.) Though the quasiparticles retain the quantum
numbers of the one-particle orbits, their properties are significantly modified by the presence of the pair field, and these modifications will be
included in the analysis of the present chapter.
Identification of single-quasiparticle states

The observed spectra of the odd-A deformed nuclei provide extensive
tests of the aligned coupling scheme. The low-lying states form rotational
bands with quantum numbers KT corresponding to the calculated sequence
of QT values for one-particle motion in a spheroidal potential. Examples
are illustrated in Figs. 5-7, p. 254 (159Tb),5-9, p. 259 (175Yb),5-12, p. 266
(237Np),5-14, p. 274 (235U),and 5-15, p. 284 (25Mgand 25Al),as well as in
the examples in Chapter 4; see Figs. 4-15, p. 103 (‘69Tm),4-16, p. 106 (177Lu
and 177Hf),4-19, p. 112 (239Pu),and 4-28, p. 154 (175Lu).The analyses of the
various properties of these bands confirm the identification and provide
detailed comparisons with the calculated one-particle orbits (see Sec. 5-3).
The systematic classification of the low-lying bands in deformed odd-A
nuclei with 150<A < 190 is summarized in Tables 5-12, p. 296, and 5-13, p.
299. For nuclei with 19 < A < 25, the classification of the odd-A spectra is
given in Table 5-8, p. 286
The sequence of single-particle orbits confirms the approximate equality between the deformation of the potential and that determined from the
E2-transition probabilities. The evidence for the occurrence of p4deformations (see Table 4-16, p. 140) is also supported by more detailed features in
the single-particle level separations (see the discussion on p. 298).
It is a striking feature of the observed odd-A spectra in heavy deformed nuclei that the only states occurring in the low-energy spectrum below
about 0.5MeV are those that can be associated with the one-quasiparticle
configurations. In the region from 0.5 MeV to about 1 MeV, there occur
additional states that appear to represent vibrational excitations superposed
on the v = 1 configurations (see footnotes to Tables 5-12 and 5-13). At
higher energies, a much greater density of levels is observed, among which a
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number have been identified as configurations with three unpaired particles
(see, for example, the high-spin isomers in Fig. 4-16, p. 106). The absence of
the three-quasiparticle states in the lower part of the odd-A spectra can be
attributed to the pair correlations, which imply that an energy of approximately 2A is involved in breaking a pair. (In a similar manner, the
two-quasiparticle configurations in the even-even nuclei are not observed
below excitation energies of about 1 MeV; see, for example, the spectrum of
168Ershown in Fig. 4-7, p. 63, and 234Ushown in Fig. 6-39, p. 554.)
The systematic identification of the one-particle intrinsic states in the
odd-A deformed nuclei makes it possible to establish the absolute energy
scale for the one-particle spectrum and thus to test the possible occurrence
of a velocity dependence in the one-particle potential (effective mass; see
Vol. I, pp. 147ff.). In this analysis, one must take into account the
above-mentioned effect of the pair correlations, which implies a systematic
reduction of the spacings between the low-lying quasiparticle states. When
corrected for this effect, the absolute scale of the observed single-particle
energy differences appears to be in agreement with the calculations for a
static potential (see the discussion of empirical data on p. 265).
The description of the low-lying states in odd-A nuclei in terms of
single quasiparticles is the counterpart, for the deformed nuclei, of the
generalized one-particle model for spherical nuclei discussed in Sec. 2-4 (see
Vol. I, pp. 224ff.). The major interaction effect that tends to destroy the
quasiparticle coupling scheme is the interaction with the quadrupole shape
oscillations. Due to the large amplitude and low frequency of these oscillations in the spherical nuclei, the one-particle description has only qualitative significance. (A measure of the strength of particle-vibration coupling
is provided by the parameter f2 defined by Eq. (6-212); the quadrupole
parameters in Figs. 6-28 and 6-29 imply values of f2 that are typically of
order unity.) However, in the spheroidal nuclei, the main part of this
coupling is included in the average deformed field, and the amplitudes of
the oscillation about the spheroidal shape are much smaller than for most
spherical nuclei. (The zero-point amplitudes for the ,8 and y vibrations are
typically of order Ap-0.05 and p,Ay-0.05 (see the examples given by Eqs.
(4-263) and (4-248)), while the corresponding quantity for quadrupole
vibrations of spherical nuclei is typically a factor of two to five times
greater). Thus, the one-quasiparticle description has a significantly greater
quantitative validity in the deformed than in the spherical nuclei.
In the enumeration of the excited configurations, one must take into
account that certain combinations of intrinsic excitations are spurious, in
the sense that they are included in the rotational degrees of freedom. The
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rotational motion is mainly built out of intrinsic excitations with energies of
order h , 6 , corresponding to the states that are strongly excited by the
Coriolis interaction (see the discussions in Chapter 4, pp. 82ff. and
Chapter 5, pp. 281 ff.); in odd-A nuclei, the spurious excitations are built
predominantly out of configurations with three quasiparticles. In heavy
nuclei, the spurious excitations involve configurations with excitation energies that are rather large compared with the spacing of the single-particle
levels and do not play any role in the classification of the states in Tables
5-12 and 5-13. In the light nuclei, the removal of the spurious intrinsic
excitations may be important even in the analysis of the lowest excited
intrinsic states (see the example of the A = 19 spectrum discussed on pp.
288 ff.).

5-3 MOMENTS AND TRANSITIONS
5-3a One-Particle Transfer
The reactions involving the transfer of a single nucleon provide a
specific tool for determining the one-particle structure in nuclear configurations. The amplitudes are proportional to the one-particle parentage coefficients (see Appendix 3E) and, for deformed nuclei are obtained by a
transformation to the intrinsic coordinate system, exploiting the tensorial
properties of the operator a t ( j ) (Satchler, 1955; see also Eq. (3E-8)). Thus,
for the transitions from the ground-state band of an even-even nucleus
(V = 0) to a one-quasiparticle state (v = 1, v), the parentage coefficient is given
by (see Eqs. (4-92) and (6-599b))
(v=

1,v;K = n,Z,llaf(j)llv=O; K=O,I,)
=f l ( 2 4

+ 1)1’2(Zlojn~I,n)(~n~v)u(v)

(5-42)

The factor ( Q n l v ) gives the expansion of the one-particle intrinsic state v in
spherical components; in Eq. (5-42), the factor u ( v ) is the probability
amplitude for the orbit v to be unoccupied in the ground state of the
even-even nucleus. In the absence of pair correlations, the factor u would
be unity for all orbits above the Fermi level (particle orbits) and zero for the
hole orbits; the pair correlations imply that the amplitude u increases
gradually from zero to unity with increasing energy of the orbit relative to
the Fermi level. The transition extends over an energy range of order A; for
a constant static pair field, the dependence of u on the single-particle
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energy is given by Eq. (6-601); see also Fig. 6-63a. For a pickup reaction
leading from an even-even nucleus to a one-quasiparticle state in an odd-A
nucleus, the cross section involves the matrix element of the annihilation
operator a ( j ) , which is the same as that of a t ( j ) except for the replacement
of U ( Y ) by the amplitude v ( v ) for finding the orbit Y occupied in the
even-even ground state ( u 2+ u2 = 1).
The observed magnitudes of the transfer cross sections populating the
low-lying bands in odd-A nuclei provide a direct confirmation of the
qualitative validity of the one-particle interpretation (see the example discussed on pp. 258ff.). The relative intensities of the transitions to the
different members of the rotational bands are governed by the coefficients
( O Q l v ) and are found to provide a characteristic “fingerprint” for identifying the different intrinsic states and testing the calculated one-particle wave
functions (Vergnes and Sheline, 1963; see also the review by Elbek and
Tjom, 1969; examples are shown in Fig. 5-10, p. 260, and in Table 5-1 1, p.
294).
The effect of the pair correlations in producing a gradual transition
between particle-like and hole-like excitations is clearly demonstrated by
the one-particle transfer studies (see Fig. 5-10). The analysis of the cross
sections for transfer into the same orbit, for a sequence of nuclei with
increasing nucleon number, yields values of A consistent with those
obtained from the odd-even mass difference (see the examples illustrated in
Fig. 5-1 1, p. 264).
For transitions involving unbound states, the one-particle parentage
coefficients can also be determined from the partial widths in resonance
scattering cross sections (see Appendix 3F). Opportunities for studies of this
type are provided by the proton-induced reactions proceeding through the
states with isospin T = M,+ 1 (isobaric analog resonances; see the example
referred to on p. 258). Such studies open the possibility of determining
transfer amplitudes connecting excited states in both initial and final nuclei,
which are not directly accessible in the one-particle transfer reactions.

5-3b Single-Particle Moments and Transitions
Matrix elements for one-quasiparticle states

From the measured moments and transition probabilities for y and?!,
transitions, one can determine the intrinsic matrix elements (K2J1( X V ) K
~ ,)
that occur in the expressions given in Sec. 4-3. For one-quasiparticle states,
the intrinsic matrix element can be expressed as a product of the corresponding one-particle matrix element and a factor depending on the pair
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correlations. (In the case of diagonal matrix elements (transitions within a
band), there may be an additional collective contribution representing the
expectation value of d ( A , v = 0) in the v = 0 state.) For electromagnetic
moments, one obtains (see Eq. (6-610a))
( v = 1,Q21 M(Av)lv = 1,QJ =

<a2/A ( A v ) p 2 , ) ( u l u , +c2)p2)

(5-43)

The last factor in Eq. (5-43) may be derived by noting that a quasiparticle is
a linear combination of a particle, with amplitude u, and a hole, with
amplitude 2) (see Eq. (6-599a)). The phase factor c ( = ? I) describes the
transformation of the moment M(A) under particle-hole conjugation (see
Eq. (3-14)); thus, c = - 1 for E h moments, for which particles and holes
have opposite sign, and c = + 1 for M A moments, for which particles and
holes have the same sign.
The reduction in the one-particle transition strength caused by the pair
correlations is connected with the occurrence of transitions that, in the
uncorrelated system, are forbidden by particle conservation. Thus, in the
absence of pair correlations, the transition Q2,+Q2 occurs as a one-particle
or one-hole transition if both orbits are on the same side of the Fermi level;
for orbits on opposite sides of the Fermi level, the transition occurs as a
particle-hole excitation O-+(G,)- 'a2. In the pair-correlated system, both
types of processes (Av=O and A v = 2 ) occur for any pair of single-particle
orbits, with a summed transition strength equal to the one-particle value
(see Eq. (6-610)).
If the moment involves a charge exchange, as for the p transitions,
only the particle or hole component contributes, and one obtains (see Eq.
(6-599b))

(In the above expressions, we have assumed that the pair correlations can
be applied to the neutrons and protons separately; the neglect of the np
pairing is justified when the correlation parameter A is small compared to
the difference in the Fermi energies of neutrons and protons. This condition
is well fulfilled in the heavy deformed nuclei, A > 150.)
For the M A operators, the pair correlations have no effect on the static
moments and only weakly affect the matrix elements for low-energy transi-
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tions. For E A moments, the pair correlations are expected to strongly
reduce the one-particle transition strength in the low-energy spectrum, but
the available data do not provide quantitative tests of this feature. The E 1
transitions are strongly hindered by other selection rules; see the text below
and the example (159Tb)discussed on p. 256. The E 2 transitions are very
sensitive to the coupling to the collective degrees of freedom; see, for
example, the discussion of 235Uon pp. 275ff. For the p transitions between
states close to the Fermi level, the pair correlations imply a reduction in the
transition rates by about a factor 4 (see the analysis of these moments on
pp. 306ff.).
Asymptotic selection rules and distribution of one-particle strength

The approximate validity of the asymptotic quantum numbers Nn,AX
implies rather far-reaching selection rules governing the matrix elements for
transitions between one-particle states (Alaga, 1955). The interpretation of
the observed transition rates for j3 and y transitions on the basis of these
selection rules has played a major role in establishing the classification of
the intrinsic states; examples are discussed on p. 256 (E1,'59Tb), p. 111
(E1,'77Hf), p. 154 (E2,175L~),
p. 262 (M3,175Yb),p. 257 (GT and first
forbidden /3 decay, '59Gd), p. 262, (GT,175Yb).It is found that the transitions violating the selection rules are systematically hindered by factors of
at least 10 to 100, as compared with the unhindered transitions.
The validity of the asymptotic quantum numbers also implies a rather
simple pattern for the spectrum of one-particle strength (response function)
for the different multipole operators. Thus, the unhindered E 1 transitions
with AK( =AQ)= 0 have AN = 1, An,= 1, AA=O, AX =0, and transition
energies AE that cluster around ha,, while the AK= 1 transitions have
AN = 1, An3=0, AA = -+ 1, A 2 =0, and A e d i a , (see Table 5-3, p. 234);
since these energies are of order 5 to 10 MeV in heavy nuclei, all the
low-energy E 1 transitions are expected to be hindered, in accordance with
the empirical data.
In the case of the one-particle moment proportional to the spin
operator s (which is responsible for the p transitions of Gamow-Teller (GT)
type and usually gives the main term in M I moments), the asymptotic
selection rules for AK= 0 allow only diagonal matrix elements describing
static moments and transitions within a band (as well as p transitions
between isobaric analog bands). For these matrix elements, the validity of
the quantum number 2 is especially tested by the pattern of g, values as
analyzed in Table 5-14, p. 303. The AK= 1 matrix elements of the spin
operator have A N = An, = AA = 0, AX = ? 1 , and connect the spin-orbit
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partners that are separated by energies ranging from 1 to 5 MeV (see Eq.
(5-9)); there is not at present any quantitative evidenke on the expected
strong M 1 transitions, but the corresponding unhindered GT transitions
have been systematically studied (see Table 5-15, p. 307).
The spectrum of the one-particle transition strength for the different
multipole operators is of significance not only for the classification of the
quasiparticle intrinsic states; it also provides the starting point for the
analysis of the collective vibrational modes in terms of the motion of the
individual particles. The qualitative pattern derived on the basis of the
asymptotic selection rules gives a simple picture of the manner in which the
shell structure is expected to affect the collective modes in deformed nuclei
(see, for example, the discussion of the systematics of the p- and yvibrational modes on pp. 551 ff. and pp. 549ff., respectively).
Polarization effects

The quantitative analysis of the observed intrinsic matrix elements
provides information on the effective single-particle moments. As for the
configurations involving single particles outside closed shells, discussed in
Chapter 3, the effective moments may be significantly influenced by the
polarization of the core produced by the extra particle.
For the hindered transitions, the matrix elements may be sensitive to
small uncertainties in the one-particle wave functions as well as to the
effects of the Coriolis coupling; the most clear-cut evidence on polarization
effects has therefore come from the analysis of unhindered matrix elements.
The main body of data is provided by the M1-matrix elements within a
rotational band and the GT-matrix elements between intrinsic states that
are spin-orbit partners. The analysis of the data provides evidence for a
renormalized spin g factor in M 1-matrix elements with AK=O of about
0.7(gs),,,,, for nuclei with A > 150 (see the discussion in connection with
Table 5-14, p. 303) and of an effective axial vector coupling constant for
GT transitions with A K = 1 of =0.5(gA)free(see the discussion in connection
with Table 5-15, p. 307). Theze reductions of the spin moments are of the
same magnitude as those observed in the spherical nuclei (see Sec. 3-3b);
the larger effect for the charge-exchange moment measured in GT transitions may be understood from the effect of the neutron excess, which
implies a larger amplitude of fluctuations of the corresponding spin fields in
the even-even core (see p. 307). Since, for large deformations, I: becomes an
approximate constant of the motion, one also expects a stronger renormalization effect for the A K = 1 spin magnetic moment than for the AK=O
moment occurring in g , (see p. 304; tentative evidence on the AK=l
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moments is provided by the parameter ( g , - g,)b in K = 1/2 bands). In the
analysis of the A =25 spectra, the isovector spin g factor and the GT
moment are related by isobaric invariance, and the data are consistent with
a common renormalization factor for both of these moments of about 0.8
(see pp. 290ff.).
5-3c Pair Transfer and a Decay

In the heavy element region (A > 220), the a-transition intensities
provide a valuable tool for establishing the assignments and testing the
detailed structure of the intrinsic configurations. The formation of an a
particle involves a pair of neutrons and a pair of protons closely correlated
in space, and is therefore sensitive to the neutron and proton pair correlations. These correlations imply the occurrence of collective a transitions, by
which the a particle is formed from nucleons in paired orbits (VF) without
affecting the configurations of the quasiparticles. This special class of
transitions comprises the ground-state transitions of even-even nuclei and
the “favored” transitions in odd-A nuclei, in which the configuration of the
quasiparticle does not change. These transitions are found to have reduced
intensities two to three orders of magnitude greater than the “unfavored”
transitions involving a change of configuration of the quasiparticle. Examples illustrating the dominance of the favored transitions in the a decay
of odd-A nuclei are discussed in connection with Fig. 4-19, p. 112, and Fig.
5- 13, p. 268. The comparison with the even-even ground-state transitions
shows that the favored odd-A transitions are impeded by about a factor of
2 by the presence of the quasiparticle. The major part of this effect appears
to arise from the reduction in the pair correlation implied by the presence
of an unpaired particle (see the estimate of this effect on p. 272).
The intensities of the unfavored a transitions associated with a change
in the quasiparticle configuration mainly reflect the spatial overlap of the
two orbits involved (the structure of this matrix element is given by Eq.
(5-58); see also Eqs. (5-63) to (5-66)). It is found that quite large values of
the angular momentum may be involved (L-5-8),
partly because the
centrifugal barrier is rather ineffective for the a particles, and partly due to
selection rules in the a-formation amplitude, which often strongly reduce
the intensities of the low L components. As a result, many members of a
given rotational band may be populated with comparable reduced intensities (see Fig. 5-13). The calculations based on the one-particle orbits in a
deformed potential have been able to reproduce the qualitative features in
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the observed intensity patterns and have provided significant evidence
regarding the one-particle configuration assignments (Poggenburg et al.,
1969; see also Fig. 5-13).
The two-nucleon transfer reactions provide a very promising tool for
the study of matrix elements similar to those involved in the a-decay
process. The available data confirm the expected collective enhancement of
the transitions without change in quasiparticle configuration, and potentially may provide detailed information on intrinsic configurations of the
type discussed above (see, for example, the review by Broglia et al., 1973).
5-3d Coupling of Particles to Rotational Motion

The rotational motion in odd-A nuclei is influenced by the presence of
the last odd particle. This coupling effect provides further evidence on the
one-particle motion in deformed nuclei; moreover, it constitutes a link
between the motion of the individual particles and the collective rotation of
the nucleus as a whole.
In the rotating frame, the individual particles are subject to the Coriolis
force, which gives a particle-rotation coupling of the form (see Eq. (4-107)
as well as the discussion of the particle-rotor model in Sec. 4A-2b)

H , = - A o ( j + Z p +j-Z+)

4

(5-45)

4

is the moment of inertia of the even-even core. The value of
is
where
expected to be similar to that observed in the ground-state bands of
neighboring even-even nuclei, but the presence of the last odd particle may
to some extent modify the rotational motion of the even-even core (see the
discussion on p. 31 1).
Additional couplings between particle and rotational motion arise if
the potential acting on the individual particles is modified by the rotational
motion. Terms linear in the rotational frequency occur in the presence of
velocity-dependent potentials (effective mass terms and pair fields; see the
discussion on pp. 79ff. and pp. 278ff.). The role of these velocitydependent contributions to the nuclear potential remains to be clarified, bvt
the analysis of the many different phenomena associated with the particlerotation coupling provides a primary source of evidence on these effects.
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First-order Coriolis effects. Decoupling parameter and A K = I transitions
The expectation value of the Coriolis coupling gives rise to the signature-dependent term in the rotational energies of K = 1/2 bands (see Eq.
4-6 1)). Neglecting the difference between 6and the moment of inertia S o f
the odd-A nucleus, and evaluating the coupling (5-45) in a one-quasiparticle
state, we obtain the decoupling parameter

a=

- (v=

N

= ( - 1)

l,vlj+lv= I,?)

C((NI,A=O,Z=~IV)~
NI

where v labels the one-particle state with !2= 1/2. The diagonal matrix
element of j + , as for the M 1 moment, is not affected by the pair correlations (see Eq. (5-43)).
Theoretical estimates of the decoupling parameter based on Eq. (5-46)
are compared with empirical data in connection with the analysis of the
spectra of '69Tm (Fig. 4-15, p. 103), and '59Tb (Fig. 5-7, p. 254). A survey of
decoupling parameters is given in Tables 5-16, p. 309 (1 50 < A < 1 SO) and
Table 5-8, p. 286 ( 1 9 < A <25). The decoupling parameters vary considerably from one orbit to another, and provide a valuable identification
mark for the different K = 1/2 bands. The theoretical estimates describe the
observed values rather well.
The nondiagonal effects of the Coriolis coupling acting between bands
with A K = 1 imply corrections to the matrix elements evaluated in the static
limit. A favorable opportunity for studying these effects is provided by the
E2-transition probabilities between bands with A K = 1, which receive their
main contribution from the mixing of the bands produced by the particlerotation coupling. Examples are provided by the analysis of the spectra of
175Lu,pp. 154ff., and of 235U,pp. 275ff. The latter case represents an
especially significant test, since the orbits involved are connected with large,
unhindered Coriolis matrix elements; it is found that expression (5-45)
evaluated for the one-quasiparticle states implies an overestimate of the

8 5-3

22

MOMENTS AND TRANSITIONS

251

coupling matrix element by about a factor of 2. (Evidence for similar
overestimates of the Coriolis matrix elements has been obtained from the
analysis of other transition matrix elements involving states coupled by
large Coriolis matrix elements; see, for example, the references quoted on p.
318.)
Second-order contribution to rotational energy

Acting in second order, the Coriolis coupling gives a contribution to
the energy proportional to Z(I+ l), which can be viewed as a renormalization of the rotational energy parameter A ,
W v ) = -(A,?C

d

( ’

vIJ

.*Iv)

(uu’
2(

+ uv’)2

E(v’)-E(v)

-

(uv’ - nu’)

E(v)+E(v‘)

)

(5-47)

The first term represents the effect of the Coriolis coupling between the
one-quasiparticle states v = 1, v and v = 1,v’; the factor involving the pair
correlation amplitudes u and is that given by Eq. (5-43). The second term
represents the effect of the odd particle in preventing some of the excitations that contribute to the rotational energy of the even-even system; for
these transitions with Av=2, the pair correlation factor can be obtained
from Eq. (6-61Ob). (The renormalization of the moment of inertia can be
viewed as a self-energy of the quasiparticle resulting from the particlerotation coupling. The two terms in Eq. (5-47) correspond to the two
diagrams in Fig. 6 - l l b for the self-energy effects arising from the particlevibration coupling.) For an orbit with energy close to the Fermi level
( U ( Y ) = ~ ( V ) = ( ~ ) - ~ / ~E;( v ) x A ; see Eqs. (6-601) and (6-602)), the expression (5-47) gives

C

SA ( v ) = - (A0)22A

(5-48)

In the limit A+O, the renormalization (5-48) vanishes, corresponding to the
fact that the moment of inertia of the odd-A nucleus is the average of the
moment for the neighboring even-even nuclei.
The observed moments of inertia of odd-A nuclei are systematically
larger than those of the ground-state bands of neighboring even-even nuclei
(see Fig. 4-12, p. 74, and Table 5-17, p. 312). In the interpretation of this
difference, one must take into account that the presence of the odd particle
modifies the properties of the even-even core, in particular through the
blocking effect on the pair correlations; the discussion of this effect on p.
311 indicates that it may increase the moment of inertia of low-lying
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one-quasiparticle states by about 15%. While this effect is expected to be
approximately the same for all low-lying single-quasiparticle configurations,
the contribution (5-48) depends strongly on the orbit involved and becomes
especially large for the orbits with large j and small (such as the N = 5
proton orbits and the N = 6 neutron orbits for 150 < A < 180). Indeed, these
orbits are found to have systematically larger moments of inertia than
neighboring configurations (see Table 5- 17); however, the quantitative
estimate encounters the same difficulties as the analysis of the first-order
effects discussed above, since the increment in the moment of inertia is
overestimated by about a factor of 2 (see the example, 235U,discussed on p.
279). Even larger discrepancies are encountered for excited particle-like and
hole-like configurations that are strongly coupled by Coriolis matrix elements (see the discussion on p. 314).
Higher-order terms

The many high-order terms observed in the rotational energies provide
further evidence on the Coriolis coupling effects. However, at the present
stage, the interpretation of these higher-order effects is of a rather qualitative nature (see, for example, the discussion of the parameter A , for the
ground-state rotational band and the large increment in the B term of the
excited configuration [633 5/21, in the spectrum of 235U,pp. 280ff.).
Summary of evidence on particle-rotation coupling

The empirical determinations of the Coriolis matrix elements, as discussed above, reveal significant deviations from the theoretical estimates of
these matrix elements obtained from quasiparticles in a constant static pair
field. (This effect was first recognized by Stephens, 1960.) The origin of
these discrepancies is not at present understood, but the following points
may be relevant in assessing their implications.
1 . The effect is well established in a number of cases involving large
Coriolis matrix elements that are rather insensitive to the deformation
parameters and other detailed features of the one-particle potential.
2. The spin contribution to the Coriolis matrix elements may be
expected to be reduced by polarization effects of a type similar to those
encountered in the M 1- and GT-matrix elements. (Tentative evidence for
the occurrence of such an effect is obtained from the analysis of the
decoupling parameters, p. 310.) However, the main part of the Coriolis
matrix elements is associated with the orbital contribution.
3. The appearance of velocity-dependent terms in the potential (effective mass) might suggest a corresponding modification in the orbital part
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of the Coriolis coupling; however, this effect is expected to be approximately canceled by the interactions that are required by Galilean invariance (see the discussion on p. 80). Moreover, the empirical Coriolis
matrix elements are not compatible with a uniform reduction in all lowenergy matrix elements (compare the rather small renormalization of the
decoupling parameters with the larger corrections demanded by some of the
nondiagonal matrix elements).
4. Evidence concerning Coriolis matrix elements with AV = 2 comes
from the moments of inertia of the ground-state bands in even-even nuclei.
The theoretical estimates based on the quasiparticle description appear to
account approximately for the empirical data (see the discussion on pp.
82ff.). A valuable extension of this evidence would be provided by the
exploration of the expected pattern of KT= 1 excitations in even-even
nuclei (see the discussion on p. 282).
5. The largest overestimates of Coriolis matrix elements in the odd-A
nuclei are encountered in the coupling between particle-like and hole-like
quasiparticle states, which would vanish in the absence of pair correlations
(see p. 314). Little or no discrepancy is observed in diagonal matrix
elements (decoupling parameters) and between excited states on the same
side of the Fermi surface (see the discussion of the A, term in 235Uon p.
28 1). These features are suggestive of the additional coupling effects that
may be expected from the dependence of the pair field on the rotational
motion (see the discussion on p. 278).
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ILLUSTRATIVE
EXAMPLES T O
S E C T I O N 5-3

The Spectrum of '59Tb(Figs. 5-7 and 5-8)
Intrinsic configurations

A

The ground-state deformation in 159Tbis prolate with 6-0.3 (see Fig.
4-25) and thus the level spectrum for protons in Fig. 5-2 suggests that the
ground state (for Z = 65) should have the configuration [411 3/21 and that the
neighboring orbits [413 5/21, [532 5/21, and [523 7/21 should provide lowlying excited configurations. The lowest observed bands in 159Tbhave just the
KT values corresponding to the first three of these orbits (see Fig. 5-7). The
[523 7/21 configuration has not yet been observed, but would not have been
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expected in the reactions studied so far. (In the similar spectrum of 16'Tb, the
[523 7/21 configuration has been identified at an excitation energy of 417
keV; see Table 5-12, p. 296.)
Above 500 keV, the Coulomb excitation reaction has shown the existence
of three even-parity bands that are excited from the ground-state band with
B(E2) values of order B,(E2). The band at 972 keV has been tentatively
classified as the single-particle configuration [411 1/21, which is expected in
this region of the spectrum (see Table 5-12); this assignment is supported by
the observed value of the decoupling parameter, which is very similar to that
found for the [411 1/21 orbit in neighboring nuclei and which agrees rather
well with the theoretical estimate (5-46) (see Table 5-16).
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Figure 5-7 Spectrum of '
'
'
T
b
. The observed levels of 15%
are grouped into rotational
bands; for each band, the classification of the intrinsic configuration is given together with
the inertial parameters that can be deduced from the observed rotational energies. The
spectrum is based on the experimental data summarized in Table of Isotopes by Lederer et al.
(1967) and the additional evidence on the high-lying states obtained from the Coulomb
excitation studies by R. M. Diamond, B. Elbek, and F. S. Stephens, Nuclear Phys. 43, 560,
1963, and J. S. Greenberg, D. A. Bromley, G. C. Seaman, and E. V. Bishop, in Proceedings of
the Third Conference on Reactions Between Complex Nuclei. p. 295, eds. A. Ghiorso et al.,
University of California Press, Berkeley 1963.
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The two other strongly populated bands (KT=1/2+ at 580 keV and
K n = 7 / 2 + at 1280 keV) have been tentatively interpreted in terms of
v n =2
collective excitations ( y vibration) superposed on the one-particle
configuration [411 3/21 of the ground state. This interpretation accounts for
the rather large B(E2) values, which are comparable to those observed for
y-vibrational excitations in neighboring even-even nuclei, and for the small
decoupling parameter of the KT= 1/2+ band (see Sec. 6-3b). The expected
coupling between the single-particle and vibrational motion (see Sec. 6-5)
suggests that there may be significant mixing between the two Kn = 1/2
bands, but the available evidence is inconclusive on this point (Bes and Cho,
1966; Soloviev and Vogel, 1967).

+

+

MI moments in ground-state band

The M 1-matrix elements measured in the ground-state rotational band
(Boehm et al., 1966), together with the ground-state magnetic moment (see
reference in caption to Table 5-14, p. 303), yield
g, = 1.83 2 0.04
(5-49)
g , = 0.42 -+ 0.06

The single-particle wave function for the orbit [411 3/21 implies (see Eq.
(5-86) and Table 5-2)
g , = 0.73 + 0.27( gJefr

(5-50)

As discussed in connection with Table 5-14, the systematics in this region of
elements implies ( gs)efrx0.7(
gs)freeX4.0,
which yields a value of g, in good
agreement with the empirical value (5-49).
The value of gR is appreciably larger than the rotational g factor
observed in the ground-state bands of neighboring even-even nuclei (see Fig.
4-6, p. 55). A renormalization of gR results from the first-order Coriolis
coupling to Kn = 1/2
and 5/2 bands (see Eq. (4A-35)). The coupling to
the low-lying one-particle excitations (at 348 keV and 972 keV) is not
expected to give appreciable contributions, since the Coriolis matrix elements
are estimated to be rather small. The contribution of the more distant orbits
may be estimated by relating the increment in g , to that in the moment of
inertia, $. If we assume that the moment of inertia is primarily associated
with orbital motion, the g , factor may be expressed in terms of the ratio of
the moment J$ associated with the motion of the protons, to the total
moment X

+

A

+

(5-51)
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The observed moments of inertia in odd-A nuclei are systematically larger
than in neighboring even-even nuclei, and if we ascribe this increment in an
odd-proton nucleus entirely to the orbital motion of the protons (resulting
either from the Coriolis coupling or from the decrease in the proton pair
correlations associated with the presence of the odd proton, see p. 310), and
similarly for an odd-neutron nucleus, we obtain from Eq. (5-51)

(5-52)

For the ground-state band in lS9Tb,one finds 6 S / X = O . 2 (see Table 5-17)
and, since gRx0.3, we obtain 6gRx0.15,which is of the order of the observed
effect.
Rotational energies of the ground-state band

Multiple Coulomb excitation with heavy ions has made it possible to
populate high-spin members of the ground-state rotational band in 159Tb,and
the energies of these states show a small signature-dependent component,
which can be described by the cubic term in Eq. (4-62). In Fig. 5-8, the
energies are plotted in such a manner that the expression (4-62), with the
inclusion of the three leading-order terms with the coefficients A, B , and A,,
yields two straight lines with slopes 2 B 2 A,, corresponding to the two values
of the signature, a(I)=(- l)'+,/*= ? 1. (The intersection of the lines has the
ordinate A + f B . )
The A, term in the energy expansion can be expressed as a third-order
perturbation effect of the Coriolis coupling (see Eq. (4A-16) for the particlerotor model). The evaluation of A , is similar to the estimate of the increment
to the moment of inertia in odd-A nuclei (see p. 251), but may involve a
considerable degree of cancellation between the contributions of different
K = 1/ 2 intermediate states. It has not yet been possible to give a quantitative
interpretation of the observed A, terms.
Hindered E l transitions

A

The half life of the 364 keV state in 159Tbis r1/2=1.6X 10-losec, which
implies a hindrance by about lo5 as compared with the single-particle
estimate for E 1-decay rates. A strong hindrance is expected, since the
single-particle assignments imply An, = 2, in violation of the asymptotic
selection rules given in Table 5-3. An estimate of the E 1-transition probability on the basis of the wave functions in Table 5-2 yields a value close to the
observed one; however, the quantitative agreement must be regarded as
fortuitous, since one expects a reduction by about an order of magnitude as a
result of the pair correlations (see Eq. (5-43)) and a further reduction of
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similar magnitude due to the El-polarization effect (see Eq. (6-329)).
Moreover, in a quantitative estimate, one must take into account the effects
of the Coriolis coupling, which may be especially important, since the
I-independent matrix element is strongly hindered while, in first order, the
Coriolis coupling admixes orbits that contribute with large E 1-matrix elements ([521 3/21 into the initial state and [422 5/21 into the final state). In
fact, the relative intensities of the E 1 transitions to the 3/2, 5/2, and 7/2
members of the ground-state band deviate in a major way from the 1independent intensity rules, revealing the importance of the Coriolis coupling
effect (see the analysis of the similar situation in the decay scheme of '"Hf,
Fig. 4-18, p. 110).

A = 11.6 keV

LI

B =

T

-6.L eV

A,= +7.7 eV

10

A+

I

I

50

100

I

I

150

';i

Figure 5-8 Rotational energies in the ground-state band of '59Tb. The energies given in Fig.
5-7 are analyzea to exhibit the contributions of the three leading-order terms ( A , A , , B ) in
the rotational expansion appropriate to a K = 3/2 band.

v

A

Selection rules in

p decay

The ground state of '2Gd has the configuration [521 3/21 (see Table
5-13), and the p decay strongly favors the [411 3/21 configuration in '2zTb
(logft = 6.7) as compared with the [413 5/21 state (logft = 8.2). This difference
is in agreement with the asymptotic selection rules for first forbidden p
transitions, for which the transition moment is linear in the coordinates or

258

V

tla

PARTICLE MOTION IN DEFORMED NUCLEI

Ch. 5

momenta (see Eq. (3D-43)). Thus, the transition to the [413 5/21 state, which
involves A h = 2 , is hindered, while the transition to the [411 3/21 state
(AN = An, = 1, AA = A 2 = 0) is unhindered.
The decay of '59Gd to the [532 5/21 band is an allowed G T transition
(A1 = 1, no change of parity), and the observed logft = 6.6 implies a hindrance
by a factor of about lo2, as compared with the allowed unhindered transitions
(see Table 5-15, p. 307). This hindrance can be understood in terms of the
intrinsic configurations, which involve An,= 1, A h = 1, in violation of the
asymptotic selection rules for G T transitions (see Table 5-3).

Spectrum of 175 Yb and evidence obtained from one-particle transfer reactions (Figs.5-9 to 5-11)
"Fingerprints" from (dp) and (dt) processes

A

The available information on the low-energy spectrum of 175Ybis shown
in Fig. 5-9. The primary source of information on this spectrum is provided
by the study of the single-neutron transfer reactions 174Yb(dp)and '76Yb(dt).
As discussed in Sec. 5-3a, the relative intensities of the one-particle transfer
reactions leading to different members of a rotational band are directly
related to the structure of the corresponding one-particle orbital (see Eq.
(5-42)). The calculated pattern for the low-lying configurations of ':zYb,,
that are expected from Fig. 5-3 is shown to the left in Fig. 5-10. The cross
sections are obtained from Eq. (3E-9) by assuming one-particle parentage
coefficients of the form (5-42) with u ( v ) = 1 and the wave functions given in
Table 5-2. The single-particle cross sections have been calculated by means of
the distorted-wave Born approximation (neglect of multistep processes). The
relative intensities obtained from the calculations are applicable to both the
(dp) and (dt) reaction (except for minor corrections due to the difference in Q
values).
The observed intensities in the (dp) and (dt) processes are drawn to the
right in Fig. 5-10. It is seen that the theoretical calculations reproduce the
main features of the observed relative intensities of the different members in
each band in a striking manner (note the logarithmic scale). This agreement
supports the assignment of the intrinsic quantum numbers and provides a
qualitative test of the wave functions given in Table 5-2. In a quantitative
analysis of the one-particle transfer intensities, one must take into account the
effect of the Coriolis coupling (see, for example, Erskine, 1965, and Casten et
al., 1972) as well as the possibility of multistep processes in which the transfer
is accompanied by inelastic scattering within the rotational bands of both the
target and final nucleus (see, for example, Ascuitto et al., 1974).
The one-particle parentage coefficients studied in the (dp) process have
also been measured in resonance proton scattering on :'Yb
proceeding
through the M,=33/2, T=35/2 states in '::Lu that are isobaric analogs of
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Figure 5-9 Spectrum of
The figure gives the known low-energy levels of 175Yb.
The levels classified as particle states are drawn to the
right of the ground-state band, while hole states are drawn to the left. The experimental data are taken from (dp) and (dt) reaction studies by
D. G. Burke, B. Zeidman, B. Elbek, B. Herskind, and M. Olesen, Mat. Fys. Medd. Dan. Vid. Selsk. 35, no. 2 (1966) except for the evidence on
the [651 1/21 and [5037/21 bands, which is taken from the work of S. Whineray, F. S. Dietrich, and R. G. Stokstad, Nuclear Phys. A157,529
(1970). In a few rotational bands, some of the low-lying members were not observed, probably because of the low expected intensity of the
corresponding particle group (see Fig. 5-10), and in these cases the expected position of the level is drawn as a dotted line in the diagram.
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the low-energy states in 175Yb(Whineray el al., 1970; Foissel et al., 1972; for
a similar analysis in a spherical nucleus, see Fig. 1-9 and Table 1-2 in Vol. I,
pp. 47 and 48). The evidence from the proton resonances lends added support
to the conclusions drawn from the one-particle transfer data. The analog
resonances have a rather large width (r- 100 keV), which makes it difficult to
separate the contributions from the individual levels in a spectrum as complicated as 175Yb.However, the intrinsic simplicity of the resonance scattering
process offers advantages. Thus, for example, the first identification of the
positive parity [651 1/21 band in 175Ybwas based on the observation of
strong interference with Coulomb scattering at 90". The precise determination of the energies of the isobaric analog states also provides evidence
concerning the small shifts in the Coulomb energies that are specific to the
orbits of the odd particle. (See, in this connection, the discussion of Coulomb
energies in the A =25 isobaric doublet, p. 294.)
Additional evidence on classification of intrinsic states

Further support for the classification of the intrinsic states in 175Ybcan
be obtained from the observed rotational energies and transition probabilities. The decoupling parameters a, deduced from the energy levels of the
K = 1/2 bands, have values that are in approximate agreement with those
obtained from the wave functions in Table 5-2,
aca1c =

A

0.9
-0.2

[521 1/21

(5-53)

[510 1/21

The observed positive value ( a = +0.17) for the [510 1/21 band may indicate
a reduction of the spin contribution, as a result of polarization effects (see p.
310). For the [651 1/21 orbit, the value of a is rather sensitive to detailed
features of the potential. Thus, for the parameters in Table 5-1, one obtains
a = +0.9 for 6 = 0 . 3 and a = -0.5 for 6=0.4. This rapid variation with 6
reflects the strong interaction of the two = I /2 orbits that in the spherical
limit become hI2and
respectively. (A negative value of a could also be

Figure 5-10 Fingerprints from intensities of (dp) and (dt) reactions leading to ';:Yb.
The
observed cross sections of the 174Yb(dp) and 176Yb(dt)reactions (Ed=12 MeV) are taken
from Burke et al. (Ioc.cit., Fig. 5-9). The figure gives relative cross sections normalized to the
observed intensity of the ground-state group ([514 7/21, 1 = 7 / 2 ) which, for the (dp) as well
as the (dt) reactions, is taken to have half the theoretical value shown in the left-hand part of
the figure. The theoretical cross sections are taken from the same reference and have been
obtained from a distorted-wave calculation for a (dt) reaction with Q=O at a scattering
angle of 90" and assuming the parentage coefficient given in Sec. 5-3a, with the pairing
amplitude u(v)= 1. (For comparison, the ground-state transition in 176Yb(dt)17%
has
Q = - 0.62 MeV.) The patterns of relative intensities obtained from the distorted-wave
calculations are very similar for (dp) and (dt) reactions. We wish to thank K. Nybo for help
in the preparation of the figure.
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obtained for 6 ~ 0 . 3by
, a minor modification of the parameters u, and u , ~ . )
The dominance of the ill/, component over the g9/, component in the
observed [651 1/21 orbit, which is primarily responsible for the negative a
value, is directly confirmed by the one-particle transfer intensities, which
yield (ill/,, a= 1/21[651 1/21>, w 0.3 and (g9,*, a= 1/21[651 1/2])* = 0.1
(Whineray el al., 1970).
Another conspicuous feature of the rotational energies is the fact that the
parameter A is somewhat smaller for the three bands with N = 6 than for the
other bands observed in 175Yb.The increased moment of inertia of these
states can be attributed to the large orbital angular momentum carried by the
last neutron, and is observed as a systematic feature of such states (see the
evidence collected in Table 5-17, p. 312).
The ground state of ';:Yb is found to decay with an allowed unhindered
p transition to an h = 9 / 2 - s t a t e at 396 keV in ':iLu (logft=4.7; see Table
5-15, p. 307); the 9/2- state in 175Luis assigned [514 9/21 (see Table 5-12, p.
296), and thus the observed rate supports the [514 7/21 assignment for the
175Ybground state. In fact, the rarity of allowed unhindered p processes,
which is connected with the very restrictive asymptotic selection rules (AN
= An3 = AA = 0, A 2 = 0, l), makes this assignment very compelling. (The
absolute values of the observed matrix elements for the allowed unhindered /3
transitions are discussed in conneetion with Table 5-15, p. 307.)
The observed half life of the 511 keV level (7,/,=67 msec; Lederer et
al., 1967) implies B ( M 3 ; 1 / 2 - + 7 / 2 - ) =
1.8x 102(eh/2Mc)2fm4=0.11
B,(M3), in terms of the Weisskopf unit given by Eq. (3C-38). The hindrance
can be attributed to the asymptotic selection rules, since the assigned configurations ([510 1/2]-+[514 7/21) imply AA=4. The wave functions given in
Table 5-2 lead to a value of B(M3), approximately equal to that observed.
However, one expects the matrix element to be significantly reduced by
polarization effects similar to those observed in M 1 and Gamow-Teller
transitions, although there is at present almost no empirical evidence on these
effects in M 3 moments.
Sequence of intrinsic states

A

In Fig. 5-10, the sequence of orbits is that obtained from Fig. 5-3 (for
6 ~ 0 . 3 )Thus,
.
the configurations that are expected to appear as particle states
are placed above the [5 14 7/21 ground-state configuration, while the levels
below this configuration are expected to appear as holes.
The observed sequence of intrinsic states is seen to be consistent with the
single-particle spectrum in Fig. 5-3 for a deformation of Sw0.3, except for the
position of the [65 1 1/2] state. This state is observed at an energy somewhat
higher than would be expected on the basis of Fig. 5-3, but the predicted
position of this level is sensitive to the separation between the major shells,
which appears to be somewhat underestimated in the potential employed in
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Fig. 5-3. (See, for comparison, the spectra in Fig. 3-3, Vol. I, p. 325, showing
the single-neutron levels in the region of N = 126.) In the energy region
covered by the experiments, the only missing single-particle configuration is
the [523 5/21 hole state, which has been seen for neutron configurations with
N=93-99 (see Table 5-13, p. 299). This state is expected somewhat above 1
MeV in 175Yb,but would have been difficult to identify in the experiments
reported so far.
Effect of pair correlations

The fact that the same one-quasiparticle state can be populated in both
stripping and pickup reactions implies that, in the ground states of the
even-even nuclei, the orbits near the Fermi level are partially occupied. The
normalization employed in Fig. 5-10 assigns equal strength to the (dp) and
(dt) reactions to the ground-state transition; it is seen that, with increasing
excitation energy, the (dp) reaction dominates for particle-like orbits, while
the (dt) reaction dominates for hole-like orbits.
These features receive an immediate interpretation in terms of the pair
correlations. A quantitative test of the effect of pair correlations on the
one-particle transfer cross sections can be obtained by comparing the cross
sections to the same configuration in a sequence of isotopes. The ratios of the
cross sections yield the relative values of the coefficients uz (or uz) (see Eq.
(5-42)), and Fig. 5-1 1 gives the results obtained from the measurements of the
intensities for two of the prominent transitions observed in the sequence of
odd-A Yb isotopes. The main variation in u2 (and u2) can be desdribed in
terms of a variation of the Fermi level, A, with respect to a fixed singleparticle spectrum. Assuming a linear variation of X with N , we obtain from
Eq. (6-601)
u2(N)= 1- u2(N)
(5-54)

with

-I

y=A(s)

A

= d2A

(5-55)

where A is the pairing parameter, while d is the average spacing of the twofold
degenerate one-particle levels and No the value of the neutron number for
which X coincides with the level in question. The solid lines in Fig. 5-11,
which are seen to describe the empirical data rather well, correspond to Eq.
(5-54) with y = 3.8. The average level spacing d in the region of the Fermi
level can be obtained from Fig. 5-3, which yields d x 0 . 4 MeV (assuming
Awo%41A - ' I 3MeV). The observed value of y thus yields A x 0 . 8 MeV, which
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may be compared with the value A=0.7 MeV obtained from the odd-even
mass differences of the Yb isotopes (see Eq. (2-92) and the neutron separation
energies given by Burke et al., loc. cit. Fig. 5-9).
Energies of quasiparticle states

A

The observation in 175Ybof single-particle levels extending over a considerable energy range and the agreement between the calculated and observed sequence of levels makes possible a determination of the absolute
energy scale for the single-particle spectrum. Comparison with Fig. 5-3 (for
6=0.3, as determined from the E2 moment; see Fig. 4-25) shows that the
observed levels in 175Ybcover a range that is calculated to be about 0.6hwo,
which corresponds to an energy interval of about 4.4 MeV. In comparison,
the observed energy interval, obtained by adding the particle to the hole
energies, is about 3.0 MeV. This compression of the absolute energy scale is a
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systematic feature of the spectra of the odd-A deformed nuclei (Bakke, 1958;
see also the survey by Bunker and Reich, 1971).
A compression of the energy scale for single-particle states is a simple
consequence of the pair correlations, since the presence of an unpaired
nucleon in an orbit v 1 prevents the pairs of particles from exploiting the
configuration (vlijl) and thus leads to a loss of the pair correlation energy.
For an orbit close to the Fermi level, the resulting energy shift corresponds to
the odd-even mass difference A, but the energy shift decreases with increasing
distance of the orbit from the Fermi level.
For a constant pair field, the quasiparticle energy is (see Eq. (6-602))

E ( v) = (( E ( v) -A)’

A

+ A2) 1/2

(5-57)

where ~ ( v is
) the one-particle energy in the absence of pair correlations, while
h is the Fermi energy. From Eq. (5-57), it follows that, for a sufficiently large
range of excitation energies including both particle and hole excitations, the
observed interval of excitations should be reduced by about 2A as compared
with the range of ~ ( v )values (see also Fig. 6-63b). The value of A obtained
from the odd-even mass differences is Aw0.7 MeV and, when this correction
is included, the observed energy scale is seen to be consistent with that of Fig.
5-3. It is significant that the calculated single-particle spectra are based on a
velocity-independent potential; thus, the present data do not provide evidence for an expansion of the energy sc-ale, as would be implied by the
observed energy dependence of the optical model potential (see, for example,
Fig. 2-29, Vol. I, p. 237).
The expression (5-57) for the quasiparticle energies implies a rapid
variation in the level density in the neighborhood of the ground state of an
odd-A nucleus, but the data in Fig. 5-9 do not show such an effect. The
failure to observe this effect in any particular spectrum might be a special
feature of the one-particle spectrum ~ ( v ) , but the absence of the effect is
confirmed by the systematics of the intrinsic states. Thus, the average excitation energy of the first excited state in odd-N nuclei in Table 5-13 is found to
be about 140 keV, which is comparable to the average spacing of the intrinsic
states within the first MeV in the spectrum of I7’Yb, and several times larger
than would be expected from the expression (5-57). The singularity in the
quasiparticle level density for E ( V ) W A results from the assumption that the
pairing potential A is the same for all orbits, as in Eq. (6-597). This assumption is expected to be appropriate in a situation where the pairing potential is
produced by a large number of particle configurations uniformly distributed
over the nuclear volume. However, in the deformed nuclei, the value of A is
only a few times larger than the single-particle spacing, and A may therefore
depend somewhat on the orbit considered. The observed spacings of the
low-lying intrinsic orbits appear to give evidence for variations in A of the
order of 200 keV.
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Spectrum of 237Npand interpretation of a-decay fine-structure intensities
(Figs.5-12 and 5-13)
The development of a spectroscopy has made it possible to observe very
weak components in the fine-structure pattern (of relative intensities below
and has provided a rich body of data concerning the energy spectra
and the nuclear coupling scheme of the heavy elements. As an example, Fig.
5-12 shows the level spectrum of 237Np,which is populated in the a decay of
241Am. The classification of the states is based on the analysis of the
intensities of the a fine-structure components (Lederer et al., 1966) and is
further supported by the evidence on p- and y-transition rates, rotational
energy parameters, and especially by the studies of the reactions 236U(3Hed)
and 236U(at), which provide information similar to that obtained from the
one-particle transfer studies of 175Ybillustrated in Fig. 5-10. It is seen that the
intrinsic states in 237Npbelow 700 keV are just those expected from Fig. 5-4
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Level scheme of 237Np.The level scheme of 237Npis based partly on the decay
of 24'Am(S. A. Baranov, V. M. Kulakov, and V. M. Shatinsky, Nuclear Phys. 56, 252, 1964,
and C. M. Lederer, J. K. Poggenburg, F. Asaro, J. 0. Rasmussen, and I. Perlman, Nuclear
Phys. 84, 481, 1966), and partly on one-particle transfer studies (Th. W. Elze and J. R.
Huizenga, Phys. Reo. C1, 328, 1970).
Figure 5-12
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ir, the region Z x 9 3 , 6x0.25 (see Fig. 4-25, p. 133). The K?r=5/2- state at
722 keV cannot be accounted for in terms of a one-quasiparticle state
obtained from the spectrum in Fig. 5-4,but can be understood in terms of a
/I-vibrational excitation superposed on the [523 5/21 configuration (see p.
273).
Matrix element for a decay

The intensities of the observed a fine-structure components are shown in
Fig. 5-13, which gives the inverse hindrance factor F-', defined as the
transition probability in units of the quantity T,(E,, Z ) that describes the
ground-state transitions of even-even nuclei (see Eq. (4- 164)). As discussed on
pp. 115 ff., the transition amplitude for a decay can be expressed as a product
of two factors; one represents the formation of the a particle at the nuclear
surface and the other describes the penetration of the a particle through the
Coulomb barrier.
The formation factor involves a generalization to a four-particle cluster
of the operator defined in Eq. (3E-17) for the two-nucleon transfer,
(r) = i

E < vnI v,zvpI vp21a,r>at(vp2)at(

vpl)at(vn2)at(vnl)

(5-58)

"OlY.2

"pl"p2

A

where the factor (vnIvnzvplvp21a,r) is the transformation coefficient describing
the overlap of the a particle at the position r with the product state of four
nucleons, antisymmetrized in the quantum numbers of the two neutrons and
of the two protons. (The sum in Eq. (5-58) may be restricted to vnl < vn2 and
vpl < vp2, in which case the factor 1/4 is to be omitted.) The amplitude for the
formation of the a particle is proportional to the matrix element of A ,
between initial and final intrinsic states, evaluated at the nuclear surface.
(The treatment of the a-formation process in terms of the configurations of
the individual nucleons has been especially developed by Mang (1957) and by
Mang and Rasmussen (1962).) The estimate of the absolute rate of a decay
involves the uncertainties associated with the treatment of the surface region
as well as of the many-body aspects of the cluster formation problem; we
shall therefore especially consider the reduced amplitudes describing the
decay probabilities relative to those of the ground-state transitions in eveneven nuclei.
Because of the nonspherical nuclear surface, the penetration of the a
particle through the classically forbidden region gives rise to anisotropy in the
motion of the a particle relative to the nuclear orientation, associated with an
exchange of angular momentum between the a particle and the daughter
nucleus. Additional exchange of angular momentum results from the nonspherical components of the Coulomb field. A simplified treatment of the
coupling between the a particle and the nuclear orientation can be based on
the fact that exchange of angular momentum is mainly confined to a small
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Figure 5-13 Hindrance factors in 24'Am(a)237Np.The experimental data are from the
references quoted in Fig. 5-12. The hindrance factors are contained in the compilation of
Michel (1966); see also Lederer et al. (1967). The theoretical calculations of the a-decay
probabilities are from J. K. Poggenburg, Ph.D. thesis, University of California, UCRL 16187
(1965); see also J. K. Poggenburg, H. J. Mang, and J. 0. Rasmussen, Phys. Rev. 181, 1697
(1969). The expected [651 3/21 band has not been observed so far and no significance should
be attached to the excitation energies in the figure for this band.
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region just outside the nuclear surface during the penetration of which the
rotation of the nucleus can be neglected (see the discussion in Chapter 4, p.
116). The amplitude for finding a particles with angular momentum L outside
the nonspherical region of the barrier can therefore be described by the
coefficients

f(L , Ki+ 4)
=

J (KfIAa( R ;9,CP)IKi)B (9

CP)

L y L , , , = K,-K J ~ ,

(5-59)

/ ( v = O ~ A , ( R ; 9 , ~ ) l v = O ) B ( 9 ) YWdG

where the integrations extend over the different directions 9,'p with respect to
the nuclear symmetry axis, and where the factor B ( 9 ) describes the 9
dependence of the wave function imposed by the penetration of the nonspherical nuclear barrier. The coefficients (5-59) are reduced amplitudes,
measured in units of the amplitude for the ground-state decay of even-even
nuclei.
The penetration through the three-dimensional barrier region can be
approximately described by a one-dimensional radial penetration integral,
provided the centrifugal potential is small compared to the magnitude of the
(negative) kinetic energy (L<<KR,, where K is the absolute value of the wave
number of the a particle in the region outside the nuclear surface; for 237Np,
the value of K R , is about 20); thus, in the WKB approximation, one obtains
(Froman, 1957)

1/2

(5-60a)

2M, ZaZe2R i )

A

1/2

~8S P , f c o s S )

(5-60b)

where Ma and Z , are, respectively, the mass and charge number of the a
particle. In the penetration integral (5-60a), the first term represents the
transmission of the a particle from the nuclear surface to a spherical surface
of mean radius R,, while the second term gives the effect of the nonspherical
part of the Coulomb field; only the quadrupole component of the nuclear
deformation has been included. In Eq. (5-60b), the energy E, of the a particle
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'
I has been neglected compared with the barrier height (=30 MeV), and the

relation Q,= ( 4 / 5 ) R & 3 (see Eq. (4-72)) has been employed. For typical
values of the deformation in heavy nuclei, the coefficient of P2(cos9) in the
exponent in Eq. (5-60b) is of order unity; hence, during the penetration of the
nonspherical part of the barrier there is an appreciable probability for the
exchange of a few units of angular momentum between the orbital motion of
the a particle and the nuclear rotation.
In terms of the reduced amplitudes (5-59), the transition probabilities to
the different members of the rotational band in an odd-A nucleus are given
by (see Eq. (4-167))
T(LIiKi+l&)=

T&E,,Z)pL((IiKiL Kf- KilIfKf)f(LKi+Kf)
(5-61)

+ (-

l)lf+K'(ziKiL- K , - Kipf- K,)f(L, Ki+Ef)12

wherep, gives the effect of the centrifugal potential on the penetration of the
a particle. In the WKB approximation, the factor p L is given by
1/ 2

L ( L + 1)

L ( L + 1)
zexp( - 2
KR,,

}

2M, Z,Ze2

1 /2

)

( K z ( F r )(5-62)

where the last expression has been obtained by setting E,
only the leading-order term in L(L+ I ) in the integrand.

=0

and retaining

Effect of pair correlations
The pair correlations have a major effect on the a-formation process
(Mang and Rasmussen, 1962; Soloviev, 1962). For the ground-state transition
in even-even nuclei, the parentage coefficient takes the form (see Eqs. (5-58)
and (6-599))
(v = OlA8(r)lv = 0) =

( v , F , v , ~ , ~ A ~ ( r ) ~ Ovn)u(
) u ( vn)u(v,)u( vp)

(5-63)

V,>O
Vp>O

A

The coherence effect in the matrix element (5-63) is similar to that expressing
the contribution of the different orbits to the pair fields (see Eq. (6-612)); in
fact, if we neglect the finite size of the a particle, the quantity AJ(r) involves
the product of the local pair fields of neutrons and protons, defined by Eq.
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(6-141). In this limit, the matrix elements of AJ(r) for creating pairs of
nucleons in conjugate orbits all have the same sign,. since the wave functions
3, and &, taken at the same space point, are complex conjugate. Thus, the
overlap matrix element for the antisymmetrized two-particle state vF has the
value
(rl = r2 = r; S = 01
,).v
=(5-64)
[(r, Z(v>12

2

z=*;

It is expected that this coherence of the matrix elements will not be significantly affected by the finite size of the a particle, which is not much greater
than the wavelength of the nucleons at the Fermi surface, and the available
numerical studies confirm this expectation (Mang and Rasmussen, 1962).
The sum in Eq. (5-63) receives contributions from all the orbits in the
neighborhood of the Fermi surface that are neither completely filled nor
completely empty and which therefore contribute to the pair correlation. A
measure of the enhancement is provided by the quantity
(5-05)
which can be estimated from the observed strength of the pair correlations. In
the approximation of a constant static pair field, the parameter A is equal to q
multiplied by the average pairing matrix element G (see Eq. (6-613)), which is
found to have a magnitude of about GwlOO keV in heavy nuclei (see, for
example, the discussioii on p. 653). For Np, the value of A is about 0.7 MeV
(see Fig. 2-5, Vol. I, p. 170), and we thus obtain a total enhancement of the adecay rate by a factor q:qi-103.
Favored transitions

The transition matrix element between one-quasiparticle states in odd-Z,
even-N nuclei may be obtained from the quasiparticle transformation (6-599)
(v= l,vJA:(i)lv=

l,vp) = (v=OlA,t(r)lv=O)6(vP,vb)
(5-66)
- u ( v;)u( vp)

2

(vnFnv?pIA,t

(r) Io>u(vn)u( vn)

V">O

A

For the favored decay (vp= vk), the matrix element (5-66) is dominated by the
first term, which expresses the coherent contribution from the paired core as
in the ground-state transitions of the even-even nuclei. For the unfavored
decays, only the second term in Eq. (5-66) contributes; this term does not
contain a summation over proton orbits, and the matrix element is therefore
reduced, as compared with the favored decay, by a factor qp (in addition to
the effects of selection rules in the one-particle matrix elements considered
below).
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In the comparison between the decay rates for favored decays in odd-A
and neighboring even-even nuclei, one must take into account partly the fact
that the orbit occupied by the last odd particle cannot contribute to the a
decay (second term in Eq. (5-66)) and partly the reduction in the pair
correlations of the even-even core that results from the presence of the
unpaired particle (blocking effect). Both of these effects are contained in the
reduction of the sum (5-65) that measures the strength of the pair field; in the
V = 1 states, the sum q extends over the orbits v that are available for the pair
correlations, and thus excludes the orbit of the unpaired particle.
The favored transitions in the a decay of ,,‘Am are observed to be a
factor of about 2 slower than the even-even ground-state transitions in
neighboring nuclei. Thus, the transition rates for 24’Am, analyzed by means
of expression (4-167), yield Co=0.6, C2=0.3, and C4=0.003, which may be
compared with the values C, observed in the decay of 240Pu (C,= 1 (norm.),
C, = 0.6, and C, = 0.01). The study of the (pt) reaction has provided evidence
for a similar reduction of the dineutron formation probabilities in the favored
odd-A transitions, as compared with those in even-even nuclei (Oothoudt and
Hintz, 1973).
A retardation by a factor of 2 in the intensities of the favored transitions
can be interpreted in terms of a reduction by about 30% in the strength A of
the pair field in odd-A nuclei as compared with that of the ground states of
even-even nuclei. A decrease of approximately this magnitude can be understood on the basis of the self-consistency equation (6-614) for A (see also Eq.
(6-602)); by treating the change in A as a small perturbation, one finds that
the blocking of an orbit near the Fermi level leads to a reduction of A by the
amount d / 2 , where d is the average distance between the doubly degenerate
orbits in the single-particle potential. From Fig. 5-4, p. 224, it is seen that
d x 0 . 3 MeV, which implies a reduction in A by about 20%.
Unfavored transitions

A

While the relative intensities in the favored band reflect the collective aformation process for the even-even core (see Eq. (4-167)), the pattern of
intensities for the unfavored transitions depends sensitively on the quasiparticle configurations in the parent and daughter nuclei. These patterns, as
shown in Fig. 5-13, therefore provide characteristic “fingerprints” that can be
used to establish the configuration assignments and to test the intrinsic wave
functions. The theoretical values in Fig. 5- 13 represent relative intensities
calculated by means of Eq. (5-66) from one-particle wave functions obtained
from the Hamiltonian (5-10).
The observed hindrance factors for the unfavored transitions in Fig. 5-13
are seen to be of the order of I d . The interpretation of these intensities
implies that the amplitudes f ( L ) for large values of L reach values of about
lo-’, corresponding approximately to the factor (4J’; for small values of L,
the hindrances are in most cases considerably greater, as a result of selection
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rules associated with the one-particle quantum numbers. For example, the
transition [523 5/2]+[642 5/21 involves a spin flip (AX= I), and hence the
main contribution arises from the amplitude f(L,Ki+Ff) in Eq. (5-61); this
amplitude has AK= 5 and therefore only contributes for L > 5. In fact, it is
found that the L = 5 amplitude is also inhibited and that the largest matrix
elements are associated with L=7 and 9. (This additional hindrance may be
connected with the fact that the transition involves An, = 2, in addition to
AA = 5.)
The intensities in Fig. 5-13 show a rather marked dependence on the
signature (I = (reflecting the interference between the two terms in
Eq. (5-6 1). This signature dependence provides a valuable tool for identification of the different intrinsic configurations; it is seen that the theoretical
calculations are able to account for the qualitative features of this effect. No
simple rule has yet been given for predicting the sign of the interference effect
in terms of the quantum numbers of the one-particle orbits.
The largest discrepancy between the calculated and observed intensities
in the a fine-structure occurs in the band [400 1/21, where the calculation,
though reproducing the relative intensities moderately well, underestimates
the absolute intensities by about an order of magnitude. This discrepancy
may be connected with the failure of the harmonic oscillator wave functions
to describe correctly the dependence of the radial wave functions on the total
oscillator quantum number N.
In the fine-structure of the a decay of 241Am,the K r = 5 / 2 - band
starting at 722 keV stands out in a striking manner as the only band with
reduced intensities within three orders of magnitude of the favored band. The
intensity of these transitions suggests an interpretation as a ,&vibrational
excitation ( v r = O + ) built on the [523 5/21 configuration; the a intensity may
be compared with that observed in 2;$m(a)2;:Pu,
where the transition to the
state nq= 1, h = O + at 943 keV has F-'=0.14 (Lederer et al., 1967).

Spectrum of 23sU and analysis of Coriolis coupling effects (Fig. 5-14;
Tables 5-6 and 5-7)

A

The spectrum of 235U has been extensively studied by a variety of
reactions, including a decay, Coulomb excitation, one-particle transfer, and
the (ny) process. The data summarized in Fig. 5-14 establish more than 50
levels in the region up to about 1 MeV. Despite the great complexity of the
spectrum, the high specificity of the intensity patterns observed in the
different reactions has made possible a classification into rotational bands
and the assignment of intrinsic configurations. The observed one-particle
configurations correspond well to those expected for N x 1 4 3 on the basis of
Fig. 5-5, p. 225, assuming 8 ~ 0 . 2 5as
, determined from the rotational B(E2)
values (see Fig. 4-25, p. 133).
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Figure 5-14 Spectrum of 235U.The figure is based on the experimental data obtained from
Coulomb excitation of 235U(F. S. Stephens, M. D. Holtz, R. M. Diamond, and J. 0.
Newton, Nuclear Phys. A115, 129, 1968), a decay of 239Pu(J. E. Cline, Nuclear Phys. A106,
481, 1968), one-particle transfer (Th. W. Elze and J. R. Huizenga, Nuclear Phys. A133, 10,
1969; T.H. Braid, R. R. Chasman, J. R. Erskine, and A. M. Friedman, Phys. Reu. C1,275,
1970), and the reaction 234U(ny)(E. T. Jurney, Neutron Capture Gamma-Ray Spectroscopy,
Proceedings of the International Symposium held in Studsvik, p. 43 1, International Atomic
Energy Agency, Vienna, 1969). All energies are in keV. The particle-like states are drawn to
the right of the ground-state band, while the hole-like states are shown to the left.
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A

Of the single-particle levels expected from Fig. 5-5, only the configuration [624 7/21 is missing in the low-energy spectrum in Fig. 5-14; tentative
evidence for the occurrence of this band starting at about 500 keV in 235Uhas
been reported by Braid et al. (1970).
In addition to the one-quasiparticle states, the observed spectrum above
600 keV contains a number of states that have been classified in terms of
configurations involving vibrational excitations superposed on the lowest
single-quasiparticle states (see Fig. 5-14). For the /3 and y vibrations based on
the ground-state configuration, the interpretation receives support from the
observed rather large E2-excitation probabilities (Stephens et al., 1968).
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In the present example, we shall especially discuss the evidence on
Coriolis coupling effects as revealed by the spectrum of '35U. The N = 7 orbits
are predominantly j = 15/2 and thus have very large Coriolis matrix elements; both the rotational energies and the E 2-transition probabilities provide information on the magnitude of these matrix elements (Stephens et al.,
1968).
Estimate of Coriolis coupling from E2-matrix elements
A rather direct determination of the first-order particle-rotation coupling
can be obtained from the E2-transition matrix elements between rotational
bands with AK= 1. For such transitions, the first-order Coriolis coupling
gives rise to an I-independent renormalization of the intrinsic EZtransition
operator (see Eqs. (4-203) and (4-221))

g)

I/'

2(E2,v=

? 1)

=A(E2,v= 2 l)+(

eQ,E,,

(5-67)

where the operator E -t gives the admixing of the coupled bands (see Eqs.
(4- 198) and (4-199)). For one-quasiparticle states, the matrix elements of E -t
can be expressed in terms of the angular momentum operatorj, associated
with the Coriolis coupling (see Eqs. (4-199) and (4-197))

where &, is the moment of inertia of the rotating core.
An estimate of the two terms in the effective moment (5-67) shows that
the rotational coupling gives a contribution that is about an order of magnitude larger than the intrinsic moment. The relative magnitude of the two
contributions is further discussed in the last section of the present example,
where it is shown that the Coriolis effect can be interpreted in terms of a
polarization charge resulting from the coupling to the rotational motion.'
The empirical B(E2) values for the excitations of the K.rr=5/2- and
KT = 9/2 - bands in '35Uare given in Table 5-7, which also lists the values of
obtained from these E2-matrix elements by means of Eq. (5-67). These
determinations of
include a correction of
1076, corresponding to the
effect of including the intrinsic moment A ( E 2 , v = ? l), as estimated on pp.

+

A

2The evidence for a rather strong enhancement of the E 2 transitions with A K = 1 was collected by
Lobner (1965), and estimates of the matrix element resulting from the Coriolis coupling were given by
Faessler (1966).
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281 ff. The determination of E + is based on the value Q,=980 fm2, as
obtained from the static quadrupole moment measured in the p-mesic atom
(Dey et al., 1973).
Theoretical estimates of the matrix elements of E , , based on Eq. (5-68)
are listed in column four of Table 5-7; the estimates have employed the
one-particle matrix elements of j , listed in Table 5-6 and the inertial
parameter A , = 7.4 keV, representing the mean value for the ground-state
bands of 234Uand 236U.The calculated matrix elements in Table 5-7 include
a small correction resulting from the pair correlations (see Eq. (5-43)); if we
assume the ground state to be close to the Fermi level, we have u , z : ~ ~ z Y 2 - ' / ~
and (see Eq. (6-601))

1 E2-El+2A
2 E2-E,+A

A

Ch. 5

(5-69)

which yields a reduction of the matrix elements by about 0.85 (for A z 0 . 7
MeV). The theoretical estimates of E ? , in Table 5-7 are seen to exceed the
values deduced from the observed B(E2)-matrix elements by about a factor
of 2.

[770 1/21
[761 3/21
[752 5/21
[743 7/21
[734 9/21
[725 11/21
[716 13/21
[707 15/21

7.37
7.36
7.30
7.10
6.72
6.13
5.24
3.86

Table 5-6 Coriolis matrix elements for
odd-parity states in 235U.The singleparticle matrix elements of j , = j , + ij,
are obtained from the wave functions
given by B. R. Mottelson and S. G .
Nilsson, Mat. Fys. Skr. Dan. Vid. Selsk.
1, no. 8 (1959), for a deformation of
6 = 0.25 and a potential with parameters
v, = - 0.02 and v, = - 0.1.

9 5-3

a

MOMENTS AND TRANSITIONS

Ki

K,

B( E2)
e2fm4

7/2
7/2

5/2
9/2

430
320

277

(K‘IE, IIKJ

Obs.

3.2 x
2.7 x

Calc.

6.8 x
5.5 x

Coriolis mixing amplitudes for the [743 7/21 band in 235U.
The B ( E 2 ) values listed in column two represent the sum over transitions to different members of the rotational band of the final con-

Table 5-7

figuration

B(E2)E

B(E2;KJ,~KrIr)
I,

The data are taken from Stephens et al., loc.cit., Fig. 5-14.

v

A

Within the framework of the model involving a quasiparticle coupled to
a rotor, the Coriolis coupling effect involves the two quantities, the moment
of inertia Soof the rotor and the matrix element of j , connecting the
quasiparticle states. In the above estimate of
the value of No has been
taken from the ground-state bands of neighboring even-even nuclei. There
are, however, effects associated with the presence of the odd particle that lead
to a modification of the moment of inertia of the even-even core. (See the
effect of “blocking” on the pair correlations and the role of the fourth-order
term in the rotational energy of the even-even core, as discussed on pp.
3 10ff.) The quantitative estimates of these effects are somewhat uncertain,
but the observed total moment of inertia in the ground-state band of 235U,as
analyzed below, appears to imply that in the present case the increase in No
cannot exceed 20%.
The estimate of the one-particle matrix element of j -, is relatively
insensitive to the details of the one-particle potential, since the states involved
are, to a rather good approximation, described in terms of j l s 1 2 orbits.
Moreover, the estimated correction due to the pair correlations is small and
therefore insensitive to the parameters of the pair field.
The rather large magnitude of the Coriolk coupling for the particular
orbits considered raises the question of the possible significance of higherorder effects of these couplings. Such effects might be especially large in the
K = 5/2 and K = 9/2 bands, if the remaining, as yet unobserved, jIsl2orbits
(with D = 1/2, 3/2, 1 1/2, etc.) are rather close in energy. However, the magnitude of the Coriolis matrix elements that couple these orbits is only a few
hundred keV (for Z < 11/2), and most of the Coriolis strength removed from
the observed transitions would therefore be expected to reappear in transitions to other excited states within half an MeV of the observed excitations.
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Such transitions might have been expected to appear in the Coulomb excitation studies and, moreover, would make contributions to the effective
moment of inertia in the ground-state band that seem to be excluded by the
analysis given below.
The analysis of the particle-rotation coupling, as discussed above, thus
appears to provide evidence for significant terms in addition to the Coriolis
coupling that can lead to a reduction of the A K = 1 rotational coupling. Such
additional coupling terms, of first order in the rotational frequency and
angular momentum, can be expressed in the form
Hc=AoF,I-

+ d-conj.

(5-70)

where the single-particle field F, and its Hermitian Conjugate F- have the
same symmetry as j + , with respect to time reversal and d conjugation.
Couplings of the form (5-70) arise from velocity-dependent interactions.
Thus, for example, if the single-particle potential of the nonrotating system
has a velocity-dependent component V ( p ) , the transformation to the rotating
coordinate system gives rise to a term of the form (5-70), with F, proportional to I,, as in the Coriolis coupling. However, the contribution from this
term is largely spurious, since the velocity dependence in the potential is to be
considered relative to the collective flow (see the discussion on p. 80).
Another coupling of the form (5-70) results from the pair correlations.
The pair correlations in the nonrotating system involve particles in states
( Y,F) that are conjugate under time reversal, but in the rotating nucleus, the
paired orbits have opposite motion with respect to the collective flow. This
modification can be described in terms of a pair field with the symmetry Y,,
in the intrinsic frame (assuming the deformation of the nuclear shape to have
Y2, symmetry),

F, = / ( P 2 ( r ) - P - 2 ( r ) 1 1 ( r ) Y 2 1 ( S r ~ ) ~ ~

(5-71)

where pIr2(r) are the pair densities defined by Eqs. (6-141) and (6-142) and
wheref(r) is real. The quadrupole pair field (5-71) has the matrix elements
(V'

1,J?IF+Iv= 195) = (v,lf(r) Y,,I~,)(u,~,-

u1u2)

(5-72)
(v = 2, Y l v21 F, Iv = 0) = (Y21

A

f(.)

y2,

I 5, >(u1u2 +

2) 1%)

For one-quasiparticle states, the matrix elements (5-72) vanish when the
single-particle orbits are degenerate (24, = u,); in particular, there is no contribution to the decoupling parameter in K = 1/2 bands. The Av=O matrix
elements are largest when the states v, and v2 are on opposite sides of the
Fermi surface. These features are suggestive of the additional coupling effects
indicated by the empirical evidence (see the discussion on p. 252). However, it
remains an open question whether a pair field of the form (5-71) can account
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quantitatively for the discrepancy between the Coriolis coupling and the
observed rotational A K = 1 coupling; in this connection, one must also
consider the effects of the quadrupole pair field on the moment of inertia of
the even-even system (resulting from the Av= 2 matrix elements) as well as on
the Kn = 1 intrinsic excitations.

+

Contribution of Coriolis coupling to moment of inertia

The large difference between the rotational constant of the ground-state
band of 235U(A =5.1 keV) and that of the neighboring even-even nuclei
(A,=7.4 keV) is a characteristic feature of the bands in odd-A nuclei based
on orbits with largej (see Table 5-17, p. 312). A contribution to SA arises
from the Coriolis couplings to the KT = 5/2 - and K?T= 9/2 - bands considered above,
6A = -

(Y‘( E ,

I

1 Y ) ~E
( ( Y’) -

E ( v))

(5-73)

U‘

(Q(u’)=Q(u)+

,

A

1)

If the calculated values of E , in the last column of Table 5-7 are employed in
Eq. (5-73), one obtains 6A = - 5.4 keV, which is more than twice the observed
effect. The contribution (5-73) is to some extent compensated by the fact that
the presence of the odd particle prevents some of the excitations that
contribute to the moment of inertia of the even core. This effect is given by
the second term of Eq. (5-47), and an estimate of this term, using the same
approximation as in Eq. (5-69), leads to a reduction of 6A by about 10% in
the present case. Thus, the evidence from the inertial parameter provides
independent evidence for the overestimate of the Coriolis coupling in 235U.
An evaluation of the contribution (5-73) based on the empirical values of
E *, from the third column of Table 5-7 yields 6A w - 1.1 keV, which is less
than half of the observed effect. Other Q2a = 5 / 2 - and 9/2 - single-particle
states make additional negative contributions to 6A, but estimates of these
terms, based on the spectrum of Fig. 5-5, indicate that they are much smaller
than the ones considered.
Contributions to 6.4 also result from the effects referred to above in the
discussion of the Coriolis matrix elements (shift of one-particle transition
strength to other levels and reduction of A,), and the observed magnitude of
6A may be used to set limits on these effects. If we first assume A, to have the
value given by the ground-state bands of neighboring even-even nuclei, the
observed couplings to the K = 5 / 2 and K=9/2 bands, as analyzed in Table
5-7, only account for about one quarter of the expected magnitude of the
transition intensities of the j , operators for the quasiparticle states considered. If the remaining strength is shifted to higher states, the excitation
energies of these states must be in excess of about 2 MeV in order that the
total contribution to 6A not exceed the observed value. A reduction of A, due
to the presence of the odd particle would require even higher energies for the
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missing Coriolis strength. A lower limit for A, is obtained by attributing the
entire residual part of 6A, after subtraction of the terms (5-73) based on the
empirical values of E , , , to the difference between A, in the even-even and
odd-A nuclei; the value of A, in 23sUis then about 20% smaller than in the
neighboring even-even nuclei. (The same limit is suggested by the magnitude
of A in the low-lying even parity bands of 23sU;
see Fig. 5-14.)
The inertial parameter to be used in the estimate of the Coriolis matrix elements
for the odd particle includes the modification in the rotational properties of the
even-even core produced by the presence of the particle, but not the inertial effect
(5-73) of the particle itself. As illustrated by the particle-rotor model (see Appendix
4A), the reaction of the particle on the rotor is described by the combined effect of the
Coriolis and recoil terms, both involving the moment of inertia of the rotor (see Eq.
(4A-8c) and the discussion on p. 205). The recoil term partly implies corrections to
the one-particle energies, but in the example discussed above, these energies are taken
from the experimental spectrum and therefore include such corrections. In addition,
the recoil term modifies the wave functions of the particle so as to reduce the
amplitude of the j = 15/2 component; however, since the states that can be admixed
with large matrix elements of j:+ji have excitation energies of more than 5 MeV (see
Fig. 5-5), the resulting effect on the Coriolis matrix elements is estimated to be less
than a few percent.

A, term in ground-state band

Another characteristic feature of the bands based on the single-particle
orbits with large j is the relatively large signature-dependent term in the
rotational energy. The analysis of the empirical energies yields the value
A 7 x (1.O k 0.4)X
eV for the coefficient in the leading-order signaturedependent term in the expansion (4-62). The error is rather large, since the
determination must be made in the states of low angular momentum, where
the expansion (4-62) is rapidly convergent; higher-order terms become of
significance already for Zx 17/2.
The A, term is expected to receive its main contribution from the
seventh-order Coriolis effect involving the sequence of one-quasiparticle
states [743 7/2]-+[752 5/2]+[761 3/2]-+[770 1/2]-+ [770 1/21 + [761 3/21
+ [752 5/21 -+ [743 7/21,

(5-74)

A

The energies of the K = 3 / 2 and K = 1/2 intermediate states are not known,
but can be estimated from the single-particle spectrum in Fig. 5-5 and the
expression (5-57) for the effect of the pair correlations. Assuming 6=0.25,
A=0.7 MeV, and hxe([743 7/21), one obtains E312-E 7 / 2 d 0 5MeV and
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E,,2- E 7 , 2 ~ 1 . 4MeV. The one-particle matrix elements of j, are listed in
Table 5-6; the pairing effect is significant only for the 7/2+5/2 matrix
element (for which the correction factor is given by Eq. (5-69)). With these
energies and coupling matrix elements and with A,=7.4 keV, one obtains
A,=10-3 eV, which is about a factor of 10 greater than the observed value.
The empirical value of A , thus further supports the conclusion that the
magnitude of the particle-rotation coupling is reduced with respect to the
estimate based on the Coriolis interaction. If one employs the empirical value
for the amplitudes
associated with the coupling between the K = 7 / 2 and
K=5/2 bands, the estimate of A, exceeds the observed value by about a
factor of 2. Thus, it appears that the coupling matrix elements among the
excited bands are more nearly in accord with the Coriolis estimates than is
the case for the 7/2++5/2 coupling, though the conclusion is tentative, in
view of the uncertainty in the location of the expected K = 3 / 2 and K = 1/2
bands.
Inertial parameters in [633 5/2 ] band

For the low-lying positive parity bands in 235U,the observed moments of
inertia exceed those of the neighboring even-even nuclei by about 20%, which
is typical for the configurations that do not have exceptionally large singleparticle angular momenta (see Table 5-17). The very large moment of inertia
for the I633 5/21 band may be associated with the rather strong coupling to
the [624 7/21 band, which has been tentatively identified at about 500 keV
(see the reference on p. 274). This interpretation receives additional support
from the observed large positive fourth-order term in the rotational energy
(Bw+25 eV); the coupling of two bands yields SB, = ( S A , ) 2 ( E , - E l ) - ' ,
which is approximately fulfilled for (E2- E,)w130 keV and S A , x - 1.8 keV,
corresponding to the difference between the A coefficients for the [633 5/21
band and the lower-lying positive parity bands. Such an interpretation implies
a corresponding positive contribution to A and a large negative contribution
to B in the [624 7/21 band.
Interpretation of Coriolis effect in E2 moments in terms of polarization
charge

A

The expression (5-67) exhibits the E2 moment for A K = 1 transitions as a sum of
an intrinsic moment J ( E 2 , v = ? 1) and a contribution resulting from the Coriolis
coupling. The intrinsic moment would vanish for a pure neutron excitation, but
receives polarization contributions from the coupling to intrinsic excitations with
A K = 1. The contribution of the high-frequency quadrupole excitations (AN =2) can
be estimated on the basis of the model discussed in Chapter 6, which yields SepoI=O.6e
for a neutron. (See Eq. (6-386); neglecting corrections of the order of the deformation
parameter, the high-frequency polarization effect is independent of A K and the same
as in a spherical nucleus.) Additional contributions arise from the low-frequency
intrinsic excitations (AN = 0). The main quadrupole strength of the AN = 0 excitations
with A K = 1 is associated with the E2 moment of the rotational mode and therefore
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does not appear as intrinsic excitations (see the analysis of the “spurious” mode in
Chapter 6, pp. 446ff.). If all the AK= 1 excitations had the same frequency, the
rotational mode would collect the entire E 2 strength associated with these excitations,
but in the absence of this degeneracy, the intrinsic spectrum retains some E 2 strength;
estimates of the residual E 2 strength associated with A N = O yield a contribution to
the polarization charge of SepOl=0.2e (Hamamoto, 1971). Thus, we expect a total
polarization charge from the intrinsic excitations of about epol,int~0.8e.
(In view of the
overestimate of the total E 2 moment exhibited in Table 5-7, one may consider the
possibiliiy that the intrinsic polarization charge, which enters with a sign opposite to
that of the Coriolis contribution, has been seriously underestimated. Larger values of
epol,int
could arise if the Ka= 1 + excitation spectrum in the even-even nuclei contains
relatively low-lying bands that are connected to the ground state with enhanced
E2-matrix elements.)
The second term in the moment (5-67) can be viewed as a contribution to the
total effective charge resulting from the coupling to the rotational motion. The
structure of this term can be exhibited by employing the relation between the matrix
elements o f j , and Y,,, implied by the Y2, symmetry of the deformed field (see Eq.
(5-1))
d .
-J,
dt = i [ H j J = i [ V2(r)P2(cos9),[,]

(5-75)
where the intrinsic Hamiltonian H may include the interactions responsible for the
monopole pair correlations. (In Eq. (5-73, the effect of the deformation on the
spin-orbit coupling has been neglected.) For the total effective E 2 moment, we thus
obtain, from Eqs. (5-67), (5-68), and (5-79,
(v=

],a? l l l ( E 2 , v = ? 1)1v=

1,3)=(v=

1,9? Ilr2Y2,,Iv= l,~)(e,ff,int+epol,ro,)
(5-76)

with

The expression (5-77) exhibits the sign and frequency dependence characteristic of a
polarization charge resulting from coupling to a collective mode with zero frequency
(see Eq. (6-216)). A qualitative estimate of epol,rotmay be obtained by assuming a
deformed oscillator potential (see Eq. (5-5)) and employing the relations (4-72) and
(4-104) for Q, and &
(5-78)

A

Since AwoS=l.6 MeV, while E(O? I)- E(a)=0.7 MeV and .&=2$,
for 235U,we
obtain epol,rot=- 8e. Thus, it is expected that the rotational coupling gives the
dominant contribution to the E 2 moment for all low-frequency E 2 transitions with
AK=l.
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The structure of the rotational polarization effect can be further elucidated by
noting that the energy ho0S appearing in Eq. (5-78) corresponds to the excitation
energy Ae of the main A K = 1 single-particle transitions out of which the rotational
motion is generated (see the discussion of the moment of inertia on the basis of the
cranking model, p. 82). If all the single-particle excitations had this single frequency
and if there were no pair correlations, one would expect, as mentioned above, that the
entire AK= I E2 strength would be collected in the rotational mode, and there would
be no transition strength remaining in the one-particle excitations. Such a total
screening of the single-particle transitions is a consequence of the above analysis, as
can be verified most easily by considering the relation corresponding to Eq. (5-78) for
the isoscalar quadrupole moment in a nucleus with N = Z; in this case, the polarizability coefficient representing the ratio between the induced moment and that of the bare
in the absence of pairing) and thus exactly cancels
particle is xro,= - 2 (since Xo= Xfig
the moment of the particle as augmented by the high-frequency polarizability (xint=1,
see Eq. (6-370)). The large value of epol,rot
obtained for the A K = 1 transitions in 235U
represents an “overscreening” of the intrinsic moment resulting partly from the fact
that the single-particle excitation energy Ae is rather small compared with h 0 S , and
partly from the pair correlations, which reduce the moment of inertia below the
rigid-body value and at the same time decrease the energies of the Av=O excitations
appearing in the low-energy odd-A spectrum.

One-particle states in deformed (sd)-shell nuclei. Spectra of 25Mgand 2sAl
(Fig. 5-15; Tables 5-8 to 5-11)
Classification of odd-A spectra with 19 < A

A

< 25

For a large class of configurations in the light nuclei, the qualitative
features of the observed spectra can be immediately understood in terms of
the aligned coupling scheme based on one-particle motion in a spheroidal
p ~ t e n t i a lThe
. ~ especially well studied spectra of 25Mgand 25Al are shown in
Fig. 5-15; it is seen that the energies and IT quantum numbers of the
observed states are consistent with a classification in terms of rotational
bands characterized by quantum numbers K v . This interpretation is supported by the measured large E2-matrix elements within the bands and by
the observed approximate validity of the leading-order E2- and M 1-intensity
relations (see Table 5-10).
The observed KT quantum numbers of the intrinsic states in Fig. 5-15
correspond with those expected from Fig. 5-1 for a prolate deformation with
6 ~ 0 . (see
4 Table 4-15, p. 134). As shown in Table 5-8, such a classification
can be extended to the other T = 1/2 spectra in the beginning of the (sd)
shell, with the exception of A = 17, for which the low-lying states correspond

’See footnote 1, p. 212, for references to the papers establishing the aligned coupling scheme for the
light nuclei. The comparison between these wave functions and those obtained from shell-model
calculations played an important role in establishing the connection between independent-particle
motion and collective rotations (Elliott, 1958; Redlich, 1958). The configuration mixing involved in the
aligned coupling scheme has also been derived from a Hartree-Fock treatment of the deformed field
(Kelson and Levinson, 1964; see also the review by b p k a , 1968).
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Figure 5-1 5 Spectra of "Mg and 25Al.
The recognition of rotational band structure in the A = 25 system followed from the extensive series of
experiments at Chalk River (see the survey by A. E. Litherland, H. McManus, E. B. Paul, D. A. Bromley, and H. E. Gove, Can. J. Phys. 36,
378, 1958). The figure is based on the experimental data summarized by Endt and van der Leun, 1967, and by Litherland, 1968. The tentative
assignment of I = 11/2 for the 5.45 and 5.14 MeV states in "Mg is based on the data of S. Hinds, R. Middleton, and A. E. Litherland,
Proceedings of the Rutherford Jubilee Intern. Conf., p. 305, ed. J. B. Birks, Heywood and Co., London 1961. Energies are in units of MeV.
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to a single particle outside the closed shells of I6O (see Fig. 3-2b, Vol. I, p.
321).
As in heavier nuclei, the deformations are so great that orbits from
adjacent major shells can appear in the low-energy spectra of the same
nucleus. Examples in Table 5-8 are provided by the [ 101 1/2] band occurring
in the beginning of the (sd) shell and by the [330 1/21 band in nuclei around
A =25. (A striking effect of this type in the lighter nuclei is the occurrence of
an even-parity ground state for the “p-shell” nucleus “Be (Alburger et al.,
1964), which appears to be a consequence of the strong favoring of the orbit
[220 1/21 for prolate deformations.)
Besides the one-quasiparticle states in Table 5-8, there is tentative
evidence for collective vibrational excitations at energies of about 3 or 4 MeV
in the spectra of the odd-A nuclei in the (sd) shell. An example is provided by
the K1~=9/2+ band at 4.05 MeV in 25Mg (see Fig. 5-15). The energy of this
band is similar to that of the KT = 2 band in 24Mg, occurring at 4.23 MeV,
and the interpretation as a collective y vibration is further supported by the
relatively strong E 2 transition probability B(E2; 5/2 +9/2 +) = 34e2 fm4
= (1 .O ~r
0.2)BW, which is comparable with the transition probability
B(E2; O+K= I = 2)= 1.4B, observed in 24Mg. (See the references in the
caption to Table 5-10; in the odd-A nucleus, the y-vibrational excitation leads
to two bands with K = Q 2 2 , each of which carries half the transition
strength.)
Table 5-8 includes only states with T = 1/2. For T=3/2 states, the
evidence is much less detailed, but it appears that the tendency to establish an
aligned coupling scheme is not as pronounced as for the T = 1/2 states. For
example, the spectrum of 190,in contrast to I9F, does not exhibit simple
rotational relationships (see the review by Ajzenberg-Selove, 1972). The
weakened significance of the aligned coupling scheme for the T=3/2 states
may be attributed partly to the effect of the exclusion principle and partly to
the role of the isovector interactions. As a result of the exclusion principle, an
increase in the neutron excess requires the shifting of particles from orbits
that are favored by the deformation to orbits that are less favored. The
repulsive character of the isovector field in the nucleus (see the discussion in
Vol. I, p. 148) implies that the strength of the deformed field is weakened if
the particles outside closed shells have a large neutron excess (see also the
discussion in Chapter 6, p. 522).

+

+

Shapes of nuclei with (sd) configurations

A

The strong preference for prolate deformation in the beginning of the
(sd) shell can be understood from the fact that the energy of the [220 1/21
orbit decreases more strongly as a function of deformation than do any of the
low-lying orbits in a potential of oblate shape (see Fig. 5-1). One can obtain a
simple estimate of the quadrupole moment of the equilibrium shape by

P
[lo1 1/21
( a = 0.5)

[2201/2]
( a = 2.0)

9F

0.1 1
( a = 1.1)

0
(a=3.2)

*'Ne

2.79
( a = 0.7)

23Na

2.64
( a = 0.8)

Nucleus

25Mg

(4.43)

[2113/2]

[2025/2]

[211 1/21
( a = -0.1)

0

2.80

0

2.39
(a=0.0)
0

0.58
( a = -0.2)

[2001/2]
(a=0.0)

[2023/2]

[3301/2]
( a = -2.5)

(4.73)

z

8
2.56
( a = -0.5)

3.41
( a = -3.5)

Intrinsic states in deformed odd-A nuclei with 19 < A < 25. The table gives the excitation energies (in MeV) of the
lowest member of the bands associated with the various single-particle orbits, labeled [Nn,AQ].The classification is based on the
data and analyses given by:IgF (Ajzenberg-Selove and Lauritsen, 1959); "Ne (A. J. Howard, J. G! Pronko, and C . A.Whitten, Jr.,
Phys. Rev. 184, 1094, 1969; A. A. Pilt, R. H. Spear, R. V. Elliott, D. T. Kelly, J. A. Kuehner, G. T. Ewan, and C . Rolfs, Can. J.
Phys. 50, 1286, 1972); 23Na (J. Dubois, Nuclear Phys. A M , 657, 1967); "Mg (see Fig. 5-15).
Table 5-8
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employing the relation (4-186) for the harmonic oscillator potential. Thus, for
2%Ie,with the configuration [220 l/2I4 in addition to the closed shells, one
finds, from Eq. (4-72), the moment
Q, = 42 fm2

(5-79)

assuming the mean square radius ( r 2 )= 3( 1.2 X A
fm)2.The value (5-79) is
comparable to the intrinsic moment deduced from the rotational B( E2) value
(see Table 4-15, p. 134; quanta1 corrections associated with the zero-point
fluctuations in the orientation of the intrinsic coordinate system lead to an
increase of Q , by about 20% (see Eq. (4-145). There is also experimental
evidence for a rather large E 4 moment for ’%e, which can be understood in
terms of the shape of the [220 1/21 orbit (see the discussion in Chapter 4, p.
141).
For a harmonic oscillator potential, one would expect a preference for
oblate shapes at the end of the N = 2 shell, associated with the hole states with
the same asymptotic quantum number [220 1/21, now referring to the oblate
potential. However, the spin-orbit force, which implies a tendency for a
subshell structure at N or Z = 16, considerably reduces the tendency to
deformation in the latter part of the (sd) shell, and the spectra in this region
do not exhibit well-developed rotational patterns like those for 19 < A < 25.
Tentative evidence for occurrence of oblate deformations in the region of
A=28 is provided by the quadrupole moment of the 2 + state of 28Si
( Q = + 17 fm2; Hausser et al., 1969), corresponding to Q,= -60 fm2 and
6x -0.4. A striking confirmation of the oblate shape is the observation of a
well-developed rotational band with KT = 7/2 - in 29Si(Viggars et al., 1973).
As seen from Fig. 5-1, such a band corresponds to the configuration [303
7/21, expected for oblate deformations, while for a prolate deformation, the
lowest odd-parity band has KT = 1/2 - , as in the spectrum of A = 25 (see Fig.
5-15, p. 284).
In the region around A =24, the single-particle level structure in Fig. 5-1
suggests that there may be a tendency toward shapes of ellipsoidal symmetry,
since the two orbits [211 3/21 and [211 1/21 are strongly coupled by a
one-particle field of Y,, symmetry. For a harmonic oscillator potential, the
lowest configuration for A=24 is [ n , = O , ~ ~ = O , n ~ = 2 ] ~1,n2=0,n3=
[n,=
lI4,
in addition to the closed shells, and the equilibrium shape obtained from Eqs.
(4-1 13) and (4- 1 1 S\ implies
( x : ) : (x,”) : (xi) = 2 d : 162:2g2

(5-80)

corresponding to the intrinsic moments
Z

Q,= -(
A

A

A

(2x:-~:-x,”)~)=55 fm2

k=l

(5-81)
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and the asymmetry parameter
tany=

Q2
\/z =0.27

(5-82)
Qo
The value (5-8 1) for Q, is in agreement with the experimental data (see Table
4-15, p. 134), and the value of Q2 is comparable with that obtained from the
E2-transition probability for exciting the second 2 + state at 4.23 MeV (see
Eq. (4-245) and the B(E2) value quoted on p. 285). However, the available
evidence on the spectrum of 24Mgleaves open the question whether the K = 2
band represents the rotation of a triaxial shape or a vibrational excitation (see
the discussion of the similar issue in the spectrum of 166Er,pp. 164ff.).
One may also attempt to bring to bear the evidence from odd-A nuclei in
the region of A =24 to the question of axial symmetry (see, for example, Chi
and Davidson, 1963). For a nucleus with ellipsoidal symmetry, each band in
an odd-A nucleus has the states I = 1/2,(3/2)2,(5/2)3,. .. (see Eq. (4-294)).
The occurrence of three I = 1/2 states in the low-energy spectrum of A =25
therefore implies that at least three different intrinsic configurations are
involved; such an interpretation introduces a rather large number of parameters, and it has not yet been possible to establish relationships that are specific
to the asymmetric rotor coupling scheme.
Separation of spurious states associated with rotational motion

A

In light nuclei, the rotational degrees of freedom are associated with the
motion of rather few particles and the problem of the redundance in the total
degrees of freedom is therefore encountered in an especially acute form. We
shall illustrate aspects of the problem by considering the lowest states for
configurations with three particles in the (sd) shell. The significance of finite
particle number for nuclear rotations is further discussed in the example in
Chapter 4, pp. 84ff.
The intrinsic excitations that are involved in the rotational motion are
those generated from lower configurations by the action of the operators J -,
associated with infinitesimal rotations. Thus, if we consider the ground state
of I9F with the configuration [220 I /213, the rotation operators produce linear
combinations of configurations consisting mainly of ([220 1/212[211 3/21) and
([220 1/212[211 1/21). These configurations would be expected to provide the
lowest-lying even-parity excitations in the independent-particle approximation. Taking into account the degeneracy of each orbit with respect to the
sign of d
! and the different ways of distributing the neutrons and protons
among the different orbits, one obtains, from these configurations, five states
with K = 1/2, four states with K=3/2, and one state with K=5/2. Of these,
one K = 1/2 and one K=3/2 have T=3/2, while the rest have T = 1/2. The
rotational degree of freedom corresponds to an isoscalar mode of excitation
with AK= 1 and therefore uses one linear combination of the K = 1/2 states
with T = 1/2, and one with K=3/2, T = 1/2. Hence, we are left with the
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following nonspurious intrinsic excitations: (K = 1/2, T = 1/ q 3 , (K = 3/2,
T = 1/2)2, (K=5/2, T= 1/2), ( K = 1/2, T=3/2), and (K=3/2, T=3/2).
In the case considered, all the nonspurious intrinsic excitations are
expected to have rather high excitation energies as a result of the residual
interactions between the nucleons. These interactions favor states with low
total isospin (as manifested, for example, by the symmetry potential in the
nucleus), and this feature can be seen as a special case of the tendency to
favor states that are symmetric under exchange of the space coordinates of
the interacting particles. (This tendency is expressed in terms of effective
nucleonic interactions depending on the space-exchange operator; see, for
example, the Serber force considered in Vol. I, p. 258.) The ground state of
I9F, in the limit of the asymptotic quantum numbers, has a completely
symmetric orbital wave function [220l3 coupled to the completely antisymmetric spin-isospin wave function ([f] = [3] in orbital space and [f] = [ 1 1 11,
(S,T )= (1 /2,1/2) in spin-isospin space; see Table 1C-5, Vol. I, p. 134.) The
excited orbital configuration ([22012[2111) gives rise to a single state that is
fully symmetric ([f] = [3]), and this state is the one obtained from the ground
state by the action of the rotation operator J,. It therefore follows that all the
nonspurious states enumerated above belong to the lower orbital symmetry
[f]=[21]. (The configuration [22012[2111 gives rise to a single band with A = 1;
coupling this band to the spin-isospin states (S,T) = (1/2,1/2), (1 /2,3/2),
and (3/2,1/2) (see Table 1C-5), we obtain the multiplicity of bands enumerated above.) A systematic procedure for separating between the rotational and intrinsic degrees of freedom for particle motion in a harmonic
oscillator potential can be based on the SU, classification (Elliott, 1958; for
the p-shell configurations, this classification is given in Table 1C-4, Vol. I, p.
132); methods appropriate to particle motion in potentials of a more general
type are discussed in Chapter 6, pp. 446ff.
In the spectrum of 19F, the only states, besides those of the ground-state
band, with well-established ( ~ d configurations
)~
are the T = 3/2 states that are
isobaric analogs of the low-lying states of 190. These lowest T = 3 / 2 states in
'9F occur at about 7.5 MeV, which is considerably larger than the oneparticle energy difference between the orbits [220 1/21 and [211 3/21 in Fig.
5-1. These T = 3 / 2 states do not exhibit the rotational patterns characteristic
of the aligned coupling scheme (see p. 285). The lowest T= 1/2 intrinsic
excitations in I9F comprise a Kn-= 1/2- band associated with the ~ - l ( s d ) ~
configuration (see Table 5-8) and a tentatively assigned Kn- = 3/2 + band
starting at 3.91 MeV (Dixon et al., 1971); the low energy and regular
rotational band structure of the positive parity excitations suggest that the
shell-model configuration is predominantly ~ - ~ ( s d )or' ~ - ' ( s d ) ~ .
Another spurious mode of excitation is that associated with the centerof-mass motion. Since the generator of translations is the total momentum P,
the spurious excitations have the quantum numbers AK=O or 1 and n-= - 1.
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The odd-parity excitations in Table 5-8 have this symmetry, but very small
matrix elements of P, since this operator obeys the selection rules An,= 1,
AA = O or An,=O, AA= 1. Hence, the properties of these excitations are not
expected to be significantly affected by the removal of the spurious degree of
freedom associated with the center-of-mass motion.
Decoupling parameters

A

The classification in Table 5-8 is further supported by measurements of
various properties of the intrinsic states. Thus, the experimentally determined
decoupling parameters for the K = 1/2 bands are given in Table 5-8 and can
be compared with the theoretical values listed together with the configuration.
The theoretical estimates are obtained from Eq. (5-46) together with the wave
functions in Table 5-9, and are seen to provide a n interpretation of the
characteristic differences observed for the decoupling parameters of the
different bands. For the orbits [220 1/21 and [330 1/21, which have especially
large moments of inertia, higher-order rotational coupling effects can be
important. Such effects may be responsible for the theoretical underestimate
of a for these bands; see the discussion on p. 308.

"n&JI

[lo1 1/21
[220 1/21
[211 3/21
[202 5/21
[211 1/21
[200 1/21
[202 3/21
[330 1/21

j =1/2

j = 3/2

0.920

0.392

-- 0.523

- 0.285
- 0.236

0.4 19
0.743

0.735
-0.615
0.972
- 0.646

0.279

j=5/2

0.803
0.972
1.ooo
0.533
0.265
0.236
--0.188

j = 7/2

0.685

Single-particle wave functions for nuclei with 19 < A < 25. The table
gives the expansion coefficients ( N l j n l v ) of the one-particle orbits v labeled by
the asymptotic quantum numbers [Nn3RS2].The wave functions are obtained
from the Hamiltonian (5-10) employing the parameters of Table 5-1 and the
deformation 6=0.4. The phases are as in Table 5-2b and Eq. (5-17).

Table 5-9

v

A

MI - and GT-matrix elements for A

= 25

The empirical evidence on M 1 moments in the I202 5/21 and [211 1/21
bands in 25Mg and 25Al is collected in Table 5-10 and is analyzed on the
basis of expressions (4-87) and (4-88). For the K = 5 / 2 bands, the constancy
of the quantity (g, - g R ) derived from the different matrix elements provides
tests of the rotational coupling scheme.
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Measured quantity
Q(5/2)
B( E2; 7 / 2 4 / 2 )
B( E 2; 9/2+7/2)
B( E 2 ; 9/2+5/2)

K=5/2

B( M 1; 3/2+1/2)
B( M 1; 5/2+3/2)
B( M 1 ;7/2+5/2)

[202 5/21

Q, w 60
Q,= 55 2 6
Q, = 3 O t 15

Q0=50
Q 0 = 4 5 t 15
Q0=40t 15

K=1/2
B(E2;3/2+1/2)
B( E2; 5/2+3/2)
B(E2;5/2+1/2)
B( E2; 7/2+3/2)

291

[211 1/21

Q,w60
Q0w75
Q0=65
Q0m60

Qod5
Q0=75
Qow 110
Q0w60

g - g R = 1.2t0.3
{ b(
K g, - gR)= 0.2 t 0.3

( gK)calc= 2.5
(b( g, - gR))calc
= - 0.03 + 0 . h
E2- and M1-matrix elements for A =25. The values of Q, (in fm’) and of the
magnetic g factors are derived from the moments and intraband transition probabilities in
column one. The calculated values are based on the wave functions in Table 5-9, and the
quantity x represents the ratio between the effective value of g, and that for a free nucleon.
The empirical data are taken from the review by Litherland (1968) and from J. F.
Sharpey-Schafer, R. W. Ollerhead, A. J. Ferguson, and A. E. Litherland, Can. J. Phys. 46,
2039 (1968), N. Anyas-Weiss and A. E. Litherland, Can. J. Phys. 47, 2609 (1969), and T. K.
Alexander, 0. Hausser, A. B. McDonald, and G. T. Ewan, Can. J. Phys. 50, 2198 (1972), as
well as from references quoted in the latter article.

Table 5-10

v

A

The empirical values of g, and b may be compared with the values
calculated from expressions (5-86) and (5-87a) by means of the wave functions in Table 5-9. The calculated values in the table assume g, = (g,) free and
gR = 0.5, and are given in terms of the parameter x representing the ratio of
(gx)effand (gJrree.For the K = 5 / 2 orbit, the observed value of gK can be
accounted for by taking x w 0.9.
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Such a small value of the spin polarization effect is, however, in conflict
with the information obtained from the GT transition probability in the p
decay of 25AI . From the observed reduced lifetime (ft = 3900) for the groundstate transition, one obtains from Eqs. (3-46), (3-50), and (4-91)
( K = 5 / 2 , M , = 1 / 2 ( ~ ~ a , t + l K = 5 / 2 , M ,= 1/2)

=

0.75

(5-83)

to be compared with the value 1.0 obtained from the wave function in Table
5-9 for the [202 5/21 configuration. The matrix element (5-83) is related by
rotational invariance in isospace to the isovector spin contribution to g, and
the rate of the /3 decay thus implies xx0.75. The discrepancy in the value of
the spin renormalization deduced from magnetic moments and p decay is
similar to the situation encountered in the one-particle d5,2 configuration in
A = 17 (see Vol. I, p. 346). In both cases, the discrepancy can be resolved by
introducing a renormalization of the orbital g factor of about 6g,x -0.17,.
(Evidence for such an effect in the magnetic moments in the region of 208Pbis
referred to on p. 486.)
For the K = 1/2 orbit in Table 5-10, the observed value of g, is
consistent with x xO.7, but is not of sufficient accuracy to test for the
renormalization of g,. For the b parameter, the evidence may suggest a larger
spin polarization effect. Such a larger reduction in the effective moment for
the transverse spin component is expected as a general consequence of the
approximate validity of the asymptotic quantum numbers, which tends to
reduce the magnitude of the spin fluctuations in the longitudinal direction in
comparison with the fluctuations in the transverse direction (see the discussion on p. 304). In the case of the 24Mgcore, the transverse spin fluctuations
are especially strong on account of the large matrix elements connecting the
filled [211 3/21 and the empty [211 1/21 orbits.
The p decay of 25Al has a weak branch to the 1 = 7 / 2 member of the
ground-state band of 25Mg. The reported intensity of about 0.1% (see Endt
and van der Leun, 1967) implies f t ~ 2 X
lo5 and leads to a n intrinsic matrix
element that is about a third of the value (5-83). Such a large violation of the
rotational intensity relation appears surprising, especially in view of the
agreement exhibited by the M 1-matrix elements.
The conflicting character of the evidence obtained from the G T and M I matrix
elements for the I = 5 / 2 to the 1 = 7 / 2 transition can be more precisely exhibited by
employing the expression (1-65) for the magnetic moment operator together with the
rotational invariance in isospace, which yield the relation
(1=7/2,M,=

1/2112 t+~llZ=5/2,M,= - 1 / 2 )

L-

= 4.7 1 ( - ( 1 = 7 / 2 , ~ , = 1/211 pII1=5/2,M,=

+(1=7/2,M,=

A

1/2)

- 1/211 pLJ(Z=5/2,MT=- 1 / 2 )
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where we have inserted the observed M 1-matrix elements for "Mg and *'Al, given in
Table 5-10. The empirical value for the reduced GT matrix element (5-84) is about
0.35 and, hence, the above relation requires a value of about 7 for the isovector orbital
matrix element. Such a large value seems improbable; in fact, the isovector orbital
matrix element receives no contributions from the even-even core of "Mg (which has
T=O), and the odd neutron gives the contribution 2.6 in the rotational coupling
scheme.
One-particle transfer for A

= 25

The strong population of the low-lying states of 25Mg in the 24Mg(dp)
reaction confirms the interpretation of the states in terms of one-particle
motion with respect to the 24Mg core. The reaction amplitudes yield the
parentage factors, from which one can determine the expansion coefficients
(QQl Y) for the one-particle states (see Eq. (5-42)). The probabilities (QQl Y)*
obtained in this way are compared in Table 5-1 1 with the theoretical values
corresponding to the wave functions given in Table 5-9. In the theoretical
estimates, no effects of pair correlations have been included, since in the
present case the occurrence of a collective pair field seems unlikely. In fact,
the separation between the filled and empty single-particle levels in Fig. 5-1 is
about twice the parameter A determined from the odd-even mass differences
(see Fig. 2-5, Vol. I, p. 170); this feature is confirmed by the absence of hole
states in the observed spectrum up to about 4 MeV of excitation.
The theoretical values in Table 5-1 1 provide a qualitative interpretation
of the observed intensity patterns; in a quantitative comparison, one must
consider multistep processes as well as effects of the Coriolis coupling. The
importance of multistep processes is suggested by the fact that the inelastic
scattering of deuterons and protons, leading to rotational excitations of the
ground-state band, have cross sections similar in magnitude to the elastic
scattering, except for the forward angles (see, for example, Schulz et al.,
1970). Studies of the effects of multistep processes in 24Mg(dp) have been
made by Schulz et al., 1970; Mackintosh, 1970; Braunschweig et al., 1971.
Rather direct evidence on these processes is provided by the excitation of the
Z=7/2 member of the ground-state band of 25Mg (Middleton and Hinds,
1962; Hosono, 1968). A small amplitude for this transition results from the
admixture of N = 4 components in the intrinsic one-particle wave function.
This component can be estimated from the matrix element of the deformed
potential (5-5) (see Eqs. (3A-14) and (2-154))

-)

( N = 4 , g , / 2 , Q = 5 / 2 1 ~ S M u $ Z P , / N = 2 , d 5 / 2 , Q = 5 / 2 ) = (2
21

A

'/2

Kw,S

(5-85)

With 6 ~ 0 . 4and A~x2Au,,, we obtain a g,/2 amplitude of about 0.06, which
contributes a direct (dp) cross section of less than
of the ground-state
transition. The observed intensity is of the order of lo-' times the groundstate transition; thus, it appears that multistep processes provide the main
mechanism for populating the I = 7/2 level.
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j =1/2

V

[202 5/21

[211 1/21

[200 1/21

[330 1/21

(lj GI v>'
j=3/2
j=5/2

obs
calc

(1.0)
1.o

a

a

ObS

0.23
0.18

0.44
0.54

0.19
0.28

calc

ObS

0.08
0.55

0.40
0.38

0.02
0.07

obs
calc

0.2
0.08

0.6
0.42

0.04

calc

j=7/2

1.4
0.47

(a) Weak groups with intensities less than 10% of the ground-state transition and with
approximately isotropic angular distribution.
Table 5-11 Evidence on one-particle states in "Mg obtained from the 24Mg(dp)
reaction. The table lists the square of the expansion amplitude, (IjQlv), obtained from
the observed 24Mg(dp) differential cross sections at 25", for deuterons of 15 MeV. The
experimental data and the DWBA analysis are taken from B. eujec, Phys. Rev. 136,
B1305 (1964); the single-particle cross sections have been normalized to the groundstate transition, which is assumed to have (d-512,Q = 5/21v) = 1.

v

The Coriolis coupling is especially large for the [330 1/21 band, which
contains a large component of f7/2. This coupling appears to be responsible
for the observed large intensity to the Z=7/2 member of this band. In the
limit where the Coriolis coupling is large compared with the energy spacings
of all the f7,2 orbits, the whole f7/2 strength (corresponding to four in the
units employed in Table 5-11) is concentrated on the lowest Z=7/2 state
(spherical coupling scheme). An estimate of the Coriolis matrix element
between the Z=7/2 states of the [330 1/21 and [321 3/21 bands yields values
of several MeV, which is comparable to the energy difference between the
bands. A matrix element of this magnitude implies an intermediate coupling
scheme, consistent with the observed intensity of the f7/2 one-particle transfer
process.
Coulomb energies

A

The detailed correspondence between the energy levels in 25Mgand 25Al,
as exhibited in Fig. 5-15, provides striking evidence for the charge symmetry
of nuclear forces (see Vol. I, p. 35). The quantitative comparison reveals
smaller differences that may be attributed to the dependence of the nuclear
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charge (and magnetic moment) distribution on the quantum numbers of the
different states. Because of the richness of the data.and the simplicity of the
coupling scheme for the deformed nuclei, the analysis of these effects is
potentially a source of valuable information on the structure of the states. A
detailed analysis is not yet available, and we shall confine ourselves to a few
comments of a qualitative nature.
The intrinsic excitation energies in 25Al differ from those in 25Mg by
amounts of the order of 100 keV, with a sign that implies that the Coulomb
energy for an orbit along the symmetry axis ( n , w N ) is less than for an orbit
in the equatorial plane (n, wN).Thus, the sign is the same as the difference
between the Coulomb field at the pole and the equator of a uniformly
charged prolate spheroid; however, the quantitative estimate involves a delicate balance between the expectation value of the quadrupole component in
the Coulomb field, which favors equatorial orbits, and the opposite effect of
the isotropic part of the Coulomb field, which favors orbits along the
symmetry axis, since these have somewhat larger radial excursions, as a
consequence of the deformation of the nuclear field.
The quantitative interpretation of Coulomb energy shifts is expected to
be influenced in an important manner by polarization effects similar to those
affecting other one-particle matrix elements (Auerbach et al., 1969;
Damgaard et al., 1970). Thus, the coupling of the individual particles to the
collective monopole isovector excitations of the core may be expected to
reduce significantly the isovector density at the position of the particle, and to
redistribute it more uniformly over the nucleus as a whole. (The effect is
similar to the polarization charge discussed in connection with the dipole and
quadrupole isovector modes in Chapter 6, pp. 486 and pp. 514ff.)

Survey of intrinsic states in deformed odd-A nuclei with I50 < A
(Tables 5-12 and 5-13)

A

2%

< 188

The spectra discussed in the previous examples illustrate the classification of deformed odd-A spectra on the basis of the intrinsic states of Figs. 5-1
to 5-5. For the odd-A nuclei in the region 150< A < 188, the systematic
features of this classification are shown in Tables 5-12 and 5-13, which collect
the available data on the location of intrinsic states. The one-particle orbitals
are labeled by the asymptotic quantum numbers Nn,AQ, and the numbers
appearing in the tables are the excitation energies (in keV) of the band head
( I = K ) of the corresponding configuration. The assignments of the observed
intrinsic states are based partly on the correspondence with the expected
values of Q v , and partly on the more detailed features of the bands. Among
these, the one-particle transfer intensities play an especially important role
(see the example discussed on pp. 258 ff.). Further evidence is provided by the
rotational energies, moments, and transition probabilities, as discussed in the
preceding examples. (See also the systematics of the g , values in Table 5-14,

5325/2

4135/2 411 3/2

153

63EU
'"Eu

97
104

0
0

'2:Tb
157Tb
59Tb
161Tb

227
326
364
480

271

161

827

'

5237/2

411 1/2

4047/2

a
a

211
298
429

440

995

0
0
0

69Tm
'69Tm
171Trn

293
379
425

0
0
0

179
316
636

171

662

208
425

0
0
0

570

0

(970)

1 6 3 ~ ~
6

5

167

71Lu
173Lu
175Lu
177Lu

~

~

541 l/2

B

417

1

4025/2

103
246

348
315

67HO

5149/2

362

a

716

ei

a

E

El

( 175)
a

a

470
396
150

296
357
343
458

5
z

71
128
358

z

C

PE

00,

532 5/2

413 5/2

411 3/2

523 7/2

411 1/2

404 7/2

514 9/2

402 5/2

0
0
0

74
31
6

70
239
482

0

73

459

85 1
872

262
496
387
206

0
0
0
0

541 1/2

2

(2 17)
750

0

-

177

73Ta
'79Ta
"'Ta

520
615

'83Ta
181

75Re
183Re
'''Re
IS7Re

826
880
626

s
sm
z

ti
432
702
1045

5U
u
U

(IS7Tb,([411 3/21, 2+)1/2 +, 598 keV; "'Tb, ([411 3/21,
2 + ) 1 / 2 + , 581 keV; I6'Ho ([523 7/2],2+)3/2-, 593 keV; I6'H0 ([523 7/2],2+)3/2-, 515 keV; ([523 7/2],2+)11/2-, 689 keV; '69Tm
([411 1/21, 2+)3/2+, 571 keV; I7'Tm ([411 1/21, 2+)3/2+, 676 keV; I8'Re([402 5/21, 2+)1/2+,646 keV; '87Re([4025/21, 2+)1/2+,
512 keV; ([514 9/21, 2 + ) 5/2-, 686 keV.)
( a ) Evidence for occurrence of low-lying ( E <700 keV) y-vibrational excitations

Table 5-1 2 Classification of single-particle states in odd-proton nuclei with 63 < Z < 75. The table lists the intrinsic states that have been
identified as predominantly one-quasiparticle configurations. The entry gives the excitation energy (in k e y of the band head ( I = K = Q )
associated with the specified orbits. For a few bands, the I = K member has not yet been identified, and for these, the energies in the table
(given in parentheses) represent extrapolated values based on the observed higher members of the band. The table is based on the review
by M. E. Bunker and C. W. Reich, Rev. Mod. Phys. 43, 348 (1971); evidence for the [541 1/21 band in '67Tm has been given by A.
Johnson, K.-G. Rensfelt, and S. A. Hjorth, AFI Annual Report 1969, p. 23 (Research Institute for Physics, Stockholm).
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p. 303, the &decay ft values in Table 5-15, p. 307, the decoupling parameters
in Table 5-16, p. 309, and the moments of inertia in Table 5-17, p. 312.)
The sequence of the observed orbits in Tables 5-12 and 5-13 corresponds
approximately to the theoretical spectra of Figs. 5-2 and 5-3 for 6 ~ 0 . 3which
,
represents a typical value of the equilibrium deformation for this region (see
Fig. 4-25, p. 133). At these deformations (6-A -'I3),
one encounters crossings of orbits that originate in different major shells in the spherical potential.
(Examples are provided by the presence of the [400 1/21, [402 3/21, and [505
11/21 neutron orbits at the beginning and the [541 1/21 proton orbit and [651
1/2] neutron orbit at the end of the region considered.)
The variations in 6, as well as in the higher multipoles in the nuclear
shape, give rise to systematic variations of the orbits as observed in different
nuclei. Thus, for example, the decrease in 6 in the region beyond A 170 (see
Fig. 4-25) implies that the orbits from the higher shell ([541 1/21 for protons
and [651 1/21 for neutrons) increase in energy relative to the other orbits. In
the middle of the region considered, the main variation in the nuclear shape is
associated with a decrease in p4 (with increasing A), while 6 remains
approximately constant (see the evidence in Table 4-16, p. 140). This trend in
p4favors the orbits that lie somewhat out of the equatorial plane as compared
with those (n3=O) lying in the plane (see Eq. (4-192) and the following
discussion); such an effect is reflected in the observed energies of the proton
orbits [411 1/21 and [514 9/21 relative to the [404 7/21 and [402 5/21 orbits.
(The importance of the /I4
deformations for the level sequence in the isotopes
of Tm and Lu has been discussed by Ekstrom et al., 1971, 1972.)
The quantitative description of the odd-A spectra in terms of oneparticle orbits in the deformed static potential is limited by the coupling to
the rotational motion as well as to other intrinsic degrees of freedom. The
Coriolis coupling is in most cases only a small perturbation (for not too large
values of Z), but for some of the orbits with large values of j (and small values
of a), the coupling may become so large that the states cannot be described in
terms of an intrinsic configuration with a well-defined value of K . This
situation occurs for the neutron orbits referred to in footnotes d and e to
Table 5-13. The associated bands exhibit major deviations from normal
rotational spectra, but it appears that the observed patterns can result from
the effect of the Coriolis force acting within the system of one-quasiparticle
states (see, for example, Elbek, 1969, and Hjorth et al, 1970).
In the extensive investigations that underlie the classification in Tables
5-12 and 5-13, there is no evidence for states below 500 keV that cannot be
associated with the one-quasiparticle configurations. In the energy region
somewhat above 500 keV, a few additional intrinsic states have been found;
these can be interpreted in terms of quadrupole vibrational excitations
superposed on a lower-lying one-particle state (see footnotes to Tables 5-12

-
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530 1/2

532 3/2
127

400 1/2

660 1/2

321
269
307
475
418
369

422
(500)

399

(809)
(735)

700
627

684
564
48 1

(1 120)
(825)
(815)

1109

973
608
54 1

780
774

1057
746

736
507

(1 250)
(990)

402 3/2

415
368
388

1135

651 3/2

505 11/2

521 3/2

98
121
199

36
0

549
463

425
354
396

0
0
0

64
178
(230)

550
463

679

68 1
486

444

0
75
104

68
0
69

857
534

1084

495
59 1

313
422
243

25 1
47

574
753
660

8 12
59 1

I44

1086

1052

1394

0

714
902
1224
1620

~

Table 5-13

642 5/2

0
105
235

M

2

523 512

633 712

521 112

512 512

514 712

624 912

510 112

696
560
463

(900)

435
3 10
172

704
538

(1000)

( 1440)

146
26
0

507
367
346

873
799
609

1602
(1276)
1074

356
35 1
297

809
719
478

32 1
344

0
0
0

446
(4 17)

800

534
668
570

0
0
0

108
208
24

184
346
191

960

850

244
95

0
0

92
122

823
835

0
0
0

53 1
637
348

378

35 1
207

195
399
126

(995)
746
478

920
560
222

639
509
430

0
0
0

265
32 1
309

935

512 312

s

503 712

1309
1159
920
570
763

1258
1384

562
945

1082

706
1031

906
1340

5 14
590

81 1
804

f
e,f
b

b

z

C

b

b
1058

F

9
cI1

*

M

lSlW

(954)

1s3w

109

0
0
0

332
375
458

709
720
726

1226
872

b

614
385

518
366

104
214
409

936

905

1072

623

0

209

453

1013

888

1058

716

24

0
10

244

C

100

C

0

662
C

Toble 5-13 continued

( a ) Evidence for the occurrence of the [404 7/21 orbit ("'Gd, 1295 keV; 157Gd,1825 keV; Is9Gd, 1960 keV; '"Dy, 1416 keV; 163Dy,1840
keV).
( b ) Evidence for the occurrence of the [651 1/21 orbit (159Gd,1977 keV; 161Gd, 1489 keV; la%, 1590 keV; '"Yb, 1610 keV; 173Yb,1630
keV; 17'Yb, 1366 keV; 177Yb,1380 keV).
(c) Evidence for the occurrence of the [615 11/21 orbit (lS3W,310 keV; lS'W, 198 keV; IS7Os,257 k e y .
( d ) The Coriolis coupling between the [660 1/21 and [651 3/21 orbits implies strong band mixing. The 1 r = 1 / 2 + state has been
identified in the cases listed by virtue of its Z=O one-particle transfer strength; the main part of the strength results from the [400 1/21
component admixed by AN=2 couplings, which are found to be of the order of 100 keV (see p. 230). In a similar manner, the Zn=3/2+
states are identified by I = 2 transfer strength associated with [402 3/21 admixtures.
( e ) The observed rotaconal energies of the [642 5/21 band indicate strong Coriolis mixing with the [651 3/21 and [660 1/21
configurations.
(A Evidence for rather low-lying excitations (E<700 keV) of p- or y-vibrational character ("'Gd, ([521 3/21, 0+)3/2-, 593 keV;
'"Dy, (1633 7/21, 2+)3/2+, 539 keV; 167Er,([633 7/21, 2+)3/2+, 531 keV).
Table 5-13 Classification of single-particle states in odd-neutron nuclei with 91 < N < 1 1 1 . The table is similar to Table 5-12 and is based on
the review by Bunker and Reich (Zocxit. Table 5-12); additional evidence derived from one-particle transfer reactions is taken from: Gd
isotopes (P. 0. Tjram and B. Elbek, Mat. Fys. Medd. Dan. Vid. SeZsk. 36,no. 8, 1967); Dy isotopes (T. Grotdal, K. Nybra, and B. Elbek ibid. 37,
no. 12, 1970); Er isotopes (P. 0. Tjram and B. Elbek ibid. 37, no. 7, 1969); W isotopes (R. F. Casten, P. Kleinheinz, P. J. Daly, and B. Elbek
ibid. 38,no. 13, 1972); [651 1/21 orbit in Yb isotopes ( S . Whineray, F. S. Dietrich, and R. G. Stokstad, Nuclear Phys. A157, 529, 1970).
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and 5-13). At higher excitation energies, a greater density of states is observed, including three-quasiparticle states as well as vibrational excitations
and single-particle states. The systematic interpretation of the spectra above
about 1 MeV is still somewhat tentative due to the great variety of possible
coupling effects between the elementary modes of excitation; however, on the
basis of the one-particle transfer studies, it has been possible to identify a
considerable number of individual states in the region of 1-2 MeV that
appear to carry the main part of the strength associated with specific
single-particle configurations. (See, for example, references in Table 5- 13; for
preliminary evidence on the one-particle strength function at still higher
energies, see, for example, Back et al. 1974.)

Magnetic g factors for odd-A nuclei with 150 < A

< 190 (Table 5-14)

The gyromagnetic factors g, and g,, for a rotational band with K # 1/2,
can be obtained by combining a measured magnetic moment with an MItransition matrix element (see Eq. (4-87)). For K = 1/2 bands, the M I-matrix
elements involve the additional parameter b (see Eq. (4-88)), and the analysis
requires the determination of an additional moment or transition probability
(see, for example, the analysis of M 1 moments in the K = 1/2 band of '69Tm
in Table 4-7, p. 104). Table 5-14 contains the available data on the M1
parameters of rotational bands for odd-A nuclei with 150<A < 190.
As can be seen from Table 5-14, the g, factor provides a characteristic
property that can be exploited in establishing the classification of the oneparticle configurations. The large variations in g, - g, directly manifest
themselves in the E 2 : M 1 ratios for the rotational transitions with AZ= 1.
Thus, the small values of g,-g,
for the neutron configurations [523 5/21
and [514 7/21 imply that the AZ= 1 transitions within a rotational band built
on these states have large E 2 admixtures (of the order of 50% or more); this
feature provides a clear identification of these orbits. (See, for example, the
striking difference in the E 2 : M 1 ratio for the transitions within the [514 7/21
and [624 9/21 bands in 177Hf,as exhibited in Table 4-8, p. 108.)
For the one-quasiparticle states, the g, factor can be estimated from the
expression (see, for example, Eq. (4A-12))

(5-86)

A

where g, and g, are the spin and orbital g factors for the last odd nucleon. The
factor resulting from the pair correlations is unity for these diagonal matrix
elements (see Eq. (5-43)). For Q = 1/2, the magnetic decoupling parameter is
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Odd-proton configurations

413 5/2
411 3/2
523 7/2
411 1/2

0.47
0.42
0.43
0.4 1

404 7/2

0.3 1
0.29
0.42
0.4 1

404 7/2
402 5/2
402 5/2

0.30
2.28
1.53
- 2.44
- 0.05*
0.4 1
0.4 1
1.90
1.90

0.57
0.7 1
0.72
0.79
0.47*
0.55
0.48
0.74
0.76

- 0.48
- 0.53
- 0.34

- 0.6 1
- 0.6 1

0.17
0.25
- 0.26
1.43
- 0.48*
- 0.49
0.2 1
- 0.22

0.39
0.39
- 0.39
1.75
- 0.79*
- 0.56
0.40
- 0.35

0.79
0.87
0.76
0.44
0.64
0.67
0.82
0.7 1*
0.87
0.52
0.63

0.67
1.83
1.35
-- 1.57
0.32*
0.73
0.78
1.61
1.63

Odd-neutron configurations

521 3/2
521 3/2
642 5/2
523 5/2
523 5/2
633 7/2
521 1/2

0.32
0.26
0.2 1
0.32
0.27
0.18
0.28

512 5/2
514 7/2
624 9/2

0.28
0.26
0.22

- 0.45

Magnetic g factors for odd-A nuclei (150<A < 190). The experimental data are
taken from F. Boehm, G. Goldring, G. B. Hagemann, G. D. Symons, and A. Tveter, Phys.
Letters 22B, 627 (1966); additional values for Eu, Dy, Hf, and Re are obtained from the
branching ratios and magnetic moments summarized in the reviews by Rogers (1965) and
Lederer et al. (1967). The static moments for 177Hfand 179Hfare from S. Buttgenbach, M.
Herschel, G. Meisel, E. Schrodl, and W. Witte, Phys. Letters 43B,479 (1973); the parameters
for l6Vm are those quoted on p. 102. For the K = 1/2 bands, the quantities marked with an
asterisk are the observed and calculated values of ( gK - g,)b, and in the last column, the
effective g, factor derived from this transverse matrix element in units of ( gs)r,.
We wish to
thank I. L. Lamm for help in th? preparation of this table.

Table 5-14

V

given by (see Eq. (4A-12))

(5-87a)
(5-87b)

A

(5-87~)
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The relations (5-87b) and (5-87c) between the magnetic decoupling parameter
b and the rotational decoupling parameter a given by Eq. (5-46) are specific
to one-particle intrinsic states. In obtaining the relation (5-87c), we have
exploited the identity

= - ( - 1)

I

(5 + (Q = 1/21s3p = 1/2))

(5-88)

where (A = 0, Z = I /210 = 1/2)2 is the probability for s3= Z = 1/2, in the state
I0= 1/2), and where ( - 1)‘ is the quantum number r for the IA=O) state,
which equals the parity of the one-particle orbit.
The empirical data on g, and b are compared in Table 5-14 with
theoretical estimates based on Eqs. (5-86) and (5-87a), the wave functions in
Table 5-2, and the g factors g, and g, corresponding to free nucleons. The
empirical g, values deviate systematically from these calculations, in a
manner that can be approximately accounted for in terms of a spinpolarization effect of the type discussed in connection with the M 1 moments
of configurations involving a single particle outside of closed shells (see Vol.
I, pp. 337ff.). The last column in Table 5-14 gives the value of ( gJeff/(gs)free,
for which the one-particle wave functions of Table 5-2 yield the observed
values of g,. It is seen that the observed values of g, indicate a polarization
effect of a magnitude

( gs)eff=O*’( gshree

A

(5-89)

For the bands with K = 1/2, the information on the parameter (g, - gR)bin
Table 5-14 is also seen to provide evidence for a significant reduction in the
a renoreffective g, factor. The analysis in Table 5-14 assumes g, = ( gl)rree;
malization of gl by the amount 6glw - 0.1 rz, as suggested by other evidence
(see pp. 292 and 486) would lead to a modification in the renormalization
factors for g, by amounts of the order of 0.1, for the orbits with largest A.
The spin-polarization effect can be described in terms of the coupling
to excitations of the even-even core produced by spin-dependent fields (see
the discussion in Sec. 6-3e). The renormalization of the longitudinal g factor
g, is associated with AK = 0 excitations, while the transverse matrix element
(gK-gR)bis affected by the A K = 1 excitations. For large deformations, the
quantum numbers A and 2: become constants of the motion, and the spin
fluctuations of AK=O type vanish; one may therefore expect that the longitudinal value of (g,),,, is less affected by the renormalization than is the
transverse value (Bochnacki and Ogaza, 1966; evidence for a difference in the
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transverse and longitudinal renormalization was discussed by Bodenstedt and
Rogers, 1964). The fact that the values of ( gJeff,for the longitudinal moment,
are comparable with, though perhaps somewhat larger than, the values
observed in spherical nuclei (see Vol. I, p. 344) indicates that the quenching
of the spin fluctuations, characteristic of the large deformation limit, is only
partially achieved for the nuclear equilibrium deformations. (A further reduction in the spin polarization of the deformed nuclei, as compared with the
closed-shell configurations, arises from the pair correlations. Since the pairing
enhances the probability for finding nucleons in spin singlets, these correlations tend to reduce the amplitude of spin fluctuations.)
It should be emphasized that the above description of the renormalization effects in the M 1 operator must be considered as a rather qualitative
approximation, since the effective moment may contain terms of a new
structure, which are not present in the moment of a single free particle. Thus,
with the inclusion of spin-polarization effects, the operator peffinvolved in the
calculation of g , contains the terms

where the extra index 0 on the g factors refers to the value of A K . In a
spherical nucleus, the effective spin-dependent moment contains only a single
tensor involving Y2 (see Eq. (3-44)). In the expression (5-90), we have
neglected possible smaller terms involving higher spherical harmonics. The
transverse component of pen, which occurs in the A4 1 transitions between
bands with A K = 1 and in the calculation of the magnetic decoupling parameter for K = 1/2 bands, contains the terms

A

In a phenomenological analysis, all the g factors appearing in Eqs. (5-90) and
(5-91) appear as independent parameters describing the effective M 1 operator. The determination of the separate contributions to the effective M 1
moment would provide valuable information on the structure of the spindependent fields in the nucleus.
The most striking feature of the g , values in Table 5-14 is the systematic
tendency for the odd-proton values to exceed those of odd-neutron nuclei.
The values of g, for the ground-state bands of the even-even nuclei are given
in Fig. 4-6, p. 55, and are seen to be intermediate between the values for the
odd-Z and odd-N nuclei. The increments of the rotational g factors for the
odd-A nuclei can be related to the fact that the moments of inertia of these
nuclei are systematically greater than those of the even-even nuclei, which
implies that the last odd particle contributes a significant fraction of the total
current associated with the collective rotation in an odd-A nucleus. (An

3 0 6 M
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approximate relationship between the increments in the gR factor and the
moment of inertia is discussed in connection with the example, '59Tb, considered on p. 255.)

Matrix elements for unhindered Gamow-Teller p transitions (Table 5-15)
The only allowed p transitions with nonvanishing matrix elements for
the asymptotic wave functions are the transitions between members of an
isobaric multiplet (unchanged orbit for the odd particle) and the transitions
between a spin-orbit doublet f2 = A - 1/2
f2 = A + 1/2 (with other quantum
numbers unchanged). An example of the first type (25A1+25Mg)is discussed
on p. 292; such transitions are energetically forbidden for nuclei with a
neutron excess. In heavy nuclei, the Fermi levels for neutrons and protons
belong to different major shells, and transitions between spin-orbit partners
only occur for the orbits with very large j, for which the spin-orbit energy is
of the same order as the energy difference between major shells. These
transitions are therefore rather rare, and the observation of an allowed
unhindered p decay provides a rather unique identification of the one-particle
orbits involved (see the example, 175Yb,discussed on p. 262).
Theft values for the transitions between spin-orbit partners, occurring in
nuclei with 150< A < 185, are collected in Table 5-15 and are seen to cluster
around the value logft=4.7. Other allowed /3 transitions, which violate the
asymptotic selection rules, are found to have logft values in the range 6-8 (see
the example (159Gd--+159Tb)
discussed on p. 258 and the compilations by
Mottelson and Nilsson, 1959, and Lederer et al., 1967).
The ft values in Table 5-15 refer to transitions between band heads
(K,Z=K e K + 1 , Z = K + 1) and yield the transition probabilities (see Eqs.
(3-46), (3-50), and (4-91))

-

(5-92)
where I, is the larger of Ziand Z,. The intrinsic matrix elements derived from
the observedft values thus fall in the range

I( K +

A

1Itt u+ I ~ ) l = o . 4

(5-93)

In the asymptotic limit, the one-particle matrix element of the operator t +
-u,
equals 2; for the orbits in Table 5-15, the wave functions in Table 5-2 imply
matrix elements that are about 10% smaller than this limiting value.
The correction for pair correlation is given by Eq. (5-44), and implies a
reduction of the intrinsic matrix element by a factor of 2, if both the initial
and final orbits are close to the Fermi energy ( u = u = ~ - ' / ~for E ( Y ) = : E ~ ) . (In
some cases in Table 5-15, the transitions go to excited states, and in these
cases, the pair correlation factor is somewhat closer to unity; see, for
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example, the estimates given by Soloviev, 1961, and Zylicz et al., 1967.) With
the correction for the pair correlations, the calculated Gamow-Teller (GT)
matrix element for transitions between one-quasiparticle states is seen to be
about a factor of two larger than the measured value.
Polarization effects analogous to the spin polarization discussed for the
M I-matrix elements are expected to lead to a significant reduction in the
GT-matrix elements (see the discussion of polarization effects in M I
moments, p. 304, and in GT transitions in spherical nuclei, Vol. I, p. 347).
The above evidence appears to suggest that the spin-polarization effect is
about twice as large for the GT transitions as for the g, factors. This
difference may be qualitatively understood from the effects of neutron excess
and deformation on the renormalization factors. If the even-even core has
N = Z , the isovector part of the spin magnetic moment is related to the GT
moment by a rotation in isospace (see Vol. I, p. 346 and the example ( A = 25)
discussed on p. 292). With increasing neutron excess, the strength of the
charge-exchange spin fluctuations increases, and one must expect a larger
renormalization effect for the GT moment than for the M1 operator.
Moreover, the nuclear deformation implies a reduction of the renormalization
effect for the longitudinal (AK=O)Ml moment (see the discussion on p. 304).

Transition

Parent

[523 7/2],~[523 5/21,,

[514 9/2],++[514 7/21,

:'Yb
':43

1;;os

Daughter

logft

'2ZDy (310)
'$Tb (418)
'ZDy (26)
'2;Ho
(0)
'Z+Ho (0)
'ZGTm
'ZiEr (668)
':;Tm(293)
'ZzEr (850)

-4.8
4.85 ? 0.04
4.8 2 0.2
4.83 ? 0.01
4.64 2 0.02
4.8 2 0.1
4.8 2 0.2
4.55 2 0.05
4.7

'::Lu
':;Ta
';::Re

(396)
(31)
(262)

4.7
4.6
4.4

Allowed unhindered p transitions in deformed odd-A nuclei with 150 < A
< 185. Table 5-15 contains the p transitions that are classified as "allowed unhindered" on

Table 5-1 5

the basis of the configuration assignments in Tables 5-12 and 5-13. The numbers in
parentheses in column three give the excitation energy (in keV) of the state in the daughter
nucleus. The logft values are based on the critical review by J. Zylicz, P. G. Hansen, H. L.
Nielsen, and K. Wilsky, Arkiu Fysik 36, 643 (1967).
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Decoupling parameters in rotational bands with K = I / 2 (Table 5-16)

A

Table 5-16 shows the systematics of the observed decoupling parameters
for the low-lying single-quasiparticle configurations ( E < 500 keV) in the
region 150< A < 190. For the nuclei with 19 C A < 25, the corresponding data
are contained in Table 5-8, p. 286. (Decoupling parameters for bands in
actinide nuclei are given in Figs. 4-19 (239Pu),5-12 (237Np),and 5-14 (235U)).
It is seen that the decoupling parameter has approximately the same value for
a given quasiparticle state in different nuclei and provides an identification
mark for the K = 1/2 configurations.
The calculated values of a given in Table 5-16 have been obtained from
Eq. (5-46), employing the wave functions in Table 5-2, which correspond to
6 = 0.3. In the asymptotic limit, the decoupling parameter equals a = 0 (for
A = 1) and a = ( - l)N= s (for A = 0). The observed and calculated values of a
differ appreciably from these limiting values, reflecting the sensitivity of this
parameter to the finer details of the wave functions. The orbits with large
values of a are composed predominantly of a singlej value (f,/2 for [330 1/21
and h9/2 for [541 1/21), which gives a contribution a ( j ) = ( - l)'-'/2(j+ 1/2)
(see Eq. (5-46)).
The linear term in Z in the rotational energy is an especially simple
manifestation of the coupling between intrinsic and rotational motion; the
approximate agreement between the theoretical estimates and observed values
of the decoupling parameters in Table 5-16 is significant as a test of the
assumed structure of the particle-rotation coupling (see the discussion on p.
253). In a more detailed analysis of the decoupling parameters, one must
consider both the possibility of polarization effects and the consequences of
the difference of the moment of inertia between the even-even and odd-A
nuclei.
The expression (5-46) for a assumes that the inertial parameter A in the
K = 1/2 band is the same as the parameter A , describing the rotational
energy of the even-even core; in cases where A and A , differ, the theoretical
estimate of a involves the additional factor A , / A (see Eqs. (4-61) and (5-45)).
For most of the orbits in Table 5-16, this correction is rather small; in fact,
the values of A are only 10-20% smaller than the values of A , observed in the
ground-state bands of even-even nuclei (see Table 5-17, p. 312), and a
significant part of this difference may be attributed to the modification of A ,
resulting from the presence of the odd particle (see the discussion on p. 3 11).
For the [541 1/21 proton orbit, however, the values of A are especially
small (see Table 5-17), and this increment in the moment of inertia appears to
result from the strong Coriolis coupling to the [532 3/21 and [530 1/21 orbits,
which are expected to be rather close in energy (see Fig. 5-2); such an
interpretation implies an increase in the theoretical estimate of a of about
30%, which would represent a significant improvement in comparison with
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Orbit

[411 1/21,

Nucleus

1 3 0 9

EOteV)

'obs.

- 0.44
- 0.72

a d c= - 0.9
(sorb = - 1.0)

167Tm
16Vm
I7lTm
I7lLU
173Lu

429
0
0
0
208
425

[541 1/21,
acalc
= 3.0
('orb = 3-5)

167Tm
l7lLU
173Lu
175Lu
175Ta
177Ta

(175)
71
128
358
(80)
(230)

3.6*
4.0*
4.2
4.2
5.1*
5.7*

[521 1/21,
acalc
= 0.9
('orb = *2)

161Gd
163Dy
165Er
165Dy
167Er
l6vb
16'Er

356
35 1
297
108
208

0
0
0
195
399
126

0.3 1
0.26
0.56
0.58
0.70
0.80
0.83
0.85
0.82
0.62
0.73
0.75

332
375
458
0
0
24
146

0.24
0.16
0.59
0.19
0.02
0.10
- 0.00

1 6 5 ~ ~

l 7 l n

173Hf
17'Er
73Yb
175Hf

1510 1P I ,
a& = - 0.2
(aorb=+0.7)

1 7 7 n

179Hf
1 8 1 ~

1 8 3 ~

1850~
1 8 5 ~
1 8 7 ~

24

- 0.77
- 0.86
- 0.7 1
- 0.75

Decoupling parameters for single-particle configurations (150 < A
lists the excitation energies E of the band heads ( I = K = 1/2)
and the decoupling parameters obtained from the energies of the I = 1/2, 3/2, and
5/2 members of the bands. For some of the [541 1/21 bands, this information is
not available; for these, the decoupling parameters a (marked with an asterisk) and
the extrapolated band-head energies (in parentheses) are based on the lowest
observed members of the band. The experimental data are taken from the references given in Tables 5-12 and 5-13.
Table 5-16

< 190). The table
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the observed values (Hjorth and Ryde, 1970). In this comparison, it should
also be borne in mind that the value of a for the [541 1/21 band is rather
sensitive to the nuclear deformation. The theoretical value in Table 5- 16
refers to S =0.3, but the derivative has the large value da/dS= - 10; the
variation of S as seen in Fig. 4-25 therefore contributes significantly to the
variation of the observed a values for this orbit.
The contribution of the nucleonic spin to the decoupling parameter is
influenced by polarization effects similar to those discussed for the magnetic
moments (see pp. 304ff.). Since the operator involved is s,, the relevant
= 1,
polarizability is that of the transverse isoscalar spin field ( A K = l , ~ +
7 = 0). In contrast, the magnetic moment is especially sensitive to the isovector
spin fields. There is at present almost no empirical evidence on the effective
interaction for the isoscalar spin fields.
The relative contribution of spin and orbit to the calculated decoupling
parameters can be obtained from the values of aorb= - (L? = 1/21 I, I L? = 1/2 )
listed in Table 5-16. For most of the configurations, the main contribution to
a results from the orbital matrix elements, but for the [510 1/21 configuration,
the spin makes an appreciable contribution, and the empirical values appear
to give evidence for a polarization effect that may reduce the spin contribution by as much as a factor of 2..
A renormalization of the matrix elements of the orbital angular momentum can arise from velocity-dependent interactions as considered on p. 304 in
connection with the interpretation of the orbital g factors. However, similar
renormalization effects of the isoscalar orbital moment are expected to be
smaller, on account of the approximate validity of local Galilean invariance
(see p. 80). Evidence on the matrix elements of I, is especially provided by
the decoupling parameters for the orbits [411 1/21 and [521 1/21; the data in
Table 5-16 may suggest a slight reduction of the matrix elements of I,
(bearing in mind that the calculated values of a for these orbits may be
somewhat increased in magnitude by spin-polarization effects and by the
difference between A and A,,).

Moments of inertia of rotational bands in odd-A nuclei with 150< A
< 190 (Table 5-1 7)

A

Evidence on the inertial parameters A = A2/23 for one-quasiparticle
states of odd-A nuclei is given in Table 5-17. The table also lists the average
inertial parameter for the neighboring even-even nuclei, and it is seen that the
moments of inertia of the odd-A bands exceed those of the even-even nuclei
by amounts that are typically of order 2076, but show large variations (see
also Fig. 4-12).
Systematic effects that increase the moments of inertia for low-lying
bands in odd-A nuclei arise from the pair correlations, which are responsible
for reducing the moments of inertia of the ground-state bands in even-even
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nuclei by a factor of about 2 below the rigid-body value (see the discussion in
Chapter 4, pp. 82ff.). The presence of the odd particle leads to a reduction
of the pair correlation parameter A and hence of the rotational parameter A;
an additional increase in the moment of inertia results from the Coriolis
coupling between the one-quasiparticle states.
Evidence for a reduction in A’ by about a factor of 2 in the low-lying
bands of odd-A nuclei, as compared with the v = O bands of even-even nuclei,
has been obtained from the analysis of a-decay intensities and two-particle
transfer cross sections (see p. 248); such a reduction in A can be approximately accounted for in terms of the “blocking effect” of the last odd particle
(see p. 272). A reduction of A2 by a factor of 2 (for the neutrons or the
protons) implies, according to the estimate (4-128), an increase in the moment
of inertia of about 15%.
The increase in the moment of inertia that arises from second-order
effects of the Coriolis coupling acting on the last odd particle is given by Eq.
(5-47), which also includes the effect of the particle in preventing some of the
excitations that contribute to the moment of inertia of the even-even core.
For orbits near the Fermi level, one can employ the expression (5-48), and a
qualitative estimate is obtained by using the asymptotic form of the intrinsic
wave functions. The Coriolis coupling induces transitions with AnL = ? 1,
An3 = T 1, which have one-particle excitation energies AE = & yt(w, - w3) =
t h w o 6 , and one thus obtains (see Eq. (5-27) for the matrix elements of l -+ )
(5-94)

A

In the estimate (5-94), we have neglected the much smaller contributions from
the nucleon spin as well as from the orbital transitions with AN=2. The
expression (5-94) gives values for - 6A/A, ranging from about 5% to 20%.
For the proton orbits with N = 5 and neutron orbits with N = 6 included
in Table 5-17, the value (5-94) based on the asymptotic representation gives
an underestimate for 6A. These orbits can be approximately described in
terms of hllIZ and i13/z one-particle motion with Coriolis matrix elements
( ( j , Q + l l j + l j Q ) = ( j ( j + 1)-Q(Q+ ]))‘I2) that, for Q<<j, are appreciably
larger than the estimate (5-27); moreover, the energy denominators, as given
by Eq. (5-4), are seen to be smaller than in the asymptotic limit by a factor of
approximately Q / j (the smallness of these energy differences for Q<j can be
seen from Figs. 5-2 and 5-3). Thus, the evaluation of Eq. (5-48) for the N = 5
proton orbits and the N = 6 neutron orbits in Table 5-17 gives values for 6A
that in some cases become comparable to A,.
The observed moments of inertia for low-lying bands in odd-A nuclei
clearly exhibit an especially large increment in f for the N = 5 proton and
N = 6 neutron configurations, which can be attributed to the importance of
the Coriolis effect in these orbits. For the other low-lying orbits in Table 5-17,

Y
N

Nucleus

e-e

532 5/2

413 5/2

411 3/2

ls5Eu

20.4
14.3

7.7
9.2

11.9
11.2

13.9
12.3

'2:Tb
157Tb
159Tb
161Tb

21.8
15.7
13.8
13.0

11.6
11.4

13.1
12.2
11.6
11.2

153
63EU

161

67HO

1 6 3 ~ ~
1

6

5

167

69Tm
169Tm
I7'Tm
171

71Lu
173Lu
175Lu
177Lu

~

~

15.7
14.3
12.8
14.0
13.7
13.2
14.9
14.1
13.7
14.6

4.5
15.1

12.1

11.6

523 7/2

411 1/2 404 7/2

514 9/2

402 5/2

541 1/2

P
2
Ftm

12.0

11.0
10.2
10.5

(12.5)
11.7

11.7

10.1
10.4

12.4
12.4
12.0

12.9
13.0

14.0

13.2
12.7

13.6

14.2

K
12.6
13.5

11.3

14.2

12.6

12.8
13.4

(10.8)
. ,
8.6
10.0

2:

C

Ftc!

Pcn

Nucleus
177

e-e

73Ta
179Ta
I8lTa
183Ta

16.5
16.4
16.1

181

19.2
18.3
20.7
23.1

75Re
183Re
185Re
187Re
Table 5-17a

532 5/2

Proton orbits

413 5/2

411 3/2

523 7/2

411 1/2

4047/2
14.6
14.9
15.1
15.9

16.8

5149/2

402 5/2

541 1/2

13.5

14.5

(12.5)

13.9
16.2
14.9
15.3
15.3
16.6

16.8
163
17.9
19.2
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it is more difficult to discern the effects of the Coriolis coupling, since the
correction to the moment of inertia arising from the modification of A is
expected to be comparable to or greater than the estimate (5-94).
A quantitative analysis of the Coriolis contribution to 4 can be given in
cases where the energies of the relevant one-particle configurations are known
from other evidence. This information is available for a few cases involving
the orbits with large values of j, and it is found that, in these cases, the
estimated Coriolis coupling leads to values of 6A that are about a factor of 2
larger than those observed (see the example, 235U, discussed on pp. 279ff.)
For the orbits with large j, an additional contribution leading to a
significant further increase of the effective moment of inertia may arise from
the fourth-order term in the rotational energy of the even-even core. This
term yields the energy B(I -j)4 (see the similar treatment of the second-order
term (4A-7) in the particle-rotor model), which implies a contribution

6.4 = 4~ (j ( j

A
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+ I) -3 ~ ~ )

(5-95)

to the coefficient in the rotational energy proportional to Z(Z+ 1). In the
evaluation of the contribution (5-99, one must employ the coefficient B that
describes the energy of the even-even core in the presence of the odd particle.
Additional evidence that the Coriolis interaction overestimates the rotational coupling matrix element between one-quasiparticle states is provided
by a class of excited configurations in Table 5-17. The one-particle states
linked by unhindered matrix elements of I + (having An,= k 1,An, = T 1)
have energy differences that are typically of order 2 MeV, but in cases where
the Fermi energy lies approximately midway between the two, the quasiparticle states may become almost degenerate at an excitation energy of the
order of 0.5 MeV. In the absence of pair correlations, the Coriolis matrix
element between these particle and hole states would vanish, but for the
quasiparticle states, the matrix element remains finite, though the value is
reduced by the factor u , u , + v , v , ~ A / E , where E is the quasiparticle energy
(5-57) approximately equal to the sum of A and the excitation energy with
respect to the ground state. Table 5-17 contains many examples of such
strongly coupled near-lying configurations, for which the expression (5-47)
yields large contributions to the moments of inertia. Examples where the
estimated values of 6 A / A , exceed 250% (negative for the lower state and
positive for the higher state) are provided by the orbits [532 5/21 and [523
7/21 in 16'Tb, [532 3/21 and [523 5/21 in 157Dy,[633 7/21 and [624 9/21 in
179w, [521 1/21 and [510 1/21 in 177Hfand in I8'W, and [521 1/21 and [512
3/21 in 179Hf.The observed moments of inertia of these bands, in Table 5-17,
do not show the expected large effects of the Coriolis coupling; in some cases,
the data set limits to 8.4 that appear to be at least an order of magnitude
smaller than the theoretical estimates. In a number of cases, the study of

Nucleus

e-e
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z

Table 5-17b continued
Table 5-1 7 Moments of inertia of rotational bands associated with one-particle configurations in nuclei with 150 < A < 190. The
tables list the rotational energy constant A = ti2/2N(in keV) obtained from the spacing of the two lowest members of the band (for
K = 1/2, three lowest members). Where the lowest members have not been observed, the rotational constants have been estimated
from higher members of the band and are listed in parentheses. Values for ground-state configurations are printed in bold face. The
experimental data are taken from the references given in Tables 5-12 and 5-13 @p. 296 and 299). The bands referred to in footnotes a
and c to Table 5-13 as strongly Coriolis mixed are not well described by the rotational energy expansion and are not included in the
present table. (As a criterion for inclusion in the table, we have required the moments of inertia determined from the two lowest
energy intervals to be equal to within 20%.) The rotational constants in column two represent the average of the two adjacent
even-even nuclei, obtained from the compilation by Lederer et al., 1967; see also Fig. 4-12, p. 74.
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other properties of the levels has provided additional confirmation of the
strong reduction in the Coriolis coupling effect for these orbits. (See, for
example, the discussion of the allowed unhindered p decay leading to 16'Tb
by Zylicz et al., 1966, and the analysis of one-particle transfer reactions in the
W isotopes by Casten et al., 1972.) The effects responsible for a reduction of
the Coriolis interaction have not yet been identified; however, the especially
large reduction in the rotational coupling matrix element between states on
opposite sides of the Fermi surface is suggestive of the coupling to the
rotationally induced pair field (see p. 278).
Besides the inertial contribution associated with the large j orbits, the
effect of the Coriolis coupling on the last odd particle can be recognized in a
number of additional features of the data in Table 5-17.
1. Large Coriolis matrix elements connecting rather close-lying singleparticle states occur for the lowest orbits coming down from the higher
spherical shell. These orbits, which occur as excited configurations, are
observed to have very large moments of inertia. (Examples are provided by
the [541 1/21 proton orbit and the [651 1/21 neutron orbit. In a similar
manner, the large moment of inertia observed for the [530 1/21 neutron-hole
orbit can be attributed to the coupling to the expected near-lying [541 1/21
configuration.)
2. For excited configurations, the coupling to lower-lying quasiparticle
states yields a negative contribution to the moment of inertia. A striking
example is the h,,,, orbit [532 5/21 in I6'Tb, whose anomalously small
moment of inertia appears to reflect the coupling to the lower-lying [523 7/21
configuration. (Though the observed effect is rather large, it is appreciably
smaller than the theoretical estimate for one-quasiparticle states; see the
discussion above.)
3. The single-particle spectrum contains a number of close-lying levels
with A Q = 1, such as the [402 5/21 and [404 7/21 proton orbits and the [510
1/21 and [512 3/21 neutron orbits. The matrix elements o f j + are forbidden
by the asymptotic quantum numbers, and the estimated values are of order
unity or less. However, in situations where the quasiparticle states come very
close together, the coupling may imply significant contributions to the rotational energy. Examples are provided by the differences in the moments of
inertia of the [510 1/21 and [512 3/21 configurations in 183W,lsSW, and '870s.
The observed differences interpreted by means of Eq. (5-47) imply Coriolis
matrix elements ([5 12 3/2]lj+ "5 10 1/2])x 1, which agrees rather well with
the theoretical estimate based on the wave functions in Table 5-2.

APPENDIX

SA

Scattering by Nonspherical Systems

In a scattering process involving a nonspherical nucleus, the deformation of
the potential implies a coupling between the rotational degrees of freedom of the
target and the orbital motion of the projectile. In the present appendix, we consider
the general framework for treating such a generalized optical model, which may
also be viewed as a prototype for a broad class of scattering problems in which
internal degrees of freedom of the target are explicitly included. (For a review of
the extension of the optical model to both vibrational and rotational excitations in
nuclei, see, for example, Hodgson, 1971).
The Hamiltonian describing potential scattering by a nonspherical object can
be written in the form

H = T + V + H,,,

(5A-1)

where T is the kinetic energy of the particle and V the deformed potential, which
may involve absorptive terms describing compound nucleus formation. The rotational energy is represented by Ifrot,whose eigenstates may be specified by the total
angular momentum R of the target nucleus (and, for nonaxial rotors, by an
additional quantum number, T ; see Eq. (4-9)). The present model is seen to be the
analog for scattering problems of the particle-rotor model considered in Appendix
4A.

5A-1 Treatment in Terms of Coupled Channels
A general method for treating the scattering problem defined by the Hamiltonian (5A-1) is obtained by expanding the wave function in the form

(5A-2)
where the channels are specified by the orbital and total angular momenta (I and j)
of the particle, the rotational angular momentum (R)of the target nucleus, and the
total angular momentum (I =j R). For a reflection-symmetric target, the value of I
for given j is specified by the parity quantum number, and the sum in Eq. (5A-2)

+
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therefore involves only the two variablesj and R for given IT.The wave functions
describe the dependence on the spin and angular coordinates of the particle and
the orientation angles of the target. The Schrodinger equation for the state (5A-2)
leads to a set of coupled differential equations for the radial functions

+ 2

(Z‘j‘R‘Il VIZjRI)r.%jlyRff
(r)

=

(5A-3)

0

IYR‘

where E,,,(R) is the eigenvalue of H,,, and E the total energy.
The matrix element of V in Eq. (5A-3) is a function of the radial variable and
may be obtained by expanding the potential in spherical harmonics. Thus, for an
axially symmetric nucleus, the spin-independent part of the potential can be
expressed in the form
(5A-4)
where 9’ is the polar angle of the particle with respect to the nuclear symmetry
axis. The matrix elements of P,(cos 9’) are obtained by standard recoupling
techniques (see Eqs. (1A-72), (1A-43), and (1A-46), as well as the wave function
(4-7) for an axially symmetric nucleus),
(Z’j’ R ’ZM1 P,(cos 19’)I Zj R I M )

(5A-5)
where KR is the component of R on the nuclear symmetry axis ( K R= 0 for an
even-even target). The reduced matrix elements of Y , may be obtained from Eq.
(3A-14).
The scattering matrix in the (OR)I representation is obtained by solving the
coupled radial equations (5A-3), for given Z (and parity), subject to the boundary
condition that incident waves occur only in the entrance channel (labeled by 1)
’ I ~ j ~ R r+m
~=
I

9ljRI

1
-(exp{ - i ( k l r - )nZ,)} - ( Z l j l R I I ~ ~ ~ Z l j l R I I ) e x p { i ( k l r - ) ~ Z l ) } )

-I

1/2

-

(5A-6)

($) ( ~ ~ R ~ ~ S ~ ~ 1l jexp{i(krl R I I ) ; id)}

rzm
(%j
RI

exp( - Kr)

E,>O

(ZjR )+(ZljlRl)
E,<O
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where E , is the energy of the particle in the channel considered
Ep= E - E,t(R

1

k2

Ep>O

(5A-7)

The coefficients qjR,characterize the asymptotic wave functions in the closed
channels ( E P< 0), while the amplitudes of the outgoing waves in the open channels
define the S-matrix elements.
The scattering amplitude for specified directions of the ingoing and outgoing
particles can be obtained from the S-matrix elements in Eq. (5A-6) by transforming
to a representation specified by the momentum p=Kk, the helicity h, and the
angular momentum quantum numbers R M , of the target (see Eqs. (3F-5) and
(1B-3 I)),

The corresponding differential cross section is given by (see the expression (1B-34)
which, in the helicity representation, acquires an extra factor 2n, as explained in
VOl. I, p. 101)
k2
dU((phRMR)l+(phRMR )2) = 277 -If( 1+2)12dQ
kl

(5A-9)

with the element of solid angle dQ=2asin9d9drp.
The total crops section can be obtained from the optical theorem (see Eq.
(2-90), which also acquires an additional factor 271 in the helicity representation)
‘tot=

87r2
k
,Imf((PhRMR)I+(phRMR ) I )
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In Eq. (5A-l0b), the axis of space quantization has been taken to coincide with the
direction of incidence, in which case 58ih($J= 6 ( m , h ) . The total cross section
(5A-10a) includes direct processes as well as compound nucleus formation. The
total cross section for direct processes (including elastic scattering) is obtained by
integration over the final states in Eq. (5A-9). Thus, for specified incident helicity
h , and target polarization
one obtains
k2
2a- /dn21f((phRMR
kl
( ~ R M)zR

udir=

=

kf

c

E

R~ I j l l j l l z j 2 1 M

)l-)(phRMR

)2)12

((cih~~
I I OR
, JM >(<fj
R J I s +I U

x ( ( ~ 2 j 2 R 2 ~ I S I ~ l j l R-1~ 1 ) ~

~R~O 6 ((ljR 1 ) 9 ( f 2 j 2 ~ 2 ) ) )

~ ~ l ~ l ~ l ~ ~ ~ ~ (5A-11)
~ ~ z ~ 2 ~

The part of the cross section (5A-11) with R , # R , represents direct rotational
excitations. The difference between the cross sections (5A-10) and (5A-11) is the
cross section for compound nucleus formation, which can be expressed in the form

in terms of the deviation of the S matrix from unitarity resulting from the
absorptive part in the optical potential.
5A-2 Adiabatic Approximation

If the rotational motion can be neglected during the time of the collision, one
obtains an approximate solution by considering the scattering for a fixed orientation of the nucleus: as in the treatment of the bound-state problems (see Appendix
4A). Denoting the scattering amplitude for a target with orientation w by
f((ph),+(ph),; w ) , the amplitude for a scattering process in which the target is
initially in the state with quantum numbers R I ( M R ) l and finally in the state
R 2 ( M R ) 2is given by the matrix element
f((phRMR

1 +(phRMR

12) = ( R2( M R

)21f((ph)l +(PA),;

(

1 MR

1)

(5A-13)

The scattering for fixed orientation is a one-body problem (though involving
the three-dimensional geometry); hence, the Schrodinger equation reduces to a
4The adiabatic treatment was applied to nuclear scattering problems by Drozdov (1955; 1958) and
Inopin (1956). For strongly absorbed particles, the treatment leads to simple relations between elastic
and inelastic scattering (Blair, 1959; Blair et al., 1962; Austern and Blair, 1965).
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classical problem encountered in the scattering of electromagnetic and acoustical
waves (see, for example, the text by Van de Hulst, 1957). For an axially symmetric
potential, the one-particle orbits have the constant of motion Q , representing the
projection of the angular momentum on the symmetry axis.
The one-body problem resulting from the adiabatic approximation may be
treated in terms of coupled channels in a manner similar to the more general
analysis given above, but with the simplification resulting from the reduction in the
number of coupled channels. (For an axially and reflection-symmetric potential,
the number of coupled channels for given QT is specified by the single variablej
(for particles with s = O or 1/2), while the nonadiabatic treatment involves a
coupling of channels specified by the two variables j R , for fixed ZT. For a
nonsymmetric body, the adiabatic treatment- involves the coupling of channels
specified by three angular momentum quantum numbers, such as Qm, while the
general treatment involves coupling of channels specified by four such quantum
numbers, I j for the particle and Rr for the rotor.)
In the IjQ representation for scattering by an axially symmetric potential, the
one-particle wave function has the form
(5A-14)
where the last factor is the spin-angular wave function (see Eq. (3A-1)). The
coupling to the nuclear deformation involves the matrix element of P,(cos a'),
which can be obtained from Eq. (3A-14). The scattering matrix may be found by
solving coupled radial differential equations analogous to those given by Eq. (5A-3)
with the boundary condition

9,,nr;m

- - i ( k r - a d ) } -(ljQ~S~I,jlQ)exp{i(kr-id)})
;(i3(lll)S(jjl)exp{
1

(5A- 15)
where k is the wave number, which is the same in all channels, in the approximation considered.
For fixed orientation of the target, the scattering amplitude can be expressed
in the form (see Eqs. (1 B-3 1) and (3F-5))

(5A- 16a)
(fihlIjm)=(lOfhljh)

21+ 1

(5A- 16b)
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where the S-matrix elements in the Qrn representations may be obtained by a
transformation from the intrinsic system,

Carrying out the integration over w in Eq. (5A-13) with f(l--+2;w ) given by Eqs.
(5A-16) and (5A-17), one obtains a scattering amplitude of the form (5A-8) with
the S-matrix elements in the factored form

The result (5A- 18), which expresses the consequences of the adiabatic approximation, can also be directly obtained by noting that the total wave function, in this
approximation, is given by the product of the intrinsic wave function (5A-14) and
the rotational wave function 23
with K = KR Q ; the transformation of this
wave function to the (IJ'R)ZMrepresentation is given by Eq. (4A-6).
The adiabatic approximation as described above assumes the rotational energies to be small compared to the other energies in the problem. If the energy of the
ingoing or outgoing particles is small, or if the penetration through the centrifugal
and Coulomb barriers is sensitive to energy differences of the order of Erot,the
treatment as given above requires modifications. However, the essential results can
be retained if the adiabatic treatment is appropriate for describing the motion of
the particle inside the nucleus and in the nonspherical part of the barrier; one can
then join the adiabatic wave function in the internal region where the angular
momentum exchanges take place onto the wave function in the external region,
which can be described in terms of uncoupled motion in the different channels
(fjR)Z, and for which the rotational energy is therefore readily taken into account
(see, for example, the treatment of slow neutron scattering, pp. 234ff., and of (Y
decay, pp. 115 ff.).
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6-1 INTRODUCTION
Occurrence of collective vibrations

For a great variety of many-body systems, it is possible to describe the
excitation spectra in terms of elementary modes of excitation representing
the different, approximately independent, fluctuations about equilibrium.'
The nature of these fluctuations depends on the internal structure of the
system. Thus, the elementary modes may be associated with excitations of
individual particles or they may represent collective vibrations of the
density, shape, or some other parameter that characterizes the equilibrium
configuration.
In the description in terms of normal modes, the excitation spectrum is
obtained by superposing individual quanta associated with the elementary
modes of excitation. To a first approximation, the quanta are considered as
noninteracting entities, and the deviations from this idealization can be
taken into account in terms of interactions between the normal modes.
These interactions provide the natural limitation to such a description.
Examples of collective vibrations in quanta1 systems are well known
from the study of molecules. The atoms of the molecule form an approximately rigid structure, and the low-energy internal excitations correspond
to the normal modes of vibration of this structure. In macroscopic solid
bodies, the vibrations of the equilibrium lattice are the elastic waves.
In systems that are described, to a first approximation, by independent-particle motion in an average field (nuclei, electrons in metals, etc.),
collective vibrations may also occur as a result of interactions between the
particles giving rise to correlations in the particle motion and associated
oscillations in the average density and field. An example is provided by the
density oscillations (plasmons) in an electron gas. The extent to which the
fluctuations separate into collective and individual-particle modes may
depend on rather detailed features of the single-particle spectrum, as well as
on the strength and character of the interactions. The elementary modes of
excitation of such systems may therefore partly comprise well-defined
collective vibrations involving the correlated motion of a large number of
particles and partly excitations primarily involving only a single particle or
a few degrees of freedom of the particle motion.
In the nucleus, the possibility of collective shape oscillations is strongly
suggested by the fact that some nuclei are found to have nonspherical
'The concept of elementary excitations was introduced by Landau (1941) in connection with +he
analysis of the excitation spectrum of superfluid liquid helium.
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equilibrium shapes (see Chapter 4), whereas others, such as the closed-shell
nuclei, have an equilibrium with spherical shape. One might thus expect to
find intermediate situations in which the shape undergoes rather large
fluctuations away from the equilibrium shape.
Indeed, a striking feature of the energy spectra of almost all nuclei is
the occurrence of low-lying states that are strongly excited by electric
quadrupole processes (see, for example, Fig. 4-5, p. 48). In the regions of
nonspherical nuclei, these states are members of the ground-state rotational
band, but for the remaining nuclei, it appears that we are dealing with
collective vibrations in the nuclear shape.
At higher excitation energies, a number of other vibrational modes
have been identified. These correspond partly to shape oscillations of
different multipole order and partly to fluctuations in which the neutrons
move collectively with respect to the protons. In addition to the modes with
classical analogs, there occur in the nuclear spectra vibrational modes
involving charge exchange or excitation of the nucleonic spins as well as
oscillations in the pair field involving the creation or annihilation of two
nucleons.
The rich possibilities for vibrational modes in nuclei and the problems
associated with the interactions of the excitation quanta present a field of
great scope that involves a diversity of issues concerning the structure of
quanta1 many-body systems. In order to help the reader to find his way
through this diversity, we give in the following a preview of the organization
of the material in the present chapter and of the main themes of the
discussion.
Preview of topics associated with nuclear vibrational motion
A starting point in the analysis of vibrational motion is the establishment of general properties that follow from the symmetry of the equilibrium configuration and the nature of the interactions. This problem is
analogous to the phenomenological analysis of rotational motion in
Chapter 4. However, the vibrational motion is so profoundly affected hy
the shell structure of the single-particle motion that we have found it
necessary to include from the outset the concepts involved in relating the
collective motion to the degrees of freedom of the individual particles.
Therefore, the discussion in the present chapter involves a microscopic as
well as a macroscopic description of the vibrational motion. The discussion
of the microscopic treatment will focus attention on the insight it provides
into the qualitative properties of the vibrational modes and their couplings.
The extent to which this framework may give a quantitative account of the
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nuclear modes is an issue that remains to be clarified, and that goes beyond
the scope of the present chapter.
As a first step in the discussion of the nuclear vibrational modes, we
consider, in Sec. 6-2, simple basic features of vibrations in a quanta1 system.
Sections 6-2a and 6-2b summarize the complementary relationships between the phenomenological descriptions in terms of amplitudes and the
operators that create vibrational quanta. Section 6-2c deals with the
mechanism that is involved in the generation of collective modes out of
excitations of individual particles. The establishment of a coherent motion
of many nucleons can be understood in terms of the oscillating potential
generated by a collective vibration of the nucleonic density. The
phenomenon is illustrated by a highly simplified model of the particle
degrees of freedom, which makes it possible to isolate the essential physical
effects.
The classification of the nuclear vibrations in terms of symmetry
properties is the topic of Sec. 6-3. Because of the many different dimensions
in which a nucleus may vibrate, the classification involves a variety of
different symmetry quantum numbers, including multipolarity, intrinsic
spin and orbital angular momentum, isospin, and nucleon number. Some of
these modes can be compared with vibrations in a classical system and,
indeed, the liquid-drop model has continued to provide important inspiration in the development of the subject. (The normal modes of a liquid drop
are analyzed in Appendix 6A.) The scope and limitations of these classical
pictures of the nuclear vibrations are summarized in Sec. 6-3; a more
detailed analysis of the effects of shell structure is given in the examples at
the end of the chapter.
Section 6-3 includes a discussion of the fission process as an extension
of the phenomena associated with small-amplitude shape oscillations. The
treatment of the large deformations encountered in the fission process
involves the challenging problem of combining bulk properties of nuclear
matter with the microscopic effects resulting from the shell structure.
The vibrational modes whose quanta consist of correlated pairs of
nucleons (Sec. 6-3f) are intimately connected with the nuclear pairing effect,
which has far-reaching consequences for the low-energy nuclear properties,
as discussed in previous chapters. The nuclear pair correlations can be
viewed in terms of a condensate of pair quanta (deformation of the pair
field) similar to that of superfluid macroscopic Fermi systems. The singleparticle degrees of freedom in the presence of such a condensate are the
quasiparticles, whose properties are derived iii the example on pp. 647ff.
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The existence of algebraic identities involving the multipole moments
leads to sum rules for the corresponding transition probabilities, which are
the topic of Sec. 6-4. Such sum rules provide rather general tools for the
analysis of complex systems in many different fields of quantal physics.
Their inclusion in the present chapter is motivated by the fact that the
strongly enhanced excitations of the nuclear vibrational modes often exhaust an appreciable fraction of the total sum rule unit for simple multipole
fields.
While the discussion in Secs. 6-2 and 6-3 refers to the approximation of
independent harmonic vibrations, the interactions of the normal modes are
considered in Secs. 6-5 and 6-6. A basic element in these interactions is the
effect of the vibration on the motion of the individual particles. Such a
coupling, which arises from the average potential generated by the vibrational motion, is invoked already in Sec. 6-2c as the mechanism responsible
for producing the collective motion itself. The more systematic study of the
particle-vibration coupling is taken up in Sec. 6-5, as a basis for interpreting
a wide variety of effects associated with the interplay of vibrational motion
and individual-particle degrees of freedom, such as the effective charges
and moments of single-particle states and the interaction energy between a
particle and a vibrational quantum. Carried to higher order, the particlevibration coupling leads to interactions between the vibrational quanta. The
phenomenological analysis of anharmonicities in the vibrational modes and
the related problem of the coupling between different collective modes is
the topic of Sec. 6-6.
Examples illustrating the properties of the vibrational modes are collected at the end of the chapter, rather than at the end of each section. This
arrangement makes it possible to bring together the discussion of all the
different properties of a given mode. The discussion of the fission process
builds on a broader view of shell structure in the single-particle spectrum
than that given in Chapter 2; the tools that may be employed in such a
generalized treatment of shell structure are discussed in a set of examples
on pp. 578ff.

6-2 QUANTAL THEORY OF HARMONIC VIBRATIONS
The vibrations in a quantal system can be described in terms of
collective coordinates representing the amplitudes of density fluctuations
about equilibrium. The equations of motion have the same form as in
classical theory, and the quantal features can be obtained by the canonical
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procedure of quantization. The quanta of excitation may also be taken as
the starting point for the description; the basic dynamic variables are then
the operators associated with the creation and annihilation of quanta.

6-2a Creation Operators for Excitation Quanta
A vibrational mode of excitation is characterized by the property that
it can be repeated a large number of times. The nth excited state of a
specified mode can thus be viewed as consisting of n individual quanta. The
quanta obey Bose statistics, since for a given number of quanta, there is
only a single state, as for identical particles with a totally symmetric wave
function. Such a system of bosons can be treated in terms of the operators
c t and c that create and annihilate a quantum of excitation.
If the excitations can be superposed without a modification of the
vibrational mode, the quanta can be regarded as noninteracting entities. In
this approximation, the boson operators are defined by the relation

c t l n ) = ( n + 1)1/2/n+1)

(6-1)

where In) is the state with n quanta of excitation. The factor ( n + l)’/* in
Eq. (6-1) implies that the transition probability ( n 1 Ictln)* is equal to
n + 1. The physical significance of this “boson factor” may be illustrated by
considering the decay In l)--+ln); if the process involves the quanta acting
independently, the total decay rate is proportional to the number of quanta,
n + 1.
The defining equation (6-1) leads to the commutation relation

+

+

[c,ct] = 1

and the number of quanta is represented by the operator
nop= ctc

(6-3)

The excited states In) can be constructed from the ground state In=O) by
acting n times with the creation operator

In)=(n!)

-1/?

(c

n

) In=O)

(6-4)

For noninteracting quanta, each with an energy ha, the Hamiltonian
has the form
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and the equation of motion for c t is
E t = -i- [ H . c t ] = i o C t
A

Thus, the boson operators are harmonic functions of time,
ct( t ) = exp{ iwt}ct(t = 0)

(6-7)

Anharmonic effects in the vibrational motion can be treated in terms
of interactions between the quanta (see Sec. 6-6). For some of the nuclear
vibrational modes, these effects are of importance even for the lowest states
in the spectrum.
6-2b Vibrational Amplitudes
The variation of the density associated with a vibrational mode can be
characterized by an amplitude a , representing the displacement from equilibrium. In the present section, we consider vibrations with real (Hermitian)
amplitudes, such as standing waves in a deformable system. Modes with
quanta that carry nonvanishing values of a conserved quantum number,
like charge, nucleon number, or a component of angular momentum, are
described by non-Hermitian amplitudes. The extension of the present
treatment to cover the non-Hermitian modes will be considered in Sec. 6-3.
For small values of a , the vibrational energy may be expressed in
powers of a and its time derivative dc. To leading order, we have
E ( a ,& ) = 4Ca

+ 3Dci2

(6-8)

(For oscillations about equilibrium, there are no linear terms in a ;
moreover, terms proportional to dc or a& violate time reversal symmetry and
cannot occur if we assume the equilibrium to be invariant under time
reversal.)
The expression (6-8) represents a harmonic oscillator. The first term is
the potential energy of deformation V , and the coefficient C is referred to
as the restoring force parameter. The second term in Eq. (6-8) is the kinetic
energy T, and the quantity D is referred to as the mass parameter.2
'The conventional notation for the vibrational mass parameter is B . We have felt it desirable,
however, to adopt a different notation in order to avoid confusion with the reduced transition
probability.
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Introducing the momentum variable

a
7r=,(T-

V)=D&

(6-9)

H = 2L D - ~ ~'2ca
~ 2+

(6-10)

aa

we obtain the Hamiltonian

The relations (6-8) to (6-10) are the same as for a classical vibrator. For
a quanta1 system, the Hermitian operators a and 7~ satisfy the canonical
commutation relation
[7r,a]=

-ih

(6-1 1)

and the energy spectrum is given by the familiar relation for a harmonic
oscillator
(6-12)

E ( n )= (.+ f ) h U

with the classical frequency
(6-13)
The vibrational wave functions cp,(a) have the form

---I

1 LY2
4 a;

(6-14)

where H , is the nth Hermite polynomial (Ho(x)= I ,
= 4 x 2 - 2 , . . ), while a. is the zero-point amplitude
a 0 -= (n=01a21n=0)1/2= ( n = IIaln=O)

=(-) h

2Dw

1/2

=(")

2c

ll2

hi2
=(-)4CD

1 /4

(6- 15)

(In Eqs. (6-14) and (6-15), the matrix elements of a are assumed to be real;
for states with the standard phase convention (1-39), the reality of the
matrix elements requires a to be invariant under the transformation $7.
If LY changes sign under 97,
the standard phasing is obtained by inserting
a factor i n in the wave function (6-14), and the matrix elements of a become
imaginary; the transformation (6-16) then also involves an extra factor i;
see, for example, Eqs. (5-21) and (4-51).)
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In the harmonic approximation, the transformation from the variables
a, 7~ to the variables ct, c, introduced in Sec. 6-2a, is given by
a = (Yo( c t

+ c)
(6-16)

The transformation corresponds to the decomposition of the amplitudes a
and 7~ into positive and negative frequency parts, with time dependence
exp{ - i w t } and exp{iut}, respectively; see Eq. (6-7). (The relation (6-16) is
the same as Eq. (5-18) for particle motion in a harmonic oscillator potential.)
For a system with many degrees of freedom, the total wave function can be
expressed in terms of the vibrational coordinate a and additional coordinates q
describing the remaining degrees of freedom (other vibrational modes, one-particle
excitations, etc.). In the approximation of independent normal modes of excitation,
the total wave function can be written in the form
(6-17)

where aO(q),
specified by a set of quantum numbers u, is referred to as the intrinsic
state. The vibrational wave function v,,(a)will, in general, depend on the intrinsic
quantum numbers u. For example, in a molecule, the vibrational potential energy is
strongly dependent on the electronic state, since the molecular binding is determined by the few valence electrons. In nuclei, the vibrational properties may
involve a large number of nucleons, of the order of the number of particles in a
major shell, in which case they are expected to be less sensitive to the quantum
numbers of the last few nucleons.
The functional relationship between the collective coordinates a and the
particle variables (coordinates, momenta, and spins) depends on the detailed
dynamics of the system and is determined by the criterion that the wave function
can be approximately represented by the separated form (6- 17), when expressed in
the variables q, a. The vibrational coordinates a may approximately coincide with
simple multipole moments of the system (or, in the case of molecules, with nuclear
separations); however, the fluctuations of the actual coordinate a about these
macroscopic values are in general important for ensuring the separation of the
motion. (See the discussion of the collective orientation angles for rotating nuclei in
Sec. 4A-3c and the analysis of collective vibrational variables in terms of oneparticle excitations in Sec. 6-5h. The special conditions under which the collective
coordinate can be expressed in terms of the position coordinates of the particles
(point transformation) are discussed in the example on p. 510).
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6-2c Collective Motion Generated by Vibrational One-Body Potential
The occurrence of collective vibrational modes in a system governed
by independent-particle motion can be understood in terms of the variations in the average one-body potential produced by an oscillation in the
nucleonic density. Such variations in the one-particle potential give rise to
excitations in the nucleonic motion, and a self-sustained collective motion
is obtained if the induced density variations are equal to those needed to
generate the oscillating potential.
For small amplitudes of oscillation, the variations in the one-body
potential are proportional to the amplitude a and can be written in the
form
6V= K ~ F ( x )

(6-18)

where F ( x ) is a one-particle operator describing the dependence of the
potential on the nucleonic variables x (space, spin, isospin; F may also be
velocity dependent, as in the deformation of the spin-orbit potential and
for nonlocal single-particle potentials). The operator F, which will often be
referred to as the vibrational field, is partly characterized by the symmetry
quantum numbers of the vibrational modes, such as the multipolarity,
isospin, etc. (see Sec. 6-3). The full structure of F is ultimately determined
by the requirement of self-consistency, as in the case of the static nuclear
potential. The parameter K in Eq. (6-18) is a coupling constant that
characterizes the relationship between potential and density for the mode
considered.
The response of the particle motion to an oscillating potential of the
form (6-18) can be expressed in terms of the spectrum of one-particle
excitations produced by the field F. Examples of such one-particle response
functions for fields of different multipolarity are illustrated in Figs. 6-16
and 6-17, pp. 465ff. A prominent feature of these spectra is the concentration of transition strength in rather narrow regions of excitation energy.
This concentration is connected with the fact that the motion in the nuclear
potential (in contrast to the electron motion in atoms or metals) is
characterized by a rather well-defined period common to the particles in
the last filled shells.
In the present section, we consider the collective motion that arises
from the action of the field coupling in a system with degenerate oneparticle excitation. This simple model contains the essential features involved in establishing the microscopic description of collective modes in
terms of particle degrees of freedom and can be readily generalized.
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In the following discussion, it may be simplest to think in terms of
excitation with respect to a ground state consisting of closed shells. The
excitations produced by the field F then involve a particle and a hole. The
treatment, however, is immediately applicable to configurations with partly
filled shells, since the pair correlations lead to a nondegenerate ground state
(v=O), the excitations of which can be described in terms of states involving
two-quasiparticle configurations (v = 2). (The properties of quasiparticle
excitations are considered in the example on pp. 647ff.)
The action of the field F on the ground state, Iv=O), of the oneparticle motion produces the excitation
~lv=O)=

2 li)(ilFlv=O)
i

(6-19)

where i labels the individual particle-hole (or two-quasiparticle) configurations. In a situation where the states li) are degenerate, the excitation (6-19)
is an eigenstate of the one-particle Hamiltonian. If this excitation involves
many different single-particle modes i , it can be repeated a large number of
times, and the resulting set of states can be associated with harmonic
vibrational motion, as described in Sec. 6-2a. The quanta of excitation have
the properties of approximately noninteracting bosons and can be described by the creation and annihilation operators do)?and do),with the
Hamiltonian
H'O' =~ o c o ~ ~ c o ~ t ~ c o ~
=n(o)&p)

(6-20)

where A d o ) is the common excitation energy of the degenerate particle-hole
states li), while do)is the number of quanta of this mode. The superscript
(0) refers to the fact that the quanta so far considered represent coherent
independent-particle motion without inclusion of the field interaction. As
emphasized above, the crucial condition for tn: description in terms of
boson-like quanta is the occurrence of many individual components li) in
the coherent state (6-19). The enumeration of these components involves
states such as ((nllljlm,)-1(n212j2wz2))
fully specified in the quantum numbers of the particle and hole; thus, in general, a coupled state (j7'j2)A
contributes a number of different components i.
The collective mode associated with the boson operators do)can also
be described in terms of a deformation coordinate a, as in Sec. 6-2b. It is
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convenient to choose the normalization of a in such a manner that the
zero-point amplitude a,$o)is equal to that of the field F

The state Inc0)=O) is the ground state Iv=O) for one-particle motion, while
the state In(')= 1) is the normalized state obtained by multiplying the
excitation (6-19) by the normalization factor (aho))- (The expression (6-21)
assumes that the matrix elements of F (and of a) are real; see the comment
on p. 332.)
In terms of the amplitude a, the Hamiltonian (6-20) takes the form

'.

with the restoring force and mass parameters (see Eqs. (6-13) and (6-15))

(6-23)

In the space of states described by the quantum number n(*), the field
F has matrix elements connecting states with An(')= 1, all of which are
equal to those of a, in the approximation considered; these matrix elements
are of collective character, giving rise to transition probabilities that are
enhanced with respect to single-particle magnitude by a factor that is of the
order of the number of components i contributing to the excitation (6-19)
(see Eq. (6-21)). The field F may have additional matrix elements in the
space of n(O) as well as matrix elements that connect this space with other
modes of the one-particle motion; these additional matrix elements lead to
anharmonic effects in the vibrational motion as well as to couplings to
other degrees of freedom and will be ignored in the present section.
In the approximation in which the matrix elements of F are the same
as those of a , the field coupling (6-18) can be treated in terms of a
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contribution to the vibrational Hamiltonian of the form

(6-24)
where the factor 1/2 results from the fact that the potential (6-18) is
produced by two-body interactions, which are counted twice when the
potential is summed over all particles.
The total Hamiltonian is obtained by adding the contributions (6-22)
and (6-24),
H = H(0)+ H ' = LD2
1 712 + T 1 Ca2 - Lha(o)
2
(6-25a)
(6-25b)
with
(6-26)
and
(6-27a)
X

hU(')+ K(n'O)= 11FIn(o'=0)2

(6-27b)

IKlKC

Thus, the effect of the field coupling (6-18) amounts to a modification of
the restoring force for the vibrational mode, while the mass parameter is
unaffected.
The quantum number n in Eq. (6-25b) represents the number of quanta
in the interacting system. The energy of the ground state ( n = 0) is given by
the last term in Eq. (6-25b). If expanded in powers of the interaction
strength K , the leading term in the ground-state energy gives the expectation
value of the interaction energy H' in the unperturbed ground state, n(O)=O
(see Eq. (6-27b)); the higher-order terms result from the modification of the
ground state arising from the interaction. This modification finds expression in the altered zero-point amplitude
a o - ( n = llaln = O ) = ( n = l l F l n = O )

(6-28)
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It is seen from Eq. (6-28) that the interactions do not affect the oscillator
strength A w l ( n = IlFln =0)l2 for the field F. (The conservation of oscillator
strength follows directly from the fact that the interaction commutes with
the field F ; see the discussion of oscillator sum rules in Sec. 6-4a.)
A field coupling with K > 0 corresponds to interaction effects opposing
the density variations and leads to an increase in the collective frequency as
compared with the single-particle frequency (w > w(O)). Interactions favoring
the density variations have K < 0 and lower the collective frequency. For
large negative values of K approaching the value - C(O), the vibrational
frequency goes to zero, corresponding to instability of the assumed equilibrium state with respect to deformations of the type considered. For still
larger negative K , the interactions establish an equilibrium with a#O. A
schematic representation of potential energy functions V ( a ) , referring to
different values of K relative to C(O), is given in Fig. 6-1. For a coupling
approaching the critical value for instability ( K Z - C(O)), one must in
general expect the occurrence of vibrational motion with large anharmonicity.

\\
\

\

\

/

i;o
I

Figure 6 - 1 Potential energy functions. The figure gives a schematic illustration of the
nuclear potential energy as a function of the deformation parameter a. The various curves
correspond to different values of the field coupling constant K .

In the nuclear vibrations, interaction effects of both positive and
negative sign are encountered. Examples of modes with attractive interactions are provided by the nuclear shape oscillations (see pp. 520ff.): the
low-frequency quadrupole mode is observed to exhibit instability corre-
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sponding to the occurrence of nuclei with static deformations. Examples of
modes with repulsive interactions are provided by the neutron-proton
polarization oscillations (see p. 48 1) and the isovector spin excitations (see
p. 638).
The diagonalization of the Hamiltonian with inclusion of the field
coupling can also be viewed in terms of a transformation from the boson
variables c(O)t, c(O) to new variables ct, c associated with the vibrational
quanta in the interacting system. The Hamiltonian (6-25) is a quadratic
form in the variables c(O)t, c(O),

and can be diagonalized by means of a linear transformation to new boson
variables ct, c,
(6-30)
The requirement that the transformation (6-30) preserves the boson commutation relations (6-2) leads to the normalization condition
x2- y2'1

(6-31)

for the (real) amplitudes X and Y . The condition that the Hamiltonian in
the new variables is diagonal in the number of quanta implies
(6-32)
(6-33)
The presence of the amplitude Y in the transformation (6-30) reflects
the modification in the ground state that was discussed above in terms of
the modified zero-point oscillation. Expressed in the boson variables, the
relation between the ground states takes the form

I n = 0) = ( 1 - K 2, 'I4
exp { 4K~(~)tc(O)t}
I n ( O ) = 0)
(6-34)

as can be verified by acting with the Hamiltonian (6-29).
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Though the discussion in the present section has employed collective
variables such as the vibrational amplitude and the boson operators, the
treatment is fully microscopic, since the collective variables are expressed in
terms of the degrees of freedom of the individual particles. Thus, the
operator c(O)t, producing a quantum of the basic excitation (6-19), can be
written
(6-35)
where the operator A t creates the particle-hole state li) when acting on the
ground state Iv=O) of the single-particle motion. For the operators of the
normal mode, we obtain from Eqs. (6-30), (6-32), and (6-35)
(X,A,t- YiAi)

,+=
i

(6-36)

From these relations, the various properties of the collective states can be
expressed in terms of matrix elements for the one-particle states.
The interaction (6-24) resulting from the field coupling can also be
interpreted as an effective two-body interaction

v(1,2)= K F ( 1)F(2)

(6-37)

The analysis in the present section is thus equivalent to the study of
correlation effects in the many-body system produced by such a “separable” interaction. The interaction (6-37) represents only a single component of the total effective interaction between nucleons in the nucleus.
Thus, a short-range nucleonic interaction, V(lr, - r&, can generate a variety
of different collective modes, each of which can be treated in terms of an
interaction of the form (6-37).
In the discussion in the present volume, we shall attempt to establish
properties of the field couplings on the basis of empirical evidence concerning the static nuclear potential and the modes of excitation. The problem of
relating the effective interactions responsible for the collective modes to the
interactions between free nucleons involves the many subtle correlations
that must be taken into account in the analysis of the connection between
the two-body forces and the static potentials in the nucleus (see Sec. 2-5).
However, considerable scope attaches to the information that may be
obtained from the analysis of this relationship, due to the need for guidance
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concerning the structure and strength of the many different fields involved
in the nuclear collective modes.
The above discussion of the microscopic structure of collective modes
has been simplified through the assumption of degeneracy in the oneparticle response function and the neglect of anharmonic effects. Such a
simplified treatment provides a first approximation to the analysis of many
of the nuclear modes. The generalization to a nondegenerate single-particle
response function is straightforward and is given in Sec. 6-5h. The treatment of anharmonicities involves a variety of different effects and is the
topic of Sec. 6-6.

6-3 NORMAL MODES OF NUCLEAR VIBRATION
The various modes of vibration in the nucleus can be characterized by
the symmetry quantum numbers of the vibrational quanta and the related
symmetry properties of the density and field variations accompanying the
vibrational motion. Some of the symmetries considered are only partially
satisfied by the nucleonic interactions; moreover, the equilibrium configuration, on which the vibrations are superposed, does not in general
possess the full invariance of the Hamiltonian. Thus, an essential element in
the classification of the nuclear vibrations is the analysis of symmetry
breaking occurring in a variety of different forms.

6-3a Shape Oscillations. Spherical Equilibrium
Vibrational amplitudes. Density variations

For a spherical equilibrium, the vibrational modes can be characterized
by the multipole quantum number, which represents the angular momentum of a vibrational quantum. Each mode h is (2A+ 1)-fold degenerate,
corresponding to the different values of the component p of the vibrational
angular momentum. The set of creation operators ct(hp) with p = -A,
- h + 1,..., + h forms a spherical tensor (see the definition of such tensors in
Vol. I, p. 80). The vibrational amplitudes ahPwith corresponding tensorial
properties describe the expansion of the density fluctuations in spherical
harmonics. The theory of oscillation of a liquid drop provides the classical
example of such a description (see Appendix 6A).3

3The quantization of the vibrations in the liquid-drop model was considered by Flugge (1941) and
Fierz ( 1943).

342

2
t

VIBRATIONAL SPECTRA

Ch. 6

In the present section, we consider vibrational modes associated with
variations in the total particle density (summed over spin and isospin
variables)
(6-38)
To leading order in the vibrational amplitudes, the density variations are
linear in ax,,,and rotational invariance leads to the form

6dr)

x
c

Y$(% d a x p

(6-39)

=(- 1)”(2A+ l)l’~(r)(Yxa*)o
for a mode with symmetry A. The radial form factorI$,(r) depends on the
internal structure of the vibrating system and will be discussed below (p.
343). The density operator is a function of the intrinsic variables as well as
of the collective amplitudes axP,and Eq. (6-39) is to be regarded as an
average of the density variations with respect to the intrinsic motion
(specified by the wave function @,,(q) in Eq. (6-17)).
The density operator (6-38) is Hermitian, and the spherical tensor ax,,
is
therefore self-adjoint. With a suitable choice of overall phase, we have
(6-40)
The radial functionix(r) in Eq. (6-39) is then real.
If the equilibrium is invariant under space reflection and time reversal,
the transformation of axPunder 9 and F i s given by

(6-41)

These relations follow from the fact that p(r) transforms into p( - r) under
9 and is invariant with respect to T.
(A departure from 9 or Ysymmetry
of the equilibrium on which the vibrations are superposed would imply a
doublet structure of the energy levels, which is not observed in the nuclear
spectra; see the discussion in Sec. 4-2e.)
The lowest vibrational modes are expected to have density variations
with no radial nodes and may be referred to as shape oscillations. A simple
model of such a mode is obtained by considering deformations that distort
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the radius parameter R , while leaving the surface diffuseness independent
of angle (see Eq. (4-189)),

(6-42)
where Po(') is the equilibrium density. The density variation given by Eq.
(6-42) is of the form (6-39) with the radial form factor

(6-43)
For A = 1 , the deformation (6-42) gives a translation without change in
shape, and the A = 1 shape oscillation is therefore represented by the
center-of-mass motion. For a system with constant density and a sharp
surface, the density distortion (6-42) is equivalent to the surface deformation described by Eq. (6A-1). (It should be emphasized that at present there
exists no direct experimental evidence testing the assumption that the
surface diffuseness is independent of deformation.)
Hamiltonian

In the harmonic approximation, the Hamiltonian is a quadratic function of the vibrational amplitudes and the canonically conjugate momenta,
as in Eq. (6-10). For a vibrational mode A, the requirement of rotational
invariance leads to the form

(6-44)
x

=+(- 1) (2X+ l ) ' / 2 ( D ~ 1 ( ~ x ~Cxx)( o~ +x ~ x ) o )
The equations of motion give (see the hermiticity relation (6-40))

(6-45)
and the oscillation frequency

(6-46)
The Hamiltonian (6-44) represents the independent oscillations of the
(2X+ 1) degenerate modes associated with a shape deformation of order A.
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The vibrational motion can be described in terms of traveling or standing
waves, as in the classical analysis of the oscillations of a liquid drop (see
Sec. 6A-lc).
The quanta1 features of the vibrations can be expressed in terms of the
creation and annihilation operators ct(Ap) and c(Ap) that satisfy the boson
commutation relations (see Eq. (6-2))

The number of quanta with specified Ap is represented by the operators (see
Eq. (6-3))
(nx,),, = C t ( A P ) C ( W
(6-48)
and the Hamiltonian is a sum of terms of type (6-5) (see also Eq. (6-12)),
H=Aiw,’X (ct(Ap)c(hp)+;)

(6-49)

P

The amplitudes
mutation relations

aApand

their conjugates

‘rrAp

obey the canonical com-

(6-50)
[ ‘ r r A p (YAp.1 =

- iA8( p,p’)

and are linearly related to the ct(Ap),c(Ap) operators, as in Eq. (6-16),

(6-5 1)

While

represents the zero-point amplitude for the individual modes Ap,
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of multipole order A is given by

A
A =(2A+ 1)-A% =(2A+ 1)
2DX”X
2CA
2( CA 4 ) 1’2

(6-52)

where InA=O) is the ground state. In Eq. (6-51), we have assumed the
standard phasing for creation operators (see Eq. (1A-87))
ct(&i)- Y-ct(Ap).Tl=(-

1)A + P c t (A-p)

(6-53)

With this phase convention, the hermiticity and time reversal transformation for aAp(see Eqs. (6-40) and (6-41)) determine the phases in Eq. (6-51) to
within a factor of ? 1.
It is seen from Eq. (6-51) that the amplitude aAPis associated with the
creation of a quantum with angular momentum component p and the
annihilation of a quantum with component -p. More generally, if the
quanta have a nonvanishing value for any set of additive quantum numbers
y, the amplitude ay is a combination of ct(y) and c( - y). For the oscillations associated with the density (6-38), the quanta have vanishing values
for all additive quantum numbers except p, corresponding to the fact that
the amplitudes aApare self-adjoint spherical tensors.
The angular momentum of the vibrational motion can be expressed as
a bilinear form in the amplitudes aApand kip, or in the operators ct(Ap) and
c ( & i ) . This form is uniquely determined by the vector character of the
angular momentum operator (see the analogous expression (1A-86) for
tensor operators for fermions and Eq. (1A-63) for the reduced matrix
element of the angular momentum)

1/2

=(+A@+

1)(2A+ 1))

( h p ” p ” ~ l y ) c t ( h p ’ ) c ( ~ ) (6-54)
P‘P“

If the amplitudes ( a , ~ are
) used as variables, one obtains the canonical
expression (6A- 12) for the vibrational angular momentum.
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The quanta of a density oscillation of symmetry A have the parity

.=(-I)

h

(6-55)

The parity quantum number follows from the 9 transformation (6-41) for
ah,,, which also applies to the ct(Ap) operators, on account of the linear
relationship (6-5 1).
Spectrum
In the harmonic approximation, the excitation energy equals

E ( nh)- E ( nh = 0) = nhhwh

(6-56)

where nh is the number of quanta

(6-57)
For given nh, the values of the total vibrational angular momentum I can be
obtained by coupling the angular momenta A of the individual quanta,
taking into account the Bose statistics. Thus, for nh = 2, the symmetric states
have
I=O, 2,. ..,2A
(6-58)
The enumeration of I values, for given nh, can be obtained by a simple
counting of the number of states with different values of the component of
total angular momentum,

(6-59)
For quadrupole oscillations (A = 2), the states with n2 < 6 are listed in Table
6-1. For n2 > 3, there may be several states with the same quantum numbers
n2, I (and M ) ; these can be further specified by the seniority quantum
number v (see pp. 691 ff.). The explicit construction of many-phonon states
in terms of parentage coefficients is discussed in Sec. 6B-4.
Description of vibrations in terms of rotational and intrinsic shape degrees
of freedom
A deformation of multipole order A can be described in terms of

(2h - 2) parameters that characterize the intrinsic shape together with the
three angular variables (Euler angles) that specify the orientation of the
deformed shape with respect to a fixed coordinate system. Thus, the 2A+ 1
vibrational degrees of freedom can be viewed in terms of 2A-2 intrinsic
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I

n , O 1 2 3 4 5 6 7 8 9 1 0 1 1 1 2
0
1
2
3
4
5
6

1
1
1
1
1
2

1
1
1
1 1 1
1
2
2 1 1
1
2 1 2 1 2 1 1
2 1 3 1 3 1 2 1

1
1

1

Enumeration of states with many quadrupole
phonons. The table lists the number of states with n2( < 6)
quadrupole quanta and total angular momentum I.

Table 6-1

modes representing oscillations in the shape and the three rotational modes
associated with a change of orientation, for fixed intrinsic shape. In this
way, the rotational degrees of freedom appear as special superpositions of
vibrational modes. For quadrupole vibrations, the transformation of the
amplitudes and the Hamiltonian into shape and angle variables is given in
Appendix 6B. In this case, the shape has ellipsoidal symmetry and can be
characterized by a parameter /3 giving the magnitude of the total deformation and a parameter y that measures the deviation from axial symmetry.
The representation in terms of the shape and angle variables has
especially simple consequences in situations where the intrinsic shape
performs small oscillations about a nonspherical equilibrium; the motion
then separates into rotation and intrinsic shape vibrations, and the
spectrum exhibits rotational band structure, as discussed in Chapter 4. This
situation occurs if the potential energy contains anharmonic terms that give
rise to a pronounced minimum for deformed shape. The analysis of the
anharmonicities in terms of such a picture provides the connection between
the vibrational spectra of spherical nuclei and the rotation-vibration spectra
of deformed nuclei. (See pp. 448ff. and p. 681.)
Even for a potential energy that favors the spherical shape, as for
harmonic vibrations, the equilibrium shape becomes nonspherical for sufficiently large values of the angular momentum, as a result of the centrifugal forces. This effect is especially pronounced in the yrast region of the
vibrational spectrum. (See Sec. 6B-3; the rotational band structure and the
classification of the intrinsic excitations in the yrast region are illustrated,
for A = 2, in Fig. 6B-2, p. 686.) An alternative way of viewing the simplicity
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of the yrast region can be based on the fact that the alignment of the
angular momenta of the individual quanta implies the existence of a
condensate with many identical quanta. (See the analogous situation for
pair quanta described on pp. 392ff.)
EX moments
A shape vibration of order A, with density variation (6-39), is
characterized by large values of the multipole moment of the same order
4 A p ) = Sp(r)r”Y,,(%

v)

%(

= It-’+ r) dr ah,

(6-60)

The moment (6-60) refers to the total particle density; the electric moment
d ( E A , p ) is obtained by replacing p(r) a n d i A ( r ) by the corresponding
charge density functions.
For the shape vibrations, it is expected that the ratio of proton to
neutron density remain approximately constant (see the discussion on p.
382), in which case
Ze
(6-6 1)
J(EA,P)”

A dm-4

If we further assume the radial form factor (6-43), the EA moment can be
expressed in the form

--A + ZeR,( r’-l)ly,,,,
47T

(6-62)

where the radial moment refers to the spherical distribution p,. One may
also express the electric multipole moment in the form
3
J (EA, p ) = ZeR ’aAp
477

(6-63)

with the effective radius R defined by

3R’= (A + 2)R,(rX- ’)

(6-64)

The relation (6-63) is the same as for a surface deformation in a system with
constant density and a sharply defined radius R (see Eq. (6A-2)). The
diffuseness of the nuclear surface implies that the parameter R defined by
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Eq. (6-64) depends somewhat on the va!ue of A. The evaluation of the
moments ( P ) has been considered in Vol. I, p. 160, for a density distribution of the Woods-Saxon shape.
Even though the density variations associated with the nuclear vibrations may differ from the form (6-42), it is often convenient to use relation
(6-63) as a normalization of the vibrational amplitude. (For an axially
symmetric quadrupole deformation, the amplitude az0is equal to the total
deformation parameter p, which in turn is related by Eq. (4-191) to the
eccentricity parameter 6, defined by Eq. (4-72).)
With the normalization (6-63), the transition probability for exciting a
vibrational quantum is given by (see Eqs. (6-51) and (6-52))

In the harmonic approximation, the matrix elements of d ( E A , p ) obey the
selection rule An,= t 1, and all ratios between transition matrix elements
are specified. The reduced matrix element is given by

where the vibrational states are specified by the number n, of phonons, the
total angular momentum I,, and additional quantum numbers S, needed to
distinguish between states with the same n, and Z,. The reduced matrix
element of the creation operator is the parentage coefficient discussed in
Sec. 6B-4.
For independent quanta, the total decay rate is the sum of the decay
rates for the individual quanta,

B(EA;n,S,Z,-+n,5" - I , 1"- I

l,l,-lZ,-,) =n,B(EA;n,= l+n,=O)

(6-67)
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This relation can also be viewed as an expression of the sum rule for the
parentage coefficients that follows from the relation (6-48).
Occurrence of shape oscillations

The study of the low-energy spectra of the even-even nuclei has
revealed the systematic occurrence of IT=^+ and 3- states with properties suggesting a vibrational interpretation. The collective character of the
excitations is implied by the large transition probabilities and by the fact
that the properties vary rather smoothly with N and Z . The systematics of
the excitation energies of the 2 + and 3 - modes are shown in Fig. 2- 17a,b,
Vol. I, pp. 196-197, and Fig. 6-40, p. 560, respectively. The transition
probabilities are an order of magnitude larger than the single-particle unit,
and if interpreted as shape oscillations, as in Eq. (6-65), correspond to
zero-point amplitudes p2 and p3 typically of order 0.2 (see Fig. 4-5, p. 48,
for values of B(E2) and Table 6-14, p. 561, for values of B(E3)). The
available evidence on the radial form factor for the transition moment
suggests a strong peaking at the nuclear surface, as for shape oscillations
(see, for example, Heisenberg and Sick, 1970).
There is also some evidence for IT = 4 + collective density oscillations.
(See, for example, the 4 + excitations in the Cd isotopes (hiw,=2.3 MeV)
with cross sections about 10 times the single-particle magnitude (Koike et
al., 1969) and in "*Pb (hiw,=4.3 MeV, B(E4;4+0)x25BW; Ziegler and
Peterson, 1968).)
Evidence on multiple excitations is at present confined to the quadrupole mode. It is found that the spectra contain states with IT=O+, 2 + ,
and 4 + (see Eq. (6-58)), with qualitative features corresponding to double
excitations ( n 2= 2). However, the quantitative values of the energies and
E2-matrix elements show quite large deviations from the relations (6-56)
and (6-66) for harmonic vibrations. (The interpretation of these anharmonic
effects is discussed on pp. 541ff.; see also Sec. 6-6a.) So far, the evidence
concerning states with large numbers of quanta is confined to the leading
trajectory with I = 2n2, and thus it has not been possible to test the expected
pattern of the spectrum in the yrast region.
The occurrence of AT = 2 + and 3 - excitations as the lowest collective
modes is characteristic of a system with spherical equilibrium and with a
stiffness against compression that is large compared with the stiffness for
shape deformations. The liquid-drop model provides a prototype for such a
system (see Appendix 6A). However, the quantitative properties of the
observed nuclear excitations differ significantly from those deduced from
such a macroscopic description. In particular, the properties of the
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quadrupole vibrations are profoundly affected by the shell structure. In
nuclei with many particles outside of closed shells, the quadrupole mode
has very low frequency and large amplitude, which is related to the
instability phenomena manifested in the occurrence of nuclei with nonspherical equilibrium shapes. With the approach to closed shells, this mode
becomes progressively weaker, and in the nuclei with closed shells of
neutrons and protons, no low-frequency quadrupole mode occurs. The
lowest-frequency shape oscillations in such nuclei are of octupole type.
The quantitative comparison with the liquid-drop model can be exhibited in terms of the restoring force and mass parameters C, and D,, which
can be determined from the observed values of ha, and B(EA) by means of
Eqs. (6-46) and (6-65). For the quadrupole mode, these parameters are
shown in Figs. 6-28, p. 529, and 6-29, p. 531. It is seen that the restoring
force parameter C, is an order of magnitude larger than the liquid-drop
value near closed shells, but becomes much smaller than this value with the
approach to the regions where the nuclei possess stable quadrupole deformations. The mass parameter D, is an order of magnitude larger than the
liquid-drop value based on the assumption of irrotational flow.
The inadequacy of the liquid-drop analogy can be attributed to the
long mean free path for the motion of the individual nucleons in the
nucleus. For such a system, the collective modes cannot be described in
terms of energy densities determined by local density variations and collective flow.
The structure of the collective modes in a system with independentparticle motion can be analyzed in terms of the coupling of the nucleons to
the oscillating potential generated by the collective deformation, as considered in Sec. 6-2c. On this basis, one obtains a simple understanding of the
main qualitative features of the observed quadrupole modes (see pp. 520ff.)
and octupole modes (see pp. 559ff.). The occurrence of collective modes of
very low frequency and the related instability of the nuclear shape are
associated with the approximate degeneracies in the spectrum of singleparticle motion in the spherical potential. The general conditions for the
occurrence of such degeneracies are considered on pp. 579ff; the
dominance of the quadrupole instability, as observed in nuclei, can be seen
as a consequence of the approximate validity of the harmonic oscillator
potential for the single-particle motion (see p. 591).
The low-frequency quadrupole oscillations are mainly associated with
the transitions of the particles within partially filled shells, but one expects
additional quadrupole excitations associated with transitions between major
shells. The occurrence of such additional high-frequency quadrupole
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strength can be directly inferred from the oscillator sum rule (see Sec. 6-4a),
since the observed low-frequency mode only accounts for about 10%of the
oscillator sum (see Fig. 6-29). The expected properties of these highfrequency quadrupole shape oscillations and the available experimental
evidence are discussed on pp. 508 ff. (The expected high-frequency octupole
strength is considered on pp. 556ff.)
The modes so far discussed have nodeless radial form factors, corresponding to shape oscillations. Density variations with radial nodes correspond to compressive oscillations, but there is at present no experimental
evidence concerning such collective excitations in the nucleus. Compressive
modes may occur with h.rr=O+, 1 -, 2 + , ..., but because of the radial
nodes, these excitations give rise to rather weak multipole moments (see
Sec. 6A-3); however, they may be excited in inelastic scattering processes
involving large momentum transfers or strongly absorbed particles. (The
experimental study of these modes would provide information on the
nuclear compressibility.)
In the description of collective motion in macroscopic quantum fluids, one
distinguishes between the hydrodynamic and collision-free regimes, depending on
whether the relaxation time for the quasiparticles is small or large compared with
the period of the collective oscillation (see, for example, Pines and Nozibres, 1966).
The relaxation is due to the interactions with the thermal excitations and vanishes
in the limit of low temperatures. Thus, the nuclear modes considered in the present
chapter belong to the collision-free regime and are to be compared with “zero
sound” rather than with “first sound,” which is characteristic of the hydrodynamic
regime with local thermodynamic equilibrium. The nucleus provides the opportunity for studying collective modes in a quantum fluid with wavelengths comparable
to the dimensions of the system and with properties strongly influenced by the
quantization of the particle motion in the system as a whole. It is possible that
similar phenomena may be encountered in plasma oscillations in atoms (see, for
example, Fano and Cooper, 1968, Amusia et al., 1971, and Wendin, 1973).

Vibrational field
A density variation of multipole order h produces a variation of the
nuclear potential which, to first order in the deformation, is of the same
multipolarity and hence of the form

SV=

-kh(4

2c Y : p ( h 4 a h p

(6-68)

For a shape oscillation, one may expect the total potential V + S V to be
approximately obtained by a deformation of the average static potential. As
discussed in Chapter 5, such an assumption accounts rather well for the
potential observed in the strongly deformed nuclei. A deformation of the
central potential of the same form as the density distortion (6-42) leads to
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(6-69)
for the form factor in Eq. (6-68).
The deformed field (6-68) implies that the shape vibrations are strongly
excited in the inelastic scattering of nucleons as well as of other nuclear
projectiles (d, a , T, K, etc.). Indeed, the energy spectra of inelastically
scattered particles are dominated by a few prominent groups that can be
identified with the excitation of the lowest modes of shape oscillation (see
the example in Fig. 6-2).4

c

3

2

i

0

EXCITATION ENERGY (MeV)
Figure 6-2 Inelastic scattering of protons on IzoSn. The figure shows the energy spectrum of
protons scattered through 65" by a target of lzoSn and observed in a Si detector. The weak
group below 1 MeV, as well as the strong groups labeled '*C and I6O, correspond to elastic
scattering on various impurities. The broad group at about 1.9 MeV results from the escape
of the gamma ray following the excitations of the 2 + state in 28Si in the detector. The
groups corresponding to the lowest states in lzoSn are labeled by the excitation energy in
MeV and by the spin and parity, where these are known. Most of the pronounced peaks
above 2.5 MeV have also been identified as excited states in 120Sn.The data are from the
experiment reported by 0. N. Jarvis, B. G. Harvey, D. L. Hendrie, and J. Mahoney, Nuclear
Phys. A102, 625 (1967). We wish to thank B. G. Harvey for additional information
concerning this experiment.

4The selective excitation of these levels was first observed in proton scattering (Cohen, 1957; Cohen
and Rubin, 1958) and soon after in deuteron aud a scattering (Yntema and Zeidman, 1959; Fulbright er
at., 1959). The amplitudes of vibrational motion deduced from the measured inelastic cross sections
were found to agree rather well with those derived from measurements of the EX-transition rates
(McDaniels et al., 1960; Buck, 1963; Satchler et al., 1963), thus providing significant confirmation of the
interpretation of these states in terms of shape oscillations.
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The values of the transition matrix elements & and &, derived from
the inelastic cross sections in Fig. 6-2, are given in Table 6-2 and compared
with values obtained from other inelastic processes as well as from the Ehtransition moments. It is seen that the deformation parameters agree rather
well with each other. The comparison is not unique because the average
radius parameters for the different excitation processes are somewhat
different. These differences are connected with the nonlinear relationship
between potential and density and the strong absorption of the composite
projectiles. Thus, if the physically significant quantity is the displacement of
the surface, 6R = RoaA,,Y& the quantity to be compared for the different
processes is the product PARO(Blair, 1960), as given in Table 6-2.
More detailed studies of inelastic scattering processes may illuminate
important questions concerning the structure of the vibrational fields, such
as the radial and velocity dependence as well as the dependence on the spin
and isospin variables of the nucleons. The problem of the isospin depen-

B( E N
u(dd'; 15 MeV)
u(cua'; 34 MeV)
~ ( p p ' ;18 MeV)
u(nn'; 14 MeV)

P2RO

P3RO

fm

fm

RO
fm

0.64
0.69
0.82
0.74
0.74

0.87
0.80
0.90
0.86
1.05

5.9
5.8
7.5
6.2
6.2

Comparison of vibrational amplitudes for lzoSn as
obtained from different excitation processes. The table compares the amplitudes obtained from a number of different
processes that excite the low-frequency quadrupole and
octupole modes in I2'Sn ( h a 2 = 1.17 MeV and ha,=2.39
MeV). The inelastic neutron scattering was studied on a
natural mixture of tin isotopes. The radius parameter R , in
the last column is that assumed in the analysis of the different
processes. The experimental data and analyses are taken
from: Coulomb excitation (P. H. Stelson, F. K. McGowan, R.
L. Robinson, and W. T. Milner, Phys. Rev. C2, 2015, 1970;
D. G. Alkazov, Y. P. Gangrskii, I. K. Lemberg, and Y. I.
Undralov, Izv. Akad. Nauk. SSSR, Ser. Fiz. 28, 232, 1964);
dd' (R. K. Jolly, Phys. Rev. 139, B318, 1965); ua' (I. Kumabe,
H. Ogata, T. H. Kim, M. Inoue, Y. Okuma, and M. Matoba,
J. Phys. SOC.Japan 25, 14, 1968); pp' (Jarvis et al., loc. cit.,
Fig. 6-2; nn' (P. H. Stelson, R. L. Robinson, H. J. kim, J.
Rapaport, and G. R. Satchler, Nuclear Phys. 68, 97, 1965).
Table 6-2
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dence is discussed on pp. 382ff. As regards the spin dependence, one
expects a term associated with the distortion of the spin-orbit potential. If
this potential is taken to be of the form (2-144), a deformation of the type
assumed in Eq. (6-42) yields (see Eq. (3A-26) and compare with the
corresponding term (5-3) for axially deformed nuclei)

(6-70)
Evidence for such a component in the vibrational field has been obtained
from the analysis of polarization effects in inelastic scattering (see, for
example, Sherif, 1969).
The potential generated by the vibration may in addition contain terms
proportional to dlXl”, with a one-particle field that is odd under time reversal
(combined with Hermitian conjugation). Terms of this type arise from the
velocity dependence of the average one-particle potential and can be
obtained by expressing the nucleonic velocities relative to the local collective flow (local Galilean invariance, Belyaev (1963)). Examples of such
coupling terms are discussed in connection with the analysis of the highfrequency quadrupole mode (pp. 51 1 ff.) and of the center-of-mass mode (p.
445).
The vibrational field can also be studied through the resulting coupling
between the vibration and the motion of individual particles in the nuclear
bound states. The various effects of this particle-vibration coupling will be
considered in Sec. 6-5. The experimental data provide evidence for a
coupling of approximately the strength (6-69); see, for example, the discussion of effective charges for E 2 moments in odd-A nuclei, pp. 517 and 533,
and the particle-octupole coupling in 209Biand 2wPb, pp. 565ff.
In the discussion in Sec. 6-2c of the interaction effects in the vibrational motion, the vibrational coupling is expressed in the form (6-18),
which, in the case of a mode of multipole order A, corresponds to
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where K~ is a coupling constant and where FA,, is so normalized that

when averaged for the deformed density distribution. For the coupling
(6-68) with the form factor (6-69), one may employ the dimensionless field

F ~ , , = - K T ' R -yAP
av
O ar

(6-73)

The corresponding coupling constant is obtained from an evaluation of the
average (6-72) with 6 p given by Eq. (6-42)

(6-74)
(Note that

K

and V are negative for attractive fields.)

Qualitative orientation regarding the effect of the shell structure on the shape
oscillations may be obtained by considering vibrational fields with FA,,equal to the
multipole operator rAYA,,,in conjunction with an average potential of harmonic
oscillator form. For this model, the spectrum of single-particle excitations and the
resulting collective modes have an especially simple and transparent character. For
the oscillator potential
V = iMw:r2

(6-75)

a deformation of the standard form (6-71) with
FA,, = rAYAp

(6-76)

can be written
(6-77)
For h = 2, the deformed potential represents an anisotropic oscillator (see Eq.
(5-5)). If the equidensity and equipotential surfaces suffer identical deformations,
the density variation 6p is given by Eq. (6-77), with V replaced by po. The
normalization condition (6-72) then yields
(6-78)
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The quadrupole and octupole modes for the oscillator model with the coupling
(6-78) are discussed on pp. 508ff. and pp. 556ff., respectively.

MI moments
The magnetic dipole moment associated with a shape-vibrational mode
X is, to leading order, proportional to a, and dr,, as follows from time
reversal and rotational symmetry. The unique vector formed by coupling a,
and dr, is the same as that involved in the vibrational angular momentum
(given by Eq. (6-54) or (6A-12)), and we therefore have
P = g,I

(6-79)

with g, a constant, for a given vibrational mode. Hence, to leading order,
all the states in the vibrational spectrum have the same static g factor.
Moreover, since the total angular momentum Z is a constant of the motion,
there are no M 1 transitions.
For the quadrupole vibrations, there is extensive evidence testing the
forbiddenness of the M 1-matrix element for the transition (n2=2,1=2)
+(n2 = 1,Z = 2). The B ( M I) values are in most cases found to be less than
10-2(eA/2Mc)2;see the examples in Figs. 6-30, p. 532, and 6-32, p. 536. (A
compilation of M 1:E 2 mixing ratios for these transitions has been given by
Krane, 1974.5)
The value of g , is a property of the collective flow associated withLthe
vibrational motion. For a shape vibration, one may expect the main
contribution to arise from orbital motion of the particles and the ratio of
charge to mass in the flow to be approximately the same as for the static
density. We then obtain
g,=

Z

(6-80)

as for a uniformly charged liquid drop. The main empirical evidence
concerns the n2= 1, h = 2 + quadrupole excitation, for which the g values
are found to be approximately of the magnitude (6-80), although significant
variations are observed (see Fig. 4-6, p. 55). In a few cases, measurements
have been made of the g factor for the n3= 1, h = 3 - excitations ('60,hw3
= 6.1 MeV, g = 0.55 & 0.03, Randolph et al., 1973; 208Pb,A~3
= 2.6 MeV,
g = 0.58 5 0.14, Bowman et al., 1969).
%e strong hindrance of the M 1-matrix element for the transition between the first and second 2+
states was among the earliest systematic features to be recognized in the spectra of the even-even nuclei
(Kraushaar and Goldhaber, 1953).
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EO moments

Electric moments of multipole order different from that of the vibrational motion must involve second or higher powers of the vibrational
amplitudes. Thus, the EO moment
(6-8 1)

m ( E 0 )= S r 2 p e l ( r ) t i T

is, to leading order, quadratic in the vibrational amplitude and may involve
two terms, proportional to (aAaJ0and (dlAdlJ0, respectively. If the frequency
of the vibrational motion is small compared with single-particle excitations
(adiabatic situation), the nucleonic density distribution for given ah is
approximately the same as for a static deformation, and one therefore
expects m ( E 0 ) to depend only weakly on &., (For a discussion of the
adiabatic approximation, see Sec. 6-6a.) Under these conditions, there is a
unique second-order term in m (EO),

(6-82)
and all matrix elements can be expressed in terms of the single parameter k .
Thus, for example,
( n , l M Irn (EO)I n J M )

- ( n , = 01rn (EO)Inx = 0) = kn

ti

(6-83a)

DhUh

(n,=2,1=Olm(EO)Inh=0)= k ( X +

3)1’2

‘

-

4%

(6-83b)

One may attempt to estimate the coefficient k by considering a
deformation represented by a bodily displacement of the surface, without
change of the interior density or of the diffuseness normal to the surface
(see Eq. (4- 188)). The expansion (4-189) of this density distribution, to
second order in the amplitudes ahP,yields an EO moment with
k = -ZeRi
4T

(

2-

-

3

( r - 2 ) ( r ) +:X(X+l)
(r-’)

‘ ) R 0 ) ) (6-84a)

(6-84b)
where, in Eq. (6-84b), we have used the radial moments (2-65) for the
Woods-Saxon form factor. It must be emphasized, however, that the
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monopole moment associated with a shape oscillation is sensitive to possible variations in the radial density distribution, and the result (6-84) is
therefore only expected to give the order of magnitude of the effect.
Evidence on the value of k can be derived from the measured EO-matrix
element for the n=2, I=O-+n=O transition in 'I4Cd (see Fig. 6-30, p. 532);
the value of k determined by means of Eq. (6-83b) is found to be about a
factor of 2 smaller than the estimate (6-84). For the deformed nucleus 174Hf,
the observed value of k for the Kr=O+ monopole vibration agrees rather
well with the estimate (6-84); see p. 174. (Additional, more indirect estimates of monopole moments associated with a quadrupole deformation
have been obtained from isotope shifts in atomic spectra and are found to
be of the order of the estimate (6-84) although somewhat smaller; see, for
example, the evidence on I5*Smdiscussed in Vol. I, p. 164.)
The terms in the density of second order in the deformation ah also
give rise to electric moments of multipolarity 2,4, ...,2A. Thus, for a
quadrupole vibration, one obtains a second-order contribution to the E 2
moment, which gives rise to matrix elements with An, = 0 and ? 2. Similar
effects, however, can occur as a result of anharmonicity in the vibrational
motion, and the analysis of terms in the moment going beyond the leading
order must therefore be considered together with higher-order terms in the
Hamiltonian (see Sec. 6-6a).
Superposition of vibrational and particle motion
If the intrinsic state possesses a finite angular momentum J (as in
odd-A or odd-odd nuclei, or for excited configurations in even-even nuclei),
a vibrational excitation with angular momentum R gives rise to a multiplet
of states with total angular momentum

I = IJ - R 1, IJ- R I + 1,. ..,J + R

(6-85)

The particle-vibration coupling produces energy separations within the
multiplet (6-85) and a mixing of states with different quantum numbers J R ;
these coupling effects will be considered in Sec. 6-5.
In the limit of weak coupling, the various nuclear moments can be
expressed as a sum of contributions from the vibrational and intrinsic
%e spectra and moments resulting from the superposition of approximately independent-particle
and vibrational motion were considered at an early stage in the study of collective nuclear motion
(Foldy and Milford, 1950; Bohr and Mottelson, 1953; see also the review and references quoted by
Alder er al., 1956, pp. 538 and 539). The generality of such a coupling scheme (core-excitation model)
was emphasized by de-Shalit (1961).
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degrees of freedom, and the matrix elements can be evaluated by the
general expression ( 1A-72a) for multipole operators in weakly coupled
systems.
Large collective matrix elements are associated with E h transitions
with An,= ? 1 and no change of intrinsic state. In the weak coupling
situation, only the vibrational moment contributes to such transitions and
the B(EA) value is directly related to the vibrational transition rate,
B ( E X ; n,RJI-+n,+ 1, R’JI’)
= (2I’+

1)(2R

+ 1) { ff 1( i , I 2 B ( E A ;n,R-+n,?

1,R’) (6-86)

The sum of the transition probabilities to the different members I ’ of the
final multiplet is equal to B ( E A ; n,R-+n,+ l,R’), as can be formally
verified by employing the completeness relation (1A- 17).
The states within a multiplet are connected by M 1-matrix elements,

(RJZ’l\d(Ml)IIRJI)=(

(g,(Z(Z+

1)(2Z+ 1))”’8(Z,Z’)

+(-l)”+1+1(gX-~J)(2Z+1)1’2(2Z’+1)’’2(R(R+1)(2R+1))

‘/2

(I,

1)

(6-87)
The M 1 transitions are seen to be typically of single-particle magnitude,
since the g factors for the particle motion will usually differ significantly
from those of the collective motion.
The multiplet of states involving an octupole quantum superposed on
the ground state of 209Biprovides an example of the pattern corresponding
to weak particle-vibration coupling (see Fig. 6-42, p. 572). The test of the
intensity relation for excitation of the multiplet by inelastic scattering,
which is equivalent to Eq. (6-86), is shown in Table 6-16, p. 573. In other
cases, the coupling is found to be much stronger and to imply appreciable
interweaving of intrinsic and vibrational motion (see, for example, the
quadrupole excitations in the odd Cd isotopes illustrated in Fig. 6-30, p.
532).
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6-3b Vibrations about Spheroidal Equilibrium
The symmetry of the equilibrium state plays a major role in determining the pattern of the vibrational modes. In the present section, we consider
the properties of vibrations with respect to an equilibrium shape with axial
symmetry and invariance under reflection in a plane perpendicular to the
symmetry axis, as for the dominant nuclear deformations.
Symmetry classification
For an axially symmetric equilibrium, the normal modes can be
characterized by the quantum number v, representing the component of
vibrational angular momentum along the symmetry axis. The reflection
symmetry provides the additional quantum number T . Moreover, a shape
with axial and reflection symmetry is invariant with respect to a rotation 9
through an angle of 180" about an axis perpendicular to the symmetry axis
(see the discussion of 9? symmetry in Chapter 4, p. 8). The 9 symmetry
implies a degeneracy of modes with + v (as also follows from 9- invariance); for v = 0, the modes can be classified by the quantum number
r=?l

(6-88)

associated with the 9 transformation of the vibrational excitation. For a
shape vibration with v = 0, we have Y = T , since a shape with axial symmetry
is invariant under the transformation 379 (reflection in a plane containing
the symmetry axis).
If the intrinsic angular momentum, in the absence of vibration, has the
value Ko=O, as for the ground-state configuration of even-even nuclei, the
excitation of a quantum with v = 0 gives rise to a K = 0 band with (- 1)'= Y
(see Eq. (4-14)). For v#O, the conjugate modes (kv)together generate a
single band with K = l v J and I = K , K + 1, ... (see Eq. (4-19)).
For intrinsic states with Ko#O, the excitation of a quantum with v f O
gives rise to two bands with K = IKo+ vl and IKo- vl. The degeneracy
between these two bands is removed by the particle-vibration coupling as
well as by the coupling to the rotational motion. For K = 1/2 bands, the
rotational decoupling parameter a vanishes for a vibrational excitation
(n,= 1) with v#O, while for v = 0 (see Eq. (4-60) and note that 97=1 for
the vibrational excitation)
a(n,,,=

1,K= KO=1/2)= ra(n,=o=O,Ko= 1/2)

in terms of the quantum number

Y

for the vibrational mode.

(6-89)
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A schematic illustration of the geometry of the simplest even-parity
shape oscillations and the associated spectra is given in Fig. 6-3. The
deformations with respect to equilibrium are taken to be of quadrupole type
(A = 2). The deformation amplitudes in the intrinsic coordinate system are
denoted by ahv, and for quadrupole deformations are conventionally expressed in terms of the deformation parameters P and y (see Eq. (6B-2) and
Fig. 6B-1). The spheroidal equilibrium shape has y = 0 (prolate) or y = 7~
(oblate), and total deformation parameter Po. For small oscillations about
prolate equilibrium, we have

1
a22= --Psiny=-poy

v2

1

(6-90)

v7

The v = O vibrations preserve axial symmetry and are referred to as P
vibrations. The oscillations with v = ? 2 (y vibrations) break the axial symmetry and lead to nuclear shapes of ellipsoidal type.
A quadrupole deformation with lvl= I is equivalent to a rotation about
an axis perpendicular to the symmetry axis, without change in shape (see
Fig. 6-3). This mode, therefore, is “spurious” in the sense that it does not
occur as an intrinsic (nonrotational) excitation. The absence of the A = 2,
= 1 mode is analogous to the absence of shape oscillations with A = 1, the
degrees of freedom of which correspond to center-of-mass motion; see p.
343. The removal of the spurious IvI = 1 mode in the deformed nuclei is
considered on pp. 446ff.
In the spectra of many deformed nuclei, one has observed low-lying
excitations with K r r = O + + and K 7 ~ = 2 + that may be approximately
described as P and y vibrations. (See the examples discussed on pp. 158ff.
( y vibration in 166Er) and pp. 168ff. ( P vibration in 174Hf); for the
discussion of the systematics of these modes, see pp. 548ff.) The superposition of P- and y-vibrational excitations and quasiparticle degrees of freedom is encountered in many of the spectra of the odd-A deformed nuclei
(see footnotes to Tables 5-12, p. 296, and 5-13, p. 299).
Odd-parity collective modes of low frequency corresponding to octupole shape oscillations have also been observed as a systematic feature in
the spectra of even-even deformed nuclei (see the evidence discussed on pp.
559 ff.). The occurrence of odd-parity shape oscillations in the saddle-point
spectrum plays an important role in the interpretation of asymmetry and
anisotropy in the fission process (see the discussion in Chapter 4, p. 126).
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Figure 6-3 Quadrupole shape oscillations in a spheroidal nucleus. The upper part of the
figure shows projections of the nuclear shape in directions perpendicular and parallel to
the symmetry axis. The lower part of the figure shows the spectrum associated with
excitations of one or two quanta. The relative magnitude of ho, and ha7 depends on the
internal structure, and no significance is to be attached to the value used in the figure. For
the bands with two quanta, it has been assumed that the vibrational motion is harmonic with
no interactions between the p- and y- vibrational quanta, and that the rotational energy is
proportional to Z(Z+ 1)- K2.

Frequency splitting due to static deformation

In the classical description of the oscillations of a system with a small
equilibrium eccentricity, the effect of the deformation may be treated as a
perturbation in the equations determining the eigenmodes (see the discussion of the liquid-drop model in Sec. 6A-4d). Each mode of multipole order
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h splits into components with v = 0, ? 1,. ..,?A. The relative magnitude of
the splitting is of the order of the eccentricity, and the pattern is determined
by the symmetry of the deformation. Thus, for a spheroidal shape, the
frequency shifts are proportional to the quadrupole moment of the vibrations with respect to the symmetry axis, and hence to 3v2-h(h+ 1). For
shape oscillations, the sign of the shift is such that the v=O mode is the
lowest for prolate shape and the highest for oblate shape.
Such a macroscopic description appears to provide a basis for interpreting the empirical evidence on the effect of the deformation on the
high-frequency dipole mode (see the discussion on pp. 490ff.). However, for
the low-frequency modes, which are sensitive to the coupling scheme of the
particles in partially filled shells, the effect of the deformation cannot be
viewed as a small perturbation. In fact, the nuclear deformations, though
numerically rather small (6 5 0.3), profoundly affect the motion of the
nucleons in the partially filled shells. For the low-frequency modes in
deformed nuclei, it may be possible to assign a multipole quantum number
h describing the main component in the oscillating density. However,
modes with the same A and different v will, in general, have rather different
properties and may not be related in a simple manner to the modes
observed in spherical nuclei.
Transition matrix elements

A shape oscillation hv is characterized by a large Eh-transition probability for exciting a vibrational quantum. With the same normalization as
in Eq. (6-63), the EX moment and the B ( E A ) value take the form (see Eqs.
(4-91) and (4-92))
(6-91a)

(6-9 1b)
where the zero-point amplitude is related in the usual way to the frequency
and mass parameter
(6-92)
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The expression (6-9 1 b) represents the leading-order intensity rule corresponding to I-independent moments: the I-dependent corrections to the
moments, arising from the coupling between the rotational and vibrational
motion, are discussed in Sec. 6-6c.
The observed E2-transition probabilities for the excitation of p and y
vibrations are typically five to ten times the appropriate single-particle units
(see pp. 551 ff. and pp. 549ff.). Though enhanced, these transition probabilities are considerably smaller than for the quadrupole vibrations in
spherical nuclei. Thus, the vibrational amplitudes p - Po and boy derived
from the E2-matrix elements are of the order of 0.05. With such small
amplitudes, only relatively few particles participate in the vibrational motion.
6-3c Collective Motion in Fission Process

In the preceding sections, we have considered the elementary modes
associated with small-amplitude shape oscillations. In contrast to these
modes, the fission process involves collective motion of large amplitude.
The occurrence of the. fission mode as a spontaneous process, or as a
reaction induced by low-energy projectiles, reflects the near instability of
heavy nuclei resulting from the long-range Coulomb repulsion between the
protons (Meitner and Frisch, 1939; Bohr and Wheeler, 1939; Frenkel,
1939). The fission process has occupied a unique place in the development
of nuclear physics, but should be recognized as part of a wider range of
phenomena involving large-scale nuclear deformations and collective flow
that are now becoming accessible in the study of reactions produced by
accelerated heavy ions.
The early studies of the fission process focused attention on the
macroscopic features that can be described in terms of the liquid-drop
model of the nucleus. More recently, the discovery of the fission isomers
has brought into focus the far-reaching consequences of the nuclear shell
structure for many features of the fission process.
Macroscopic features of the potential energy surface. Fission barrier
Many of the qualitative features associated with large-scale nuclear
deformations are determined by bulk properties of the nuclear matter.
These features depend smoothly on the particle numbers N and Z and on
the deformation parameters a, as in the liquid-drop model. Thus, for a
deformation that approximately conserves volume, the main terms in this
“macroscopic” part of the nuclear energy &a) can be associated with the
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surface and Coulomb energies
(6-93)
where gsurf
is proportional to the increase in surface area with a proportionality constant that can be related to the parameter bsurf in the semiempirical mass formula (2-12); see Eq. (6A-19). The term gcOul
expresses the
decrease in Coulomb energy associated with the deformation.
For small deformations with respect to spherical shape, both the
surface and the Coulomb energy are quadratic functions of the deformation
is proportional
parameters. The ratio of the coefficients in GCou,and gSurf
to Z2/A, and for a quadrupole deformation is given by the quantity (see
Eq. (6A-24))

=0.0203- Z 2
A

(yo=

1.25 fm;

bsurf=17 MeV)

(6-94)

referred to as the fissility parameter. The values of ro and bsurfused in Eq.
(6-94) are those obtained from the semi-empirical mass formula (see Eq.
(2-14)). For x < 1, the bulk energy G"(a)has a minimum for spherical shape,
but for a critical value of Z '/ A , corresponding to x = 1, the spherical shape
becomes unstable with respect to quadrupole deformations; the parameters
of Eq. (6-94) yield

($)c 4 9
-

(6-95)

crit

For x < 1, the energy &(a)increases with deformation for small a , but
eventually reaches a saddle point (the fission barrier) beyond which the
energy decreases as the system approaches division into two or more
fragments. The calculation of the potential energy function and associated
fission barriers on the basis of the liquid-drop model is discussed in Sec.
6A-2. The resulting barrier heights and saddle-point shapes are shown in
Fig. 6A-1 as a function of the fissility parameter x . For a system with
angular momentum, the barrier is lowered as a result of the centrifugal
forces, and the saddle point acquires a triaxial shape; for sufficiently large
values of the angular momentum, the system has no stable equilibrium (see
the discussion on pp. 663ff.).
In Fig. 6-56, p. 616, the empirical values of the fission barriers are
compared with those estimated on the basis of the liquid-drop model. Since
the fission barriers of the heavy nuclei represent the small differences
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between large surface and Coulomb terms, the qualitative agreement in Fig.
6-56 implies that for such large deformations, the restoring force due to the
nuclear interactions is given rather well by the surface tension as determined from the nuclear masses. (For example, for 238U,with xx0.73, the
calculated fission barrier is about 10 MeV, while the increase in the surface
energy is about 100 MeV.)
Evidence on the saddle-point shape has been obtained from the
analysis of angular distributions of the fission fragments (see the example
on pp. 617ff.). The deformations derived from such analyses decrease with
increasing values of Z 2 / A , and are also quantitatively in approximate
agreement with the predictions of the liquid-drop model, though the data
may suggest an increase of the numerical coefficient in Eq. (6-94) by about
10% and a corresponding decrease of (Z2/A),,it in Eq. (6-95).

Effect of shell structure on potential energy surface. Shape isomers
Important contributions to the nuclear potential energy function may
result from the effects of shell s t r ~ c t u r e .The
~
nonuniformities in the
one-particle eigenvalue spectrum associated with the shell structure imply
that the nuclear energy will not vary smoothly with particle number, as in
the description in terms of bulk properties, but will exhibit specific variations depending on the degree of filling of the shells. Such effects have
already been encountered in the occurrence of nonspherical equilibrium
shapes (see especially the discussion in Chapter 4, pp. 135ff.) and in the
properties of the low-frequency shape vibrations (see pp. 351 ff.).
The contribution of shell structure to the potential energy function (the
shell-structure energy) can be obtained from an analysis of relative energies
of nucleonic configurations in a potential of given shape. Such relative
energies are given by the one-particle energies of the occupied states, and
the shell-structure energy is therefore contained in the sum
A

c

4:p=

Ek

(6-96)

k= 1

'The possibility of shell-structure effects in the fission process was considered from the early period
of the nuclear shell model, in particular in relation to the asymmetry in the mass division (see, for
example, Hill and Wheeler, 1953, and the comments on this early discussion by Mayer and Jensen,
1955, p. 37). The successful classification of one-particle orbits in deformed equilibrium configurations
provided a basis for extending the analysis to the highly deformed shapes involved in the fission process
(Strutinsky, 1966; Gustafson et al., 1967). A crucial issue in this development was the separation
between the smooth behavior associated with the bulk properties of nuclear matter and the more
specific effects associated with the nuclear shell structure, which is contained in the sum of the
single-particle energies (Myers and Swiatecki, 1966; Strutinsky, 1966).
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It should be emphasized that the independent-particle energy Gip does not
in any sense represent an estimate of the total nuclear energy. However, the
deviations of giPfrom a smooth function of particle numbers represents an
approximation to the shell-structure energy, which is expected to be valid to
the extent that the occupancy of the orbits corresponds to that of the
independent-particle description. A more formal derivation of this result, in
the self-consistent field approximation, is given in the fine print below. The
effects of the pair correlation can be included by replacing the independent-particle sum (6-96) by the total energy for independent-quasiparticle
motion in the presence of a pairing potential (see Eq, (6-603)).
For a system containing many particles, the main part of 6. varies
‘P
smoothly with particle number. This smooth part,
can be identified by
considering the asymptotic behavior of giPin the limit of large particle
numbers. The shell-structure energy Gsh is then obtained as the difference

qp,

giPand the asymptotic function Glp.
gsh = gip. - gip

(6-97)

between
For a saturating system, such as the nucleus, for which the linear
scale
*
of the potential increases asymptotically as A ’ / 3 , the function giPcan be
expressed as an expansion of the same type as that involved in the
semi-empirical mass formula (2- 12). The coefficients of the various terms
as a
could be obtained, for example, by a numerical evaluation of giP,
function of particle number, for any given form of the potential; such a
procedure would be analogous to the determination of the parameters b,,,,
bsurr,etc. in Eq. (2-12) from the empirical masses. The asymptotic part of
giPcan also be obtained by analytical methods. Thus, the leading terms in
the particle number (the volume terms) are given by the semiclassical, or
Fermi gas, approximation (see Eq. (6-5 I 1)). The next terms, proportional to
A213,correspond to an energy per unit surface area of the potential and can
be evaluated by considering the continuum solutions defined by an infinite
plane surface (Swiatecki, 1951; Siemens and Sobieczewski, 1972).
can be
An alternative way of characterizing the asymptotic form
based on the asymptotic expression E(E) for the one-particle level density in
the specified potential, as discussed in* the example on pp. 606ff. (The
determination of the smooth function 4pcurrently employed in the literature is based on an energy average of the single-particle level density;
Strutinsky, 1966. For an infinite potential, the energy averaging and the
extraction of the asymptotic form in particle number are equivalent; see the
discussion on p. 606. However, for a finite potential, the equivalence

zip
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requires that the distance between shells be small compared with the
separation energy.)
is of the order of the degeneracy of the shells
The magnitude of gSsh
times the energy separation between successive shells. While the distance
between shells is quite generally of the order of the basic single-particle
frequency
the degeneracy of the shells reflects the symmetries of
the potential. (See the example on pp. 579 ff., which discusses the characterization of shells in the single-particle spectrum and the intimate relation
of the shell structure to the occurrence of closed classical orbits.)
The major shell-structure effects in the spherical nuclear potential
imply contributions to the nuclear energy that can be observed in the
masses of the nuclear ground states ( gSh-- 10 MeV in heavy closed-shell
nuclei; see the example on pp. 598ff.); the large fission barriers observed
for nuclei in the region of *08Pb (see Fig. 6-56, p. 616) can also be
interpreted in terms of the large negative shell-structure energy in the
ground states of these nuclei.
In deformed potentials, expecially large shell-structure effects occur if
the potential resembles that of an anisotropic harmonic oscillator with
rational ratios of frequencies (see the discussion on pp. 584ff. and Table
6-17). A potential with the symmetry w L :w j = 2 : 1 corresponds to a deformation in the region of the fission barrier for heavy nuclei (Z=92), and the
major shell-structure effect associated with this symmetry appears to
account for the occurrence of the shape isomers identified in the fission
process. Experimental evidence concerning the fission isomers is discussed
in the example on pp. 623ff. The more detailed analysis of the shell
structure in the nuclear potential with ratio of axes 2 : 1 is considered in the
example on pp. 591 ff.; the closed-shell configuration with neutron number
N = 148 in this potential corresponds to the region of greatest stability for
the fission isomers.
A striking feature of the fission process is the asymmetry in the masses
of fragments observed for low-energy fission of nuclei in the region 9 0 5 Z
5100. (For a survey of the experimental data, see Hyde, 1964.) The
liquid-drop model does not provide an explanation of this phenomenon (see
the discussion in Sec. 6A-2), and it appears likely that the mass asymmetry
must be attributed to shell-stiucture effects that, for the nucleon numbers
involved, favor deformations deviating from reflection symmetry, at an
appropriate stage of the fission process (Moller and Nilsson, 1970; Pauli et
al., 1971).
The argument for identifying the shell-structure energy as part of the sum of
single-particle energies can be given a simple derivation for a system in which the
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interactions can be treated in terms of the Hartree-Fock approximation (Strutinsky, 1968). In this approximation, the total energy can be written (see Eq.
(3B-34))

+

A’ = 8k,” 6lpot

with the self-consistent potential

(4UIx)=

(6-99)

p ~ l d x ; ( ~lxxl),(x,lPlx;)o
4

The energies in Eq. (6-98) are expressed in terms of the one-particle density matrix
p (see Eq. (2A-37)), and the subscript zero indicates the expectation value for the

ground-state configuration, in which the particles occupy the A lowest one-particle
orbits vi in the self-consistent potential U .
The density ( x l p l ~ ’ )and
~ the associated one-particle potential can be written
in the form
(xlplx’),=

i q x , x ’ ) + +(x,x’)

(6-100)
(x’l U l x ) = ( x ’ l U l x ) + ( x ’ p U l x )

where the quantity ,ij(x,x’) is a smooth function of particle number, obtained- by
considering the asymptotic limit of large particle numbers. The potential U is
obtained from the relation (6-99) by replacing the Hartree-Fock density (x lI p l ~ ; ) ~
by the smooth part ,G(xl,xi).Ignoring terms of order ( 8 ~ ) the
~ , total energy (6-98)
can be written

(6- 101)

A

=

2I ( v ; ( U ) I T + U I v ; ( U ) ) =

i=

6)

A
i= 1

A

(v;(U)IT+ LIJv;(U))=

t:Ei(6)

i= 1

where the notation v,( U ) and v,(
refers to one-particle states in the potentials U
and 6,respectively. The expectation values of the Hamiltonian T +
are
stationary with respect to small variations of the one-particle wave functions and,

6
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fi),

in the last line of Eq. (6-lOl), the states vi( U ) can therefore be replaced by v,(
to
the accuracy_considered.
Since
in Eq. (6-101) is a smooth function of particle number, the
shell-structure energy is contained in the sum of single-particle eigenvalues
evaluated for the potential U . The above derivation is similar to the proof that, in
the independent-particle approximation, the energy difference between two neighboring configurations is equal to the difference between the sums of one-particle
energies evaluated in the same average potential.

Temperature dependence of shell-structure energy
For finite temperatures, the effect of the shell structure on the nuclear
energy and level density can be obtained by an evaluation of the thermodynamic functions on the basis of the independent-particle level
spectrum. (The tools for such a statistical analysis are described in Appendix 2B.) The thermodynamic functions depend on an average of the
single-particle level spacing in an energy interval of order of the temperature, on each side of the Fermi level; the shell-structure effects are therefore
expected to decrease strongly when the temperature approaches values
comparable with the energy spacing between the shells. Examples illustrating this behavior are considered on pp. 607ff. Evidence on the shellstructure effect in the nuclear level densities is discussed on p. 610.
For finite temperatures, the generalization of the potential energy
function that determines the driving force in the fission process is the free
energy

F ( a , T ) = G ( N ) - TS

(6-102)

where S is the entropy and T the temperature. Examples illustrating the
shell-structure contribution to the free energy as a function of temperature
are shown in Fig. 6-54, p. 610; the shell-structure effects in the fission
barrier are expected to become small for temperatures of about 1 MeV,
corresponding to an excitation energy of about 30 MeV in a heavy nucleus
(see the discussion o n p. 621).
In order to exhibit the significance of the free energy, we follow the standard
procedure of thermodynamics and consider a reversible process by which the
nucleus changes its deformation and thereby performs the work p da on some other
system, such as an external electric field. The quantityp is the force with which the
nucleus acts on the external system. For such a process, the change in the nuclear
energy is given by
dG = d Q - p d a

(6-103)
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where dQ is the heat transfer to the nucleus. The change in entropy is
dS=

d
l
2
= -(dB
T
T

+pda)

(6-104)

and thus, from Eq. (6-102),
dF= - S d T - p d a

(6-105)

The force p therefore satisfies the relation
P=

-( g )

(6-106)

T

which shows the free energy as the generalized potential energy function. From Eq.
(6-104), it is also seen that
p=

(6- 107)

and thus the equilibrium toward which the system moves is characterized by a
maximum in S for given energy, or equivalently, by a minimum in F for constant
temperature.

Motion with respect to saddle point. Fission chunnels
The reaction rate for the fission process can be described in terms of
the transmission through the available fission channels, in analogy to the
description of molecular reaction rates (Bohr and Wheeler, 1939). The
fission channels represent states with specified quantum numbers for all the
degrees of freedom except for the motion across the barrier. The spectrum
of channels is expected to exhibit rotational band structure, with quantum
numbers determined by the symmetry of the saddle-point deformation (see
the discussion in Chapter 4, pp. 36ff.). The intrinsic quantum numbers
labeling the different channels comprise vibrational as well as quasiparticle
modes of excitation (see, for example, the discussion on pp. 125ff. of the
low-energy channels contributing to the photofission process).
If the collective motion toward the saddle point can be separated from
the intrinsic degrees of freedom, as in an adiabatic process, the transmission
coefficient can be obtained from the one-dimensional vibrational equation
in the fission variable a . A simple estimate is provided by the “harmonic”
approximation, which assumes a parabolic form for the barrier and a mass
parameter independent of a ,

where a is measured with respect to the unstable saddle-point equilibrium.
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For the Hamiltonian (6-log), the transmission factor P is given by (Hill and
Wheeler, 1953; see also Wheeler, 1963)

(6- 109)

where the energy E is measured with respect to the saddle point. The
derivation of Eq. (6-109) is given in the fine print below.
The transmission factor describes the gradual opening of a fission
channel as the energy approaches the fission barrier. The observed energy
variations of the fission cross sections in the threshold region can be
approximately expressed in terms of transmission factors of the form
(6-109) with values for hi0 of the order of 0.5-1 MeV and thus of the same
order of magnitude as the energies of quadrupole shape oscillations in
spheroidal nuclei. Examples are provided by the photofission cross section
of 238Uillustrated in Fig. 4-23, p. 126, and the analysis of the neutron~
on p. 633. It should be emphasized,
induced fission of 2 4 1 Pdiscussed
however, that the degree of validity of the adiabatic approximation, which
underlies the one-dimensional treatment, remains an open question (see, in
this connection, the evidence for coupling between the shape deformation
and pairing degrees of freedom exhibited by the properties of the p
vibrations, pp. 552ff.).
If the nucleus is vibrating with an energy below the fission threshold
(so that P<<l), the fission rate is equal to the product of P and the
frequency with which the vibrational motion approaches the saddle point.
The fission width is therefore given by

r---h%b
277
f

(6-1 10)

-

where uVibis the vibrational frequency (which is 277 times the inverse
period).
For excitation energies comparable with the fission barrier, the fission
widths resulting from the individual channels become distributed as
strength functions in the dense spectrum of states of the compound
nucleus. The width of the strength function is determined by the rate of
damping of the vibrational motion in the fission mode; in situations where
the damping time is short compared to the vibrational period, the average
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fission widths can be obtained from a statistical argument (Bohr and
Wheeler, 1939) analogous to that employed in deriving the average neutron
widths for a black nucleus (see Vol. I, p. 229)

r--zpc
D
'-2T

(6- 1 1 1)

where D is the average spacing of levels of given IT, and where the sum
extends over the fission channels with these quantum numbers. The relation
(6-111) provides a basis for interpreting the evidence on fission widths in
terms of the channel spectrum. (For evidence obtained from slow neutron
resonances, see, for example, Lynn, 1968a; for higher excitations, see, for
example, Vandenbosch and Huizenga, 1958.)
The eigenfunctions of the Hamiltonian (6-108) can be expressed in terms of
the parabolic cylinder function D, (see, for example, Erdelyi, 1953, vol. 11, pp.
116ff.), and the eigenstate representing motion incident from the side of negative a
is given by

(n", (-51)

q ( a )= const D, -exp

(6-1 12)

with the asymptotic form, for large la/,

a>O

a<O

(6-1 13)
For a < 0, the last term in Eq. (6-1 13) is the incident wave propagating in the
direction of the positive axis, while the first term is the reflected wave. The ratio of
intensities in the transmitted and incident waves yields the transmission coefficient
(6-109).
The expression (6-109) for the barrier penetration can also be obtained by a
treatment based on the WKB approximation. For E <0, the penetration involves
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the phase integral

and, to leading order, the penetration probability is given by exp{ - 2 s ) . When the
energy is close to the top of the barrier, an improved treatment, with the inclusion
of the next higher terms in the WKB approximation, leads to the penetrability
(1 +exp{2S))-', and this expression, considered as a function of E, is found to be
valid also for positive values of E. (See, for example, Froman and Froman, 1965, p.
90.)

6-3d Isospin of Vibrations. Polarization and Charge Exchange Modes
Vibrations in nuclei with N = Z (To= 0)

For the ground-state configuration of an even-even nucleus with
N = Z , the intrinsic motion is rotationally invariant in isospace, if we ignore
the effect of the Coulomb field. The vibrational modes can then be
classified by the quantum number T representing the isospin of the quantum of excitation. Vibrational quanta built out of particle-hole excitations
or correlated pairs of particles have T = 0 or 1 .
The eigenvalue of T= is denoted by p,, and modes with p,=O can be
characterized by the eigenvalue r, for the charge symmetry operation ST,
which exchanges neutrons and protons. The operation 9,can be represented by a rotation of 180" about t h e y axis in isospace (see Eq. (1-59)),
and for a quantum with p, = 0, we have
r , = ( - 1),

(6-1 15)

(If we restrict ourselves to modes with T = 0 and 1 (and p, = 0), the quantum
numbers r, and T are synonymous.) The isoscalar modes are charge symmetric and involve neutrons and protons moving in phase, as for the shape
oscillations considered in Sec. 6-3a. The isovector modes with p, = 0 are
charge antisymmetric and involve oscillations of neutrons and protons
against each other (neutron-proton polarization).
Excitation modes with T = O and 1 are illustrated in Fig. 6-4; the modes
with pT # O are excited by charge exchange processes, which produce states
in isobaric nuclei. For a given mode with T = 1, the excitations with
different components p, belong to an isobaric triplet (analog states). The
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Coulomb energy implies a splitting of the vibrational frequencies

where the shift AE,,,, of the Coulomb energy per unit Z may be approximately estimated from the expression (2-19). For the charge exchange
modes, the frequencies in Eq. (6-116) represent the difference between the
binding energies of the states with n = I and n = 0, which also equals the Q
values for excitation of the vibrational quantum in an (np) or (pn) reaction.
If the excitation frequencies are defined by the mass difference of the n = 1
and n = 0 states, the quantity p T ( M ,- M,)c2 must be added to the expression (6-1 16).

N-1, Z + l

N=Z

N+l,Z-l

MT=-l

M i =0

MT-1

Figure 6-4 Isospin of vibrational excitations in nucleus with To=O. The figure illustrates the
excitation of r = 0 and r = 1 vibrational modes in a nucleus with zero isospin in the ground
state. Isobaric analog states are connected with thin broken lines. The ground states of the
adjacent nuclei and their analog state in the target are indicated by dashed lines. No
quantitative significance is to be attached to the relative position of the levels.

States involving several quanta belonging to the same mode are totally
symmetric in the isospin and spin-orbital variables (Bose statistics). Thus,
two T = 1 quanta of multipole order h added to a nucleus with Z,=O and
To= 0 form the states

I=O, 2,. ..,2h

T=0,2

I = 1 , 3 , ...,2h-1

T=l

(6-1 17)

The degeneracy with respect to T, which would hold in the harmonic

3 6-3

?it

MODES OF NUCLEAR VIBRATION

377

approximation, is lifted by the systematic tendency of the nucleonic interactions to favor states with low T. (See, for example, the coupling effect given
by Eq. (6-129).)
For an arbitrary number of quanta, the totally symmetric states can be
classified in terms of representations [f]of the permutation symmetry in the
separate isobaric and orbital spaces. The possible representations and the
associated quantum numbers T and I can be obtained by the methods discussed in
Appendix 1C and correspond to classifications according to U, and U2x+,, respectively.

Isovector densities and fields

While the shape oscillations are associated with variations in the total
(or isoscalar) density (6-38), the neutron-proton polarization modes involve
oscillations in the isovector density

representing the difference between neutron and proton densities. The
density (6- 1 18) is the pT = 0 component of the isovector
(6-1 19)
expressed in terms of the spherical components of the nucleonic isospin

6,=

r

+2-'l2(tx- ity)
t,
-2-'/*(tx+ity)

pT=

-1

(6- 120)

pT'

pT=

+1

The charge exchange modes are associated with oscillations in the pT= 2 1
components of the isovector density (6-119). (One can also combine the
three density functions (6-119) and the isoscalar aensity pT=o given by Eq.
(6-38) into a 2 x 2 density matrix p(r,t); see Sec. 2A-7.)
For a mode with quantum numbers hprpT,,the density variations have
the form
(6- 121)
where the amplitudes aApTkare tensors in isospace as well as in orbital
space. (The hermiticity condition for such tensors can be expressed in terms
see Eq. (3B-14).)
of the operation F=9T-'F,
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The density variations (6-121) give rise to the multipole moments

(6-122)

The T = O moment is the same as that of the total particle density given by
Eq. (6-60).
The electric multipole moment is a combination of isoscalar and
isovector moments

e
=
2 . / ( ~ = O , h p ) - J ( Tl,pr=O,hp))

= -(

(6-123)

Thus, the polarization modes ( T = 1, pr = 0), as well as the shape oscillations
= 0), may generate collective oscillations of electric multipole moments.
The isovector density variations give rise to corresponding variations in
the isovector potential, which can be estimated from the isovector component in the static nuclear potential. In fact, the symmetry term in the
potential, which is linear in N - 2, represents the effect of a relatively small
isovector density superposed on the total isoscalar density po. From the
expression (2-26) for the nuclear potential, we obtain in this manner (for
K =0 )

(T

6V= 3 v,lz-6Pl
Po

(6- 124)

where the symmetry potential V , is repulsive (positive) and of order 100
MeV. The relation (6-124) is based on the assumption that both the static
and the vibrational isovector fields are dominantly volume effects; the
connection between isovector density and potential in the surface region
poses important unsolved problems. (A related element of uncertainty in the
description of the isovector potential is connected with the fact that the
analysis leading to the average static potential V , does not correctly ensure
the observed equality of the radii of the neutron and proton density
distributions; see the comments on p. 518.) The possible role of velocity-
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dependent isovector interactions in modifying the inertial parameter of
isovector modes is discussed on pp. 483ff.
For A Z O , the lowest isovector mode is expected to be nodeless, and a simple
model for exploring these modes can be based on a vibrational field of the form
(6-125)
extending over the nuclear volume. If we normalize the amplitude so that the
average value of F equals a (see Eq. (6-72)), the density variation is given by
(6- 126)
and the potential (6-124) takes the standard form (6-71) with
KX,r= 1

-

TVl

A (r2’)

~

(6-127)

The collective modes resulting from the fields (6-125) and couplings (6-127) are
treated on pp. 480ff. ( X = l ) , pp. 512ff. (A=2), and pp. 558ff. (A=3).

Occurrence of neutron-proton polarization modes
The prime example of a T = 1 vibration is the dipole resonance (Am
= I - ) observed in the nuclear photo-effect and discussed in the example
on pp. 474ff. The isovector character of this mode can be inferred from the
large electric dipole moment, which implies that the protons and neutrons
are oscillating against each other. (For A = 1, an isoscalar mode involves no
electric dipole moment, since the isoscalar dipole moment is proportional to
the center-of-mass coordinate and therefore unaffected by intrinsic excitations.) The resonance frequencies and the E 1- transition strengths for the
isovector dipole mode are shown in Figs. 6-19, p. 476, and 6-20, p. 479, and
are seen to vary smoothly with N and Z .
The properties of the dipole mode in nuclei with A 2 5 0 can be rather
well described in terms of an isovector dipole field with a strength given by
Eq. (6-124); see pp. 480ff. It is also possible to describe the mode in terms
of the polarization oscillations of a two-fluid liquid-drop model (see Sec.
6A-4). The similarity of the results obtained from these two apparently very
different descriptions is a special feature of the dipole mode, which can be
attributed to the fact that the main single-particle dipole transition strength
is concentrated in a single, rather narrow, region of the excitation spectrum.
(The comparison of the liquid-drop and microscopic descriptions of the
dipole mode is discussed on pp. 488ff.)
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The rather high frequency of the dipole mode (ha- 10-25 MeV) places
it in a region of the spectrum with very great level density, and the
collective motion is observed to be rather strongly damped (F-4-10 MeV);
the observed resonance line thus represents a strength function. No detailed
interpretation of the observed width and line structure has yet been established, but various effects that may contribute are discussed on pp. 503ff.
There is so far no direct evidence concerning other isovector density
modes; the significance of the Am = 0 + mode for the violation of isobaric
symmetry is discussed in Vol. I, pp. 171 ff., and the expected properties of
the h = 2 + mode resulting from the interaction (6-127) are considered on
pp. 512ff.

Effect of neutron excess
In a nucleus with neutron excess and associated ground-state isospin
To= M T o = ( N - Z)/2, the excitation of an isovector mode gives rise to a
triplet of states ( To,n,= = 1)TM, with T = To- 1, To,To+ 1. In the absence
of coupling between To and the vibrational motion, the components of the
triplet would be degenerate, apart from the Coulomb energy difference
between isobaric analog states; moreover, the multipole matrix element for
exciting the states would be obtained by a vector coupling in isospace
(Fallieros et al., 1965)

with mo independent of T , as well as of the components M,,pr, and M T .
However, major coupling effects are associated with the isovector
fields in the nucleus. Thus, the neutron excess gives rise to a static isovector
potential that acts on the isospin carried by the vibrational motion in such a
manner as to favor states with low total isospin. The coupling energy can be
estimated from Eq. (2-29),

H'= L
V(
7.To)=-Vl
(T(T+
A
2A

1 ) - T o ( T o + l ) - ~ ( ~ + l ) ) (6-129)

Since the value of V , is of the order of 100 MeV, the interaction energies
(6-129) become quite large, even for moderate values of To.
Moreover, the presence of the neutron excess implies that the configurations available for the charge exchange modes will be different from
those in the pT=O modes, as a result of the exclusion principle (see Fig.
6-22, p. 494). The effect can be expressed in terms of the coupling between
the excess neutrons and the oscillating isovector field in the vibrational
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motion (in contrast to the interaction (6-129) associated with the static
monopole isovector field); this coupling gives rise to modifications in the
intensity relations (6-128), as well as in the vibrational energies.
Quite generally, the leading-order energy shift produced by the neutron
excess is linear in To and, therefore, of the form
H’= ~(TT,)

(6-130)

as in Eq. (6-129). For the dipole mode, the coupling through the isovector
dipole field gives a negative contribution to the coefficient a, which is
estimated to compensate about half of the positive coefficient in Eq.
(6-129); see Eq. (6-349).
For a tensor operator d ( 7 p T ) , the matrix element (6-128) with inclusion of corrections linear in To has the general form

In fact, since d ( 7 = l,p,) is a vector in isospace, the term linear in To and
in the creation operator ct for the vibrational quantum must be propor~ , acting on a
tional to Tox ct, which in turn is proportional to ( T , . T ) Cwhen
state with nT = 0. (Note that T = - ict x c.) For the dipole mode, an estimate
of rn, is given by Eq. (6-359).
If the neutron excess covers a major part of the single-particle levels
involved in the vibrational motion, modes differing in the orientation of the
vibrational isospin relative to To have quite different properties (see, for
example, the dipole modes illustrated in Fig. 6-23, p. 497). The consequences of isobaric invariance are then restricted to those associated with
the existence of the total isospin quantum number T. The pattern of states
with a single quantum of excitation is illustrated in Fig. 6-5; the modes are
labeled by the quantum number AT = T - To.
Transitions induced by operators with isobaric tensor order 7 leading
to different components of an isobaric multiplet are related by the WignerEckart theorem in isospace (see Eq. (1A-132))

where the last factor is a reduced matrix element. For TO>l and MTo= To
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(as in nuclear ground states), the vector addition coefficient in Eq. (6-132)
has the asymptotic value
(TJolKIT=

T,+AT,To+pJ

=

To>>1

I1

AT=pT
- 1/2

(To)
2-1/2T-1

,,

AT=pT+ I
AT=pT+2

(6-133)

Thus, the transitions leading to the fully aligned states with M,= T (indicated by arrows in Fig. 6-5) are strong compared with those leading to the
isobaric analog states. (The dominance of the transitions with AT= pT has a
simple interpretation in terms of a semiclassical picture of the isospin
coupling.)
‘\,

To + 1

Figure 6-5 Isospin of vibrational excitations in nucleus with neutron excess. The figure
gives a schematic illustration of the pattern of states formed by adding a vibrational
quantum, with AT= + 1, 0, or - 1, to a nucleus with a neutron excess. No quantitative
significance is to be attached to the relative positions of the excitations with different T.
Isobaric analog states are connected with thin broken lines. The ground states of the nuclei
with M,= To? 1 are indicated by dashed lines.

In the presence of the neutron excess, the modes with AT=O are
mixtures of T = 0 and T = 1 excitations, but the strong neutron-proton forces
imply a tendency for the collective density oscillations to acquire a “macroscopic” 7 symmetry. Thus, for a given spatial symmetry, one expects the
lowest mode to approximately represent a shape oscillation with preservation of the local neutron-proton ratio ( ~ = O , r , x + 1); such a mode
generates average fields and moments that are predominantly isoscalar. The
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orthogonal mode, with higher frequency, corresponds to motion of the
neutrons with respect to protons ( T W ~ , Y , M - l), and the associated fields
and moments are predominantly isovector. (See the discussion of the dipole
and quadrupole modes on pp. 487ff. and pp. 513ff., respectively.) For the
shape oscillations, the predominantly T = O character has been tested by a
comparison between (aa’) scattering, which determines the amplitude of the
isoscalar field, and electromagnetic excitation, which determines the amplitude of proton oscillation (see Table 6-2 and the systematic compilation by
Bernstein, 1970).
The isobaric structure of the AT=O modes presents an example of
symmetry breaking with very different effects at the macroscopic and
microscopic levels. Though the isospin symmetry is approximately conserved at the macroscopic level (for N - Z<cA), the symmetry may be
completely violated at the microscopic level of the individual excitations
out of which the mode is constructed. The symmetry breaking is a feature
of the neutron excess in the “vacuum state” (equilibrium configuration)
rather than of the interactions responsible for the collective mode.

6-3e Collective Modes Involving Spin Degree of Freedom*
The spin dependence of the density oscillations associated with a
nuclear vibration can be characterized by the quantum number u, which
represents the spin angular momentum of a vibrational quantum. Modes
associated with particle-hole excitations or two-particle correlations have
u = 0 or I. The total multipole order X results from the coupling of u to the
orbital angular momentum K of the vibrational quantum.
The parity of the vibrational quanta is determined by the orbital
multipole order

(

(6- 134)

77 = -

and, for specified AT, the possible quantum numbers are

XZO

A=O

(
(

77=(-1)

h
A+ 1

77=(-1)
T=

+1

77=

-

1

K=A

u=O,1

K=h? 1

u=

K = o

u= 0

K=

1

1

(6- 135)

u= 1

‘Early discussions of collective oscillations involving nuclear spin densities were given by Wild
(1955) and Glassgold et al. (1959). The expected occurrence of A n = 1 + modes, resulting from the strong
spin-orbit coupling, was pointed out by Kurath (1963).
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Except for A = 0, a mode of given AT can thus be formed by two different KU
combinations.
If only central forces acted between the nucleons (giving rise to a
ground state with S = L=O), the vibrational quanta would have definite
spin and orbital quantum numbers K U , and the associated vibrational field
would have the same values of K and (I as the density oscillations. However,
the presence of the noncentral forces implies a coupling between densities
and fields with the two different symmetries associated with the same set of
quantum numbers AT.
Such a coupling is already implied by the rather strong spin-orbit
interaction in the average one-body potential (symmetry breaking
associated with the vacuum state). In fact, the density oscillations generated
by the individual one-particle excitations, I , jl+12 j,, out of which the
collective mode AT is built, involve components with both values of KU (and
with relative amplitude determined by the jj to LS recoupling coefficient
( ( I , 1 / ? h (12 l/W*;
h l ( 4 l 2 ) K , (1/2 1/2)u; A)).
In addition, the interactions associated with the spin-dependent deformations may involve components that are nondiagonal in the quantum
numbers KU. Interactions that couple the channels K = A - 1, u = 1 and
K = A + 1 , u = 1 result from effective noncentral two-body forces that are
bilinear in the nucleonic spins (such as the tensor interaction), while forces
that are linear in the nucleonic spins (such as the two-body spin-orbit
interaction) couple the modes K =A, u = 0 and K =A, u = 1. The deformstion
of the spin-orbit potential described by Eq. (6-70) is an example of a
coupling term of the latter type.
The effective interactions and the resulting pattern of collective motion
for the spin-dependent fields are, as yet, rather poorly known. A static
density deformation with u = 1 is odd under time reversal (as exhibited
more formally in the fine print below); hence, the average potential in the
nucleus does not provide estimates of the potential generated by a u = 1
deformation like those in Eqs. (6-74) and (6-124) for the spin-independent
fields (with 7=0 and 1, respectively).
Information on the spin-dependent interactions comes from the polarization phenomena that modify the effective spin g factors for M1
moments (see Vol. I, pp. 337ff., and Chapter 5, p. 304) and the effective
coupling constants for ,8 transitions of GT type (see Vol. I, p. 347, and
Chapter 5, p. 307). The analysis of these polarization effects indicates an
interaction in the K = O , u = 1, 7 = 1 channel that is repulsive and has a
strength comparable to that of the u = 0 couplings discussed in the previous
sections.
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The collective modes generated by fields with K =0, u = 1 are considered in the example on pp. 636ff. The available information on collective
A41 transitions provides evidence for an interaction in the T = 1 channel
comparable to that inferred from the effective g factors. The evidence on
the interaction in the T = O channel is at present very tentative (see, for
example, the indication of a repulsive effect provided by the analysis of the
decoupling parameters in rotational bands with K = 1/2, discussed on p.
3 10). The absence of strongly attractive spin-dependent fields is supported
by the fact that no low-lying collective spin excitations are observed in the
nucleus. (In liquid 3He, the short-range repulsion, which is much more
effective in the 'S than in the 3P channel, can be represented by an
interaction favoring the parallel orientation of the nuclear spins (see the
analogous nuclear effect discussed in Vol. I, p. 259); this attractive spinspin interaction leads to a major modification in the response function for
spin-dependent fields, referred to as the paramagnon effect; see, for example, the review of the properties of liquid 3He by Wheatley, 1970.)
The coupling between K=X, u = O and K = X , u = 1 modes implies the
possible occurrence of u = 1 fields in the low-frequency collective modes
with T = ( - l)Athat were discussed above in terms of collective shape
oscillations (with u = 0). In fact, the single-particle excitations from which
these modes are built have energies of the same order as the spin-orbit
splittings, and hence the pair of orbits with j = I? 1/2 enter with quite
different amplitudes. Thus, at the microscopic level, the KU symmetry is
completely violated, but the interplay of many orbits may lead to cancellations in the long-wavelength u = 1 density, resulting in a macroscopic a x 0
symmetry (compare the similar situation for the T symmetry in nuclei with
large neutron excess discussed on p. 382). The dominance of the u = 0 fields
in the low-frequency shape oscillations is strongly suggested by the close
relationship between these modes and the rotational excitations of the
deformed nuclei; the observed rotational bands establish the time reversal
invariance of the static nuclear deformations (see Chapter 4, p. 27), which
must therefore have u = 0, aside from velocity-dependent terms such as the
spin-orbit potential. Evidence for the validity of an approximate u = 0
symmetry in the low-frequency shape oscillations is provided by the analysis of the particle-vibration coupling in odd-A nuclei (see the example
discussed on p. 566).
A deformation of symmetry u = 1 can be described by spin-dependent density
functions analogous to those employed for the isospin-dependent deformations; see
Eqs. (6- 119) and (6-121). The deformed density is conveniently expressed in terms
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of the density-matrix formalism (see Sec. 2A-7),
(6-136)

for a mode with quantum numbers K , u = 1, Ap. Under time reversal, p(r,s) goes into
are odd under time reversal combined with
Hermitian conjugation (see Eq. (6-41) for the corresponding relation for the u = O
amplitudes).

p(r, -s); hence, the amplitudes

6-3f Two-Nucleon Transfer Modes. Pair Vibrations
The nuclear modes of excitation can be characterized by a further
quantum number a , the nucleon transfer number, which gives the change in
nucleon number associated with the excitation of a q ~ a n t u m The
. ~ vibrations considered in the previous sections conserve the number of nucleons
(although they may transform neutrons into protons or vice versa) and thus
have a = 0; when viewed in terms of the nucleonic degrees of freedom, these
collective modes are built out of particle-hole excitations (see Sec. 6-2c).
Collective modes with a = t 2 are associated with correlations of pairs of
particles or holes. The tendency of nucleons to form correlated pairs with
angular momentum and parity O + has already been encountered as an
important feature in the nuclear coupling scheme for configurations with
particles in unfilled shells (see, for example, Vol. I, p. 210, and Chapter 5,
pp. 240ff.).
Correlated nucleon pairs may form units with properties characteristic
of vibrational quanta, and in the present section, we consider the general
results that follow from treating pair addition (or removal) as an elementary
mode of excitation." In this analysis, one must distinguish between the
closed-shell nuclei (pp. 387 ff.) and the configurations removed from closed
shells, where the O + pairs form a condensate (as discussed on pp. 392ff.).

'The notation a is chosen as the Hellenization of the Latin A, with a view to the analogous
relationships for the other vibrational quantum numbers u and 7 . The advantages of continuing this
tradition seem to outweigh the risk of confusing the quantum number a with the generic vibrational
amplitude a .
"Collective nuclear modes associated with particle transfer were considered in early versions of the
present volumes (see, for example, Bohr, 1964, 1968). The topic was developed by Bks and Broglia,
1966; see also the discussion of the occurrence of the pair addition mode in connection with the phase
transition from superfluid to normal Fermi systems (Hdgaasen-Feldman, 1961). A major step in the
experimental study of the pair transfer modes was the observation of strongly enhanced ground-state
transitions in (tp) reactions in superfluid nuclei (Middleton and Pullen, 1964); excited states of pair
vibrational type were identified in the region of '08Pb by Bjerregaard et a/.(1966a).
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The occurrence of such a condensate in the nucleus implies many similarities with the description of macroscopic superfluid systems, though the
small size of the nucleus prevents the occurrence of superflow (see the
discussion in fine print on pp. 398ff.).
Pair vibrations in closed-shell nuclei

The spectra of nuclei with two particles added or removed from a
closed-shell configuration exhibit low-lying states with major correlations in
the motion of the two particles. In particular, this is the case for the
Za = 0 + ground states involving configurations with pairs of identical
particles or holes. The correlation can be understood as a consequence of a
short-range attractive force acting between the nucleons, which produces a
superposition of single-particle configurations of such a nature as to build
up the spatial overlap of the two particles or holes. (See, for example, the
analysis of the ground state of 206Pb discussed on pp. 641 ff.) When the
correlation involves the superposition of a large number of different configurations of the two particles, the addition or removal of the correlated
pair may be treated as an elementary mode of excitation (pair vibration),
which can be repeated and combined with other modes in the description
of the total excitation spectrum.
In the present discussion, we shall especially consider pairs with total
angular momentum and parity ha = 0 + , though the analysis can be readily
extended to other channels. In a heavy nucleus, where neutrons and
protons fill orbits with differentjr values, low-energy quanta with a = 22,
hr = 0 can be formed only from pairs of identical particles.
The pattern of hr=O+ neutron pair vibrations is schematically illustrated in Fig. 6-6. The spectrum involves two elementary modes with
neutron transfer numbers a = + 2 and a = - 2, corresponding to the formation of the ground states of the nuclei with neutron numbers No+2 and
N o - 2 , where No is the neutron number of the closed-shell configuration.
The states are labeled by (n,= -2, n,, +2), giving the number of quanta of
the two modes. If the interaction between the quanta can be neglected
(harmonic approximation), the energies of the vibrational states can be
written
(6- 137)
E = hiw -2n + hiw + 2n +

+

~

in the energy scale employed in Fig. 6-6.
If the shell closure at N o is associated with a large gap between the
single-particle orbits above and below No, the a = + 2 quanta, to a first
approximation, involve the nucleonic orbits above No, while the a = -2
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quanta involve the orbits below No. However, the quantitative properties of
the quanta may be modified significantly by even relatively weak zero-point
vibrational oscillations in the closed-shell state associated with the virtual
excitation of O + pairs of neutrons across the shell gap. (See the discussion
on pp. 644ff. of the renormalization of the pair interaction.)

:I
01

No-6

No-4

No-2

No

No+2

No+L

No+6

Figure 6-6 Neutron pair vibrations with A.rr=O+. The states are labeled by the quantum
numbers (n*- -2, na= +2). Solid lines represent ground states, and the arrows indicate strong
two-particle transfer transitions from these states. The spectrum illustrated corresponds to
the harmonic approximation, in which the excitation quanta are regarded as noninteracting
entities. The energy E plotted in the figure is the total energy relative to the value So for the
closed-shell configuration (ground state for N = No), from which is subtracted a linear
function of the neutron number. The structure of the plot is independent of the coefficient A
in the linear function, but often it is convenient to choose for A the mean value of the first
single-particle levels ~ ( j >and
) ~ ( j <above
)
and below the gap associated with the closedshell configuration. With this choice of A, the energies of the quanta are
E(;J
- A 9&,
where A 9*are the binding energies of the pairs of particles (or holes) relative
to the values - 2 ~ ( j > )(or 2 ~ ( j < )for
) independent-particle motion; in the figure, it has been
assumed that A 9+is somewhat larger than A 9-,
as in the region of 'OsPb illustrated in Fig.
6-62, p. 646).

Since the pair addition quanta result from the spatial correlation of the
particles, this mode is strongly excited by the two-particle transfer reactions, such as the (tp) process, that involve the transfer of two nucleons
closely correlated in space (see Sec. 3E-2). These processes therefore play a
role in the study of pair vibrations similar to that of the inelastic scattering
reactions in the study of shape vibrations with a = 0. To leading order in the
vibrational amplitude (harmonic approximation), the transition operator for
a two-nucleon addition process is linear in the operators c : , ~and c a = - 2
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that create a quantum with a - 2 and annihilate a quantum with a = - 2,
and the matrix elements can be obtained from the general relations (see Eq.
(6-1))
1/2
(n-,,n+,+ lIC,t=2112-2,n+2)=(n+2+1)
(6-138)

(-.
2 - 1 ,n +21 c,=

-21

n -2, n +2) = ( n-2)

1/2

Evidence concerning the neutron pair addition and removal modes in
208Pbis discussed in the example on pp. 645ff. The quanta are found to
approximately retain their identity when combined with other excitation
quanta. The observed pair vibrational spectrum, shown in Fig. 6-62, p. 646,
is qualitatively as expected for harmonic vibration, but also reveals effects
of anharmonicity. (For a review of evidence concerning pair vibrations, see
Broglia et al., 1973.)
For a closed-shell configuration with No= Z,, To=O, the pair modes
involving nn, pp, and np are related by isobaric invariance. The quanta
with AT = 0 i- have unit isospin, T = 1 , and the excitation of n quanta of the
same type (a= + 2 or a = - 2) gives rise to states with total isospin

T=n,n-2, ..., 0 or 1

(6- 139)

as for the I values of a three-dimensional harmonic oscillator (see Eq.
(2- 150)). (The states (6- 139) can also be classified in terms of the representation &)=(no) of SU,, as for the symmetric states of the configuration p”;
see Vol. I, pp. 131ff.)
In the harmonic approximation, the relative transition amplitudes for
two-particle transfer reactions can be obtained from the parentage factors
( n + 1, T’M~IC+(T=
l,pT)InTMT)

= ( TMT1

T’M;)

(

( T + l)(n+ T+3)
2T+3

T’= T+ 1
(6- 1 40)
T’= T - 1

which are Clebsch-Gordan coefficients in SU,. These parentage factors
may also be derived, as for the three-dimensional oscillator, in terms of a
product of a radial matrix element (see Eq. (2-154)) and the angular matrix
element (Z’m’lYlp/lm).The phases of the matrix elements in Eq. (6-140)
follow the standard choice for the harmonic oscillator, as defined on pp.
23 1 ff.
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If a = - 2 and a = + 2 quanta are superposed, one obtains a multiplicity of states, which can be enumerated by employing, for example, the
quantum numbers (n-,,T-,; n,,,T+,)Twith T = T+,+T-,,T+,+T-,-l,
T-,I. The states with the same number of quanta, but
different values of T, are separated in energy by the rather strong interactions favoring states of low isospin (see the coupling (6-129)).
In the pattern of O + excitations observed in two-particle transfer
reactions in the region around 56Ni, some of the observed features can be
understood in terms of pair vibrations; however, the anharmonic effects
appear to play a major role in these spectra (Nathan, 1968; Hansen and
Nathan, 1971).
Pair densities and potentials

The features of the pair vibrations considered in the preceding section
are the immediate consequence of the existence of correlated pairs as
elementary modes of excitation. As in the case of the a = 0 modes, the pair
vibrations exhibit both particle and field aspects, corresponding to the
description in terms of quanta and amplitudes, respectively. The amplitudes
of the pair vibrations provide a measure of densities and potentials that act
by creating and annihilating pairs of particles, corresponding to the elementary processes in the pair-vibrational motion. These fields play a role
similar to that of the deformed one-particle densities and potentials in the
a = 0 modes. Though the more systematic discussion of the nucleonic
correlations involved in the pairing phenomena is a subject for Chapter 8,
the pair fields are briefly considered in the present section, since they
provide the unifying concept for viewing the many different manifestations
of the nuclear pair correlations encountered in this volume.
The density that creates two identical nucleons at the same space point
is given by
p a = , ( r ) = a t (r , w t , = $ ) a t ( r , m , = $ )

(6-141)

in terms of the one-particle creation operators a t (see Appendix 2A). The
density operator (6-141) and its Hermitian conjugate that annihilates two
particles
(6- 142)
Pa = - 2 ( f ) = P i = 2(r)
are the counterparts of the local one-particle density operator
p,,,,(r)= Z a + ( r m , ) a ( r m , > =
m,

8(r-rk)
k

(6-143)
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that has been employed in the description of deformation effects in shape
vibrations. Operators that are bilinear in a t and a , such as the a = 0 density
(6- 143) and the corresponding one-particle potential, are associated with
transitions of a single particle (or a hole) and the creation (or annihilation)
of a particle-hole pair; the generalized a = 2 one-particle density (6-141) and
corresponding potentials create a pair of particles (or annihilate a pair of
holes) and have matrix elements connecting a hole state with a particle state
(scattering of a hole into a particle).
A pair-vibrational mode of angular momentum h involves deformations of the densities p-t2 of corresponding multipole order. Since the local
density (6-141) creates two identical particles at the same space point, the
pair is in a spin-singlet state (u=0), and the associated quanta have total
angular momentum equal to the orbital momentum (h= K ) . The parity is
r-= ( - l)A,since p2(r)+p2( - r), under the transformation 9.
For the monopole mode, the pair density is spatially isotropic. There is
little evidence concerning the radial form factor; we shall consider a mode
associated with a pair density that is approximately constant over the
nuclear volume. The amplitude may thus be characterized by the monopole
moment
(6-144)
M2 ( = M a = 2 , A = O ) = Jpz(rV7
Expanding the creation operators at(rms) in terms of operators at(v) creating a particle in the shell-model orbit v (see Eq. (2A-34)), the moment
(6- 144) becomes
M2=
at(v)at(v)
(6- 145)

2

V > O

where the notation v > 0 indicates that the sum includes only a single term
for each degenerate pair of single-particle levels (vti).
The amplitude a2 ( =
of a monopole deformation of the pair
density depends linearly on the operators CJ and c2that create and
annihilate quanta of the two modes with nucleon transfer number +2 (see
p. 3451,
a2 = Ca,>,c,t + ( a -2)oc - 2
(6-146)
a - 2 = a: = (a2)0c2+ ( a -,),ct,
are the zero-point amplitudes dewhere the coefficients (a2)0and
termined by the matrix elements of M 2 ,
(6- 147)
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The matrix elements of M , are real, for states with the standard phasing,
since M , is invariant under time reversal as well as under rotations. The
zero-point amplitudes and the frequencies for the two modes with a = k 2
differ from each other, since there is no symmetry connecting the two
modes with transfer number 2 2. Hence, the amplitudes a2 and a are not
commutable variables.
The pair density produces a corresponding pair potential, which acts
on the nucleonic degrees of freedom by creating (and annihilating) pairs of
particles. The assumption that the X = O pair mode is associated with the
simple field M , leads to a potential of the form (compare Eqs. (6-71) and
(6-72))

-,

6lTPair=
- ~a2f

a+(F)a+(v)+H.conj.

V > O

(6-148)

a2 = W 2 )

where G is a coupling constant. The interaction (6-148) provides a coupling
between the vibrational motion and the motion of the individual particles,
and its role in organizing the collective pair correlation is similar to that
played by the particle-vibrational coupling in the shape vibrations (see the
example discussed on pp. 643ff.).

Static pair deformation. Pair rotations
In nuclei with many particles outside of closed shells, a large number
of O + pairs occur in the nuclear ground state. Such an assembly of
identical quanta, referred to as a condensate, can be described in terms of a
static deformation of the field that creates these quanta. The deformation
of the pair field M , becomes large compared with the zero-point fluctuations when the matrix elements of M , for addition of a pair to the
condensate become large compared with other matrix elements of M,; the
magnitude of M , is then approximately a constant, as can be seen by
evaluating the expectation value of M J M , and higher powers of this
quantity. In the harmonic approximation, the matrix elements for adding a
pair to the condensate increase as the square root of the number of quanta
(see Eq. (6-138)) and thus become the dominant ones for n,>>l (and
n,>>n.,); the magnitude of these matrix elements may be significantly
modified by anharmonic effects but, provided a large number of singleparticle configurations are involved in the correlation of each pair, the
condensate is expected to lead to a considerable enhancement of the pair
addition mode and to matrix elements that do not change significantly in
going from one nucleus to the next. In such a situation, we can express M ,
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in the form

(6- 149)

M,= IM,lexp{i+)
where )M,) is approximately a constant (a c number), while
phase of the pair moment. From the commutation relation

[

+4*]

+ represents the

=M,

where N is the number of particles, it follows that the angle
to the number of pairs

[ ;,+]=-i

(6-150)

+ is conjugate
(6-151)

We can therefore view + as the orientation angle of the pair deformation in
a space, where the number of pairs plays the role of the angular momentum. Such a space is referred to as a gauge space.”
The occurrence of a static pair deformation that is large compared
with the zero-point fluctuations has consequences similar to those that
follow from a static deformation of the nuclear shape. In particular, the
motion separates approximately into rotational and intrinsic components.
The angular variable in the rotational motion is the phase angle + of the
pair deformation, which describes the orientation in gauge space. The
intrinsic motion comprises the oscillations in the magnitude of the pair
deformation and additional degrees of freedom describing motion relative
to the rotating pair field. Such a separation corresponds to wave functions
of the form

(6- 152)
where Q0(4) represents the intrinsic motion and where the “rotational”

“The concept of the gauge variable has its origin in classical electrodynamics, where the electric
and magnetic fields are invariant with respect to a transformation that adds the gradient of an arbitrary
function A to the potentials. This freedom can be used to conveniently “gauge” the potentials employed
in a particular calculation. In the quanta1 description, a gauge transformation of the potentials is
accompanied by a change ( e / h c ) A in the phase of the fields that annihilate particles of charge e and
create the corresponding antiparticles. For the special type of gauge transformations with A independent of the space-time coordinates, the potentials are unaffected, but the requirement of gauge
invariance of the Hamiltonian ensures conservation of charge; the quantization of charge corresponds
to the possibility of treating the gauge variable + as an angular coordinate.
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quantum number N takes on a set of values differing by an even number

N = N 1 , N 1 - + 2 , N , + 4...
,

(6-153)

The separation of the motion expressed by a wave function of the form
(6-152) is associated with the occurrence of sequences of states with
different values of the particle number N , but with approximately the same
intrinsic structure u. In particular, the ground states of even-even nuclei
form such a sequence, when the structure of the pair quanta in the
condensate varies only slowly as a function of the quantum number N .
The selection rule A N = 2 in the spectrum (6-153) corresponds to the
condition A I = 2 for K=O bands in nuclei with #-invariant deformations
(see Eq. (4-12)). Thus, a formal basis for the selection rule in N may be seen
in the symmetry of the pair deformation with respect to a rotation through
the angle 277 in gauge space. (A gauge rotation through the angle
is
generated by the operator (compare Eq. (1-10))

+,

(6- 154)
Hence, 3(277)= ( and ( - l)Nl is the eigenvalue of the intrinsic state
with respect to this operation.)
The existence of a large static pair deformation manifests itself very
directly in the pattern of two-particle transfer intensities. Thus, in nuclei
removed from closed shells, by far the strongest transitions are found to go
between members of the pair rotational band, with a transition amplitude
proportional to the pair deformation. In contrast, in the region of closed
shells, the transitions involving the different modes (An,= ? 1 and A n - ,
= T 1) are of comparable magnitude (see Fig. 6-6), with transition amplitudes of the order of the zero-point amplitude of the pair field.
The static pair deformation produces a major modification in the
nucleonic motion. The resulting one-particle degrees of freedom can be
expressed in a simple manner in terms of quasiparticles that are hybrids of
particles and holes (see the treatment on pp. 647ff.). The collective intrinsic
modes of excitation are also modified in an essential manner and no longer
possess a definite value of the nucleon transfer number a (compare the
violation of the multipole symmetry h in the vibrational modes of a
nonspherical nucleus); in particular, the low-frequency shape oscillations
may involve significant field components with a = -+ 2, in addition to the
a = 0 deformation o f the potential (see the discussion of p vibrations on p.
552).
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The rotational frequency of the deformed pair field is given by the
canonical equation
(6-155)
where h is the chemical potential representing the average increase in
energy per added particle. For rotational motion in ordinary space with
relatively small values of the angular momentum I , the rotational frequency
is small compared with the intrinsic frequencies (adiabatic condition), and it
is possible to expand the properties of the system in powers of the angular
momentum. In contrast, the frequency of the rotation in gauge space is
never small compared to intrinsic frequencies and always has a major effect
on the intrinsic motion. However, the assumption of a static pair deformation, large compared to its fluctuations, implies that the properties of the
system do not vary appreciably for changes in N of a few units; thus, one
can develop an expansion in the various matrix elements in powers ol
N - N , . This situation is similar to that encountered for rotational motior
with very high values of the angular momentum I (see, for example, th
treatment of the quadrupole vibrations in the yrast region in Sec. 6B-3).
The above discussion assumes a scalar pair field. New aspects of th
condensate are encountered if the boson belongs to a degenerate multiple
since then the formation of the condensate involves a choice of directic
(symmetry breaking) in the corresponding space. In the nucleus, such
situation is encountered when neutrons and protons form pairs involvii
equivalent orbits; the pair field is then an isotriplet, and the condensa
implies a deformation in isospace with resulting rotational band structure
the variables T and A (Ginocchio and Weneser, 1968; Dussel et a/., 197
In liquid 3He, the occurrence of an anisotropic condensate for temperatu
in the millidegree region appears to be associated with pairing in the
state (see Leggett, 1972). Pairing in P states may also occur in the h
density nuclear matter in the interior of neutron stars (see Hoffberg et
1970).
Superfluidity
As already indicated, the pair correlation effects in nuclei are intim;
related to the phenomena of superfluidity (including superconductivitj
macroscopic systems. Indeed, the concepts developed for the treatment of si
conductivity in terms of correlations in the electronic motion provided the k
the collective significance of the pairing effect that had been known since the
days of nuclear physics (Bohr, Mottelson, and Pines, 1958). In the present set
we include a brief discussion of the properties of superflow in macroscopic sy
in relation to the concepts employed above.
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The characteristic feature of the superfluid phase is the presence of a large
number of identical bosons in a single quantum state, the condensate. In superconductors, the bosons are the pairs of bound electrons that form at the Fermi
surface (Cooper, 1956), and are analogous to the pair quanta in the nucleus. In
He 11, the condensate involves 4He atoms with zero momentum (when the fluid is
at rest). As in the nucleus, the consequences of the condensate are described in
terms of a deformation in the field that creates or annihilates bosons in the
condensate (Bogoliubov, 1947; Bardeen, Cooper, and Schrieffer, 1957; see also the
review by Nozieres, 1966). For the discussion of superflow, the central concept is
the phase angle @ of the condensate field, which represents the orientation in gauge
space and which is conjugate to the number of bosons in the condensate. (The
condensate field (order parameter) was introduced in the phenomenological theory
of superconductivity by Ginzburg and Landau, 1950, before the microscopic
interpretation of this field had been discovered; see, for example, Anderson, 1969.)
The collective enhancement of the processes involving the addition or removal
of bosons from the condensate, which in the nucleus are studied in the two-particle
transfer reactions (pair rotational mode), strikingly manifests itself in the
phenomena associated with the transmission of a supercurrent between two superconductors separated by a thin barrier (Josephson, 1962; Anderson, 1964). In such
a junction, the tunneling of electron pairs through the barrier can be represented by
a coupling that destroys a boson on one side of the barrier and adds a boson to the
condensate on the other side. The operator that creates a boson is proportional to
exp { i@} (see, for example, Eq. (6-149)), and the coupling therefore takes the form
H'=acos(@,-@,+6)

(6-156)

where @, and & are the gauge angles of the two superconductors, while 6 is the
phase shift of the electrons that is associated with the tunneling. The constant a is a
measure of the intensity of the electron tunneling through the barrier. In the
presence of the coupling (6-156), the equations of motion for the phases
and G2
and the electron number operators N , and N , are (see Eq. (6-155))

(6- 157)

where A, and A, are the chemical potentials for the two superconductors, and V is
the electrostatic potential across the junction, which determines the difference in
the chemical potentials ( - e V = A , -A2). The equations (6-157) describe the current
between the superconductors, which results from the phase difference of the two
condensates and which therefore has a frequency given by the difference in the
pair-rotational frequencies on the two sides of the barrier. Precision measurements
of the frequency of the alternating current in such a junction have led to the most
accurate available determination of the ratio between e and h (Taylor ef al., 1969).
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The flow of a supercurrent through a superconductor, or the superflow of
He 11, involves a condensate in which the phase angle varies across the volume of
the superfluid system. Such a variation is associated with a corresponding variation
in the chemical potential in accordance with the canonical equation (see Eq.
(6- 155))

+

- 1
1
V+=-VVX,=--F,
A
A

(6-158)

where A, is the chemical potential of the boson (AB=2X for superfluid Fermi
systems) and F B the force acting on the bosons of the condensate. Equation (6-158)
exhibits + as a velocity potential corresponding to the flow
A
v = - -V+(r)
MB

(6- 159)

where M , is the mass of the boson (MB=2M for fermion condensates). For
systems of charged particles, the current includes an additional term proportional
to the magnetic vector potential (see Eq. (6-162)). In a homogeneous system at zero
temperature, the flow (6-159) represents translational motion of the entire fluid in
the region of the space point r, corresponding to a wave function in which all the
single-particle states of the stationary fluid have been multiplied by the factor
exp{ - i ( M / M , ) + ( r ) } ; thus, the bosons of the condensate all acquire the same
spatially dependent phase.
In the case of stationary flow, the continuity equation implies
V2+(r)= o

(6-160)

for a system with constant average density. The solutions to Eq. (6-160) involve
currents that either flow in and out of the superfluid domains, or that circulate in a
multiply connected domain, such as in a superconducting torus or around a region
in which the superfluidity has been destroyed (vortex motion). In multiply connected domains, the one-valuedness of the condensate field implies
PV+-ds=27iv

v=O, 2 1, 2 2 , . . .

(6- 161)

where the path of integration is any closed loop lying completely within the
superfluid region. The condition (6-161) corresponds to a quantization of the
circulation $v*ds,in units of h / M , (Onsager, 1954; Feynman, 1955). In the flow
with collective circulation number v, each boson of the condensate moves in a state
with average angular momentum v A ; thus, a change in v involves a simultaneous
change of state of a macroscopic number of particles. The quantum number v
therefore labels different thermodynamic phases of the superfluid; the high stability
of the supercurrent can be viewed as a macroscopic isomerism (see in this
connection Bohr and Mottelson, 1962).
For superconductors, the charge - 2e of the bosons implies that the phase + of
the condensate transforms into ++(2e/Ac)A under a change of gauge for the
electromagnetic potentials (see footnote 1 1, p. 393). The gauge-invariant velocity of
the supercurrent is therefore obtained from Eq. (6-159) by adding a term involving
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the magnetic vector potential A

(6-162)
The form (6-162) may also be recognized as expressing the canonical relation
M,v=p-(e,/c)A
between velocity and momentum (for a particle of mass
M , = 2 M and charge eB= - 2e). In a stationary situation. V A vanishes, and Eq.
(6- 160) therefore remains valid. In a multiply connected domain. the condition
(6-161) now implies
(6-163)
where @ = $ A - d s is the magnetic flux enclosed by the path of integration. In
superconductors of dimensions large compared to the penetration distance for
magnetic fields, the current vanishes in the interior, and Eq. (6-163) implies the
quantization of the flux @ (London, 1950). The experimental observation of flux
quantization in units of hc/2e (Deaver and Fairbank, 1961; Doll and Nabauer,
I96 1) provided direct confirmation that the superconductivity is associated with a
condensate of bosons, each carrying a charge of 2 units (Byers and Yang, 1961;
Onsager, 1961).
Superflow with the properties discussed above is possible if +(r) is approximately constant over spatial regions characteristic of the correlations in the
superfluid phase. The wave functions of all the effectively interacting particles are
then multiplied by approximately the same phase factor, and the correlation
structure is not affected significantly. In He 11. the characteristic dimension,
referred to as the coherence length, is of the order of the interatomic distance a,, as
follows from the fact that the critical temperature is comparable with the energy
h 2 / M u i . In Fermi systems, the coherence length E is of the order of the spatial
extent of the correlated pairs, and is thus determined by the momentum interval Sp
of the single-particle states that contribute to the correlation

(6- I 64)
where oF is the Fermi velocity and 2A the energy gap resulting from the binding of
the pairs.
In nuclei, the pairs cannot be localized within dimensions smaller than the
nuclear radius R . Any greater localization would require a space of single-particle
states comprising several major shells and could be achieved only if the binding
energy of a pair were large compared to the spacing between major shells
(A>>huo;compare also the estimate (6-164) of the coherence distance, which yields
.$-(hw,/A) R . ) Thus, the striking phenomena of quantized superflow do not appear
to have direct counterparts in the nuclei. However, these phenomena may play an
important role in the dynamics of nuclear matter occurring in neutron stars (see
Ruderman, 1972).
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6-4 SUM RULES FOR MULTIPOLE OSCILLATOR
STRENGTH
In the analysis of the spectra of complex systems, it is often useful to
exploit general relations that follow from algebraic relations between
operators and can be expressed in the form of sum rules. The present
section brings together various aspects of these relations that may be
employed in the analysis of the pattern of collective excitations. Some
readers may wish to proceed with the discussion of the dynamics of
collective modes and return to the material in the present section when
needed for the specific applications. (The use of oscillator sums as units for
vibrational strength is considered in Sec. 6-4b.)
6-4a Classical Oscillator Sums

Moments depending onb on spatial coordinates

The oscillator strength associated with a moment F is equal to the
transition probability multiplied by the excitation energy, and the sum of
the oscillator strengths can be expressed in the form (assuming F to be a
real (Hermitian) operator)

c.

W )= ( 4- ~o)l(alFlo)12

where a labels the complete set of excited states that can be reached by
operating with F on the initial state 0.
If F is a one-particle moment depending only on the spatial
coordinates
(6- 166)
F=
F(rk)

c.
k

and if the interactions do not explicitly depend on the momenta of the
particles, the commutator in Eq. (6- 165) receives contributions only from
the kinetic energy, and we obtain
(6-167)
which expresses the oscillator sum as the expectation value of a one-body
operator.
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The classic example of such a sum rule refers to the dipole excitations
in atoms, for which the transition moment is linear in the spatial coordinate
rk of the electron. For F=r, the sum (6-167) depends only on the number of
particles and their masses. In atomic physics, it is conventional to define the
oscillator strength for a transition O+a as
(6- 168a)
1

817 m ( E , - Eo)B( E 1;O+a)

(6- 168b)

where rn is the electron mass; in Eq. (6-168b), the oscillator strength
averaged over the different orientations of the initial state i s expressed in
terms of the reduced transition probability B ( E 1). The normalization of the
oscillator strength in Eq. (6-168) implies that the sum E,fo, is equal to the
number of electrons in the atom. The response of the atom to an oscillating
weak electric field of long wavelength can be described by considering the
atom as a system of harmonic oscillators (the virtual oscillators) with mass
rn, frequencies corresponding to those observed in the absorption spectrum
w 0 , = K 1 ( E , - Eo), and the values (f0,)'/'e of the charge.12
For a multipole field
FAp=f(r)YAp(+)

(6- 169)

the oscillator sum (6-167) can be evaluated by means of the gradient
formula (see Eq. (3A-26))

12Thef sum rule for the virtual oscillators played a significant role in the development of quantum
mechanics, since it had been derived from a classical analysis of the response of an atom to a
high-frequency external field (Thomas, 1925; Kuhn, 1925). On the basis of the correspondence principle,
it was anticipated that these asymptotic relations would have a range of validity extending beyond their
classical derivation. With the introduction of matrix mechanics, it was confirmed that the sum rule
follows immediately from the commutation relations ofp and q, as in the above derivation (Heisenberg,
1925).
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which yields

(6-171)
We therefore obtain

S ( FA)E3 2 (E,,

- Eo)B( FA;O+aZ)

@I

--

47T

Z A (
2M

(:q
-

+h(h+l)

(i)’
-

)

(6-172)

where B(FA;O+aZ) is the reduced transition probability for the field FA,
while the last factor in Eq. (6-172) represents the average per particle in the
ground state of the system of A particles, each having a mass M . In Eq.
(6-171), the summation over p implies a scalar coupling of the two multipole
moments; sum rules involving tensorial couplings of the matrix elements
are considered in Sec. 6-4c.
The special significance of the sum rule with linear energy weighting
derives from the fact that this sum can be expressed as an expectation value
of a one-body operator and is therefore relatively insensitive to the detailed
correlations in the initial state. Sums with other energy weightings can also
be expressed in terms of expectation values in the initial state, but will in
general involve two-body or many-body operators and thus be much more
sensitive to correlations. For example, the sum over the transition probabilities can be expressed in the form

2a I( a IF l0)l’ = IF*(r)po(r,r’)F(r’) d~ d7’ + /p,(r) I F(r)l2 d7

(6- 173)

where po(r) is the one-particle density in the initial state 0, while po(r,r’) is
the expectation value of the two-particle density function (see Eq. (2-33)).
These more general sums may be difficult to evaluate theoretically, but an
experimental determination may be possible in terms of the response of the
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system to external perturbations (scattering cross sections, polarizabilities,
etc.). For example, the static polarizability for a perturbation proportional
to F can be expressed in terms of the sum ( E , - E,,)-ll(al F10)I2; see Eq.
(6-238).
The velocity-dependent components in the nucleonic interactions
imply corrections to the oscillator sum rules derived above. However, the
Galilean invariance implies that the interactions commute with the isoscalar
dipole field F = x ; hence, the corrections to the sum rule depend on the
second spatial derivative of F and are of order (ka)’, where a is the range of
the interaction and k the wave number of the field F.
Even in the absence of velocity-dependent nucleonic interactions, the
average self-consistent one-body potential will in general exhibit velocity
dependence (see, for example, the discussion of the effective mass in
Chapter 2, p. 257). In such a situation, the one-particle excitations of the
shell model give an oscillator sum in disagreement with the identities
(6-167) and (6-172). This error will be compensated by the effective interactions that are not included in the average one-body potential. The explicit
construction of these additional terms is discussed, for the isoscalar dipole
and quadrupole modes, on pp. 445 and 51 1, respectively.
The occurrence of a static pair potential also violates the Galilean
invariance in the generalized one-particle motion. The additional interactions required by the sum rule are considered on p. 446, in connection with
the analysis of the pushing model. (See also the discussion of the cranking
model for the rotational motion on p. 83.)
It is important to emphasize that the sum rules derived above treat the
particles as elementary, and thus neglect possible contributions from internal
degrees of freedom of the particles. Though the transition moments for the
excitation of such internal degrees of freedom will be small if the size of the
particles is small compared with the dimensions of the system, the high frequency
of such excitations may lead to large contributions to the. oscillator sum. A
hypothetical model illustrating this point would be an atom in which the electrons
were composed of two strongly bound particles, each with approximately half the
electronic mass. Assuming one of these constituents to be neutral and the other to
carry the full electronic charge, thef sum for the electric dipole moment would be
doubled by the high-frequency internal excitations.
In the nucleus, the internal structure of the nucleons is exhibited by the
spectrum of excited baryonic states and the possibility of meson production (see,
for example, Figs. 1-11, Vol. I, p. 57, and 1-12, Vol. I, p. 63). At energes
corresponding to these excitations, one must expect important contributions to the
sum rules, which are not included in the estimate (6-172); it is therefore necessary
to specify the energy interval over which the sum is extended. Well-defined
applications of the sum rules in the form given above can be made only when the
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oscillator strength associated with the motion of the nucleons themselves is exhausted for excitation energies that lie well below those associated with internal
excitations of the nucleons. The oscillator strength for single-particle motion in the
average potential, as well as for the known or expected collective modes, does
occur at energies much smaller than those corresponding to the baryonic excitations, but there remain open questions concerning the effect of the very short-range
nucleonic correlations on the distribution of oscillator strength (see, in this connection, the discussion in Sec. 6-4d).

EX moments
The electric multipole moment for a system of nucleons
(6- I 74)
depends on the isobaric variable; the oscillator sum may therefore be
affected by the occurrence of charge exchange components in the nucleonic
interactions. In the present section, we consider the EX sum rules obtained
by including only the kinetic energy terms in the Hamiltonian in Eq.
(6-165); the resulting values are referred to as the classical oscillator sums
S(Eh),,,,,. The effect of the charge exchange interactions will be discussed
in Sec. 6-4d.
The classical sum rules discussed in the present section also ignore the
effects of velocity-dependent interactions. While these interactions have
rather minor effects on the sum rules for isoscalar moments, as a result of
the Galilean invariance (see p. 402), the sum rules for isovector (and E h )
moments may be significantly modified. (The modification of the E 1
oscillator strength in the dipole mode resulting from effective velocitydependent interactions is considered on pp. 483 ff.)
The electric dipole sum rules for nuclear excitations involve the E l
operator referred to the center of mass, which can be written in the form
(see Eq. (3C-35))
(6- 175)
and from Eq. (6-172) we therefore obtain

NZ
A

= 14.8-e2fm2

MeV

(6- 176)

The removal of the center-of-mass degree of freedom is responsible for the
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factor N / A in Eq. (6-176). The oscillator strength associated with the
nuclear center-of-mass motion appears as a contribution to the atomic
oscillator sum, resulting from the nuclear recoil; since the contribution of
each particle to the oscillator sum is proportional to the square of its charge
and inversely to its mass, the nucleus gives a contribution Z 2 ( m / A M ) to
the atomic f sum. This contribution is seen, from Eq. (6-168b), to correspond to the center-of-mass contribution removed from the oscillator sum
(6- 176) for internal nuclear excitations.
For the higher multipoles, the center-of-mass correction is expected to
be of order Z A (or less) and will be neglected in the following (see Vol. I,
p. 342, for a discussion of recoil effects for the E 2 moment). From the EX
moment (6-174) and the relation (6-172), we thus obtain

--'

where the last factor is the radial average for the protons in the initial state.
For EO transitions, the leading-order moment is proportional to r2 (see
Eq. (3C-20)), and one obtains (see Eq. (6-167))

S ( E O ) = Z (Ea-Eo)I(aIm(EO)IO)12
a

=

x (E,

- Eo)I(aleC

((3 - tz)r2),1O)l2

(6- 178a)

k

(6- 178b)
for the corresponding sum rule.
The E h moment is the sum of an isoscalar and an isovector part. For
the T = 0 and T = 1 moments (6-122), one obtains the corresponding classical
oscillator sums
X(2A+ 1)' A*
-A
(r2'- 2,
S(T = O,A)class = S ( 7 = l,PT= O,h)class
=
477
2M

In the last line of Eq. (6-179a), we have assumed the protons and the
neutrons to have the same value of (r2'-2).
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6-4b Vibrational Oscillator Strength in Sum Rule Units

Spherical nuclei
The oscillator sums provide natural units for measuring the strength of
collective excitations. Thus, for shape vibrations in a spherical nucleus, we
obtain (see Eqs. (6-65) and (6-177))

where
D,(irrot)

3 1

= -- A M R

47T A

(6- 181)

is the mass parameter for a surface oscillation in a liquid drop with
irrotational velocity field (see Eq. (6A-31)). In Eq. (6-180), we have
employed the estimate (6-64) for the radial average in S(EA), neglecting
effects of the diffuseness of the nuclear surface.
If we assume an .approximately constant ratio of proton and neutron
densities in the vibrational motion, the excitations have T M 0 and
B (7 = 0, A) M

(

(E A)

(6- 182)

in which case the relation (6-180) is equivalent to

for the T = 0 vibrational oscillator strength (see Eq. (6-179)).
The expressions (6-180) and (6-183) imply that the ratio of the vibrational mass parameter to that associated with irrotational flow is a measure
of the extent to which the given mode exhausts the sum rule. The liquiddrop model represents a limiting case, in which the entire T = O oscillator
sum is concentrated on a single mode of surface oscillation. (The significance of the irrotational flow in a classical system is connected with the fact
that this velocity field gives the least kinetic energy for given time dependence of the density; Lamb, 1916, p. 45.)
In the nucleus, the transition strength of given multipole order may be
divided among several modes, on account of the shell structure (see p. 507).
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Each mode then contains only a fraction of the oscillator sum, and the
mass parameter is larger than for irrotational flow. For the low-frequency
shape oscillations, the measured oscillator strength represents at most about
10% of S(EA)class;see Fig. 6-29, p. 531, (A=2) and Table 6-14, p. 561,
(A = 3). The main part of the oscillator strength is expected to be associated
with high-frequency modes (see pp. 508ff. and pp. 556ff.). In the case of the
isovector dipole transitions, the main oscillator strength is found to be
concentrated on a single mode, which approximately exhausts the classical
sum rule (see Fig. 6-20, p. 479); a similar situation is expected for the
high-frequency quadrupole modes. The collective flow associated with these
modes is explicitly exhibited in Eq. (6-373b) and is seen to be of irrotational
tYPee
Nonspherical nuclei
In a deformed nucleus, the oscillator strength of the collective excitations is associated partly with rotational, partly with vibrational, excitations. The E 2 rotational oscillator strength for an even-even nucleus with
axial symmetry is given by (see Eq. (4-68))
(E2 - Eo)B(E2;

KO=0, Zo= O+Ko

= 0, Zo = 2)

where the moment of inertia
X(irrot) = 3AMR 2S

= 3D2(irrot)/3

(6-185)

is that associated with a rotational motion described by irrotational flow.
(See Eqs. (6A-81) and (6-181) as well as relations (4-72), (4-73), and (4-191)
for the deformation parameters 6 and p; in Eq. (6-185), we have neglected
corrections due to the diffuseness of the nuclear surface, as well as higherorder terms in p.)
For an odd-A nucleus (and, more generally, for an arbitrary initial
state Zo), one may evaluate the oscillator sum for the rotational transitions
in terms of the double commutator between the Hamiltonian and the
multipole operator, as in the derivation of Eq. (6-165). Assuming the
leading-order intensity relations for the E 2 transitions in the band, and
rotational energies proportional to Z(Z + l), we obtain the same results as in

$6-1
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Eq. (6-184) (see Eqs. (4A-34), (1A-39), and (1A-91))

(6- 186)
For the quadrupole shape vibrations of the p and y type (see Fig. 6-3,
p. 363), we obtain from Eq. (6-91), for an even-even nucleus,

hwrotB(E2; n = 0,z =O+n

2 D2(irrot) z

=o, I = 2) = 5

Drot

'(')class

For comparison, we have added the rotational oscillator strength (6- 184)
and have defined a rotational mass parameter Dro, by the relation
Y=3Dr0,p2

(6- 188)

The factors 1/5, 2/5, and 2/5 in Eq. (6-187) correspond to the fact that, of
the five quadrupole degrees of freedom, one is associated with vibrations of
the p type, two with vibrations of the y type, and two with the rotational
motion (see Fig. 6-3).
For initial states with (KoZo)# (00),the values (6-187) are obtained by
a summation over the transitions leading to the different members of the
vibrational bands. For the y excitations in a nucleus with Ko#O, the bands
with K = K o + 2 each contribute one half of the value given by Eq. (6-187).
In the deformed nuclei, the main quadrupole oscillator strength in the
low-energy spectrum is found to be associated with rotational excitations.
The empirical moments of inertia are about five times larger thanx(irrot);
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see Fig. 4-12, p. 74. Thus, the oscillator strength of the rotational transitions is about 5% of S(E2),,,,,, which is comparable to the value for the
low-frequency quadrupole vibrational mode in spherical nuclei (see Fig.
6-29, p. 531). Oscillator strength of a few percent of S(E2),,,,, is associated
with the observed low-energy VT = 0 + and 2 quadrupole excitations in
deformed nuclei, which thus have mass parameters that are not only large
compared with the irrotational values, but also several times larger than the
rotational mass parameter (see the discussion on pp. 552 and 550).

+

6-4c Tensorial Sums

The sum rules discussed in Sec. 6-4a are expressed i n terms of scalar
moments in the ground state. For a system with an anisotropic density
distribution in the initial state, the oscillator strength depends on the
direction of the angular momentum of excitation relative to that of the
initial state. One may express this dependence in terms of sum rules
involving a tensorial coupling of multipole moments. The more general sum
rules of this type have so far had only few applications in the analysis of
experimental data, but in the present section, we consider some examples
illustrating the nature of these relations. The last example in the section
concerns the consequences of the asymmetry in isospace resulting from the
neutron excess.
A straightforward extension of the scalar sum rule (6-172) is obtained
by coupling the two multipole operators involved in the double commutator
to a tensor of rank A,. For the isoscalar moments, we have

= -(2A+

1)

(2h+ A,

+ 1)(2A+A,)(2h

-

A0)(2A - A,

- 1)

4T(2ho+ 1)

A (r2-2Y
x(A-lOA-lO~AOO)- K 2 2
AOPO)k
2M k = l

(6-189)

As in Eq. (6-172), we have included only the contribution from the kinetic
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energy. In deriving the last line of Eq. (6-189), we have used the relation

which is a special case of Eq. (6-170).
Matrix elements of the commutator in Eq. (6-189) can be evaluated by
means of the general relation for products of tensor operators

(6- 191)
derived by a summation over a complete set of intermediate states specified
by the quantum numbers a1 and a recoupling I,,(A1A2)A,,; Z2+(ZlA2)Z,Al; 1,
(see Eqs. (1A-9) and (1A-19)). For the expectation value in the state I,,, one
obtains from Eqs. (6-189) and (6-191), by using the relation (1A-79) for
Hermitian conjugation of the reduced matrix element and the symmetry
of the multipole moment .,d(A),
cH = (-

--

2A+
((2A+A,+ 1)(2A+A,)(2A-A0)(2A-A,(2A0+ 1)(21,+ 1)

1)y2

In the special case of A=A,=2, the tensor sum rule (6-192) relates the
static quadrupole moment of the state 1, to the oscillator strength of the
quadrupole transitions from this state. For a vibrational spectrum, both
sides of Eq. (6-192) vanish in the harmonic approximation. In fact, the
static quadrupole moment vanishes in every state (corresponding to the
selection rule A n = ? 1 for the quadrupole operator, see p. 349), and it can
be verified that the harmonic relations embodied in Eq. (6-66) ensure the
vanishing of the left-hand side of Eq. (6-192). (This result can also be
directly obtained by noting that in the harmonic approximation, the
moment A/&),
as well as its time derivative, are linear functions of the
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q);

operators c'f(Ap) and c (
hence, the double commutator is a c number,
which must vanish for h,#O.) Thus, the sum rule (6-192) relates the static
quadrupole moment in a vibrational state I , to the anharmonic effects in
the vibrational transitions and the additional quadrupole transitions leading
to states outside the vibrational spectrum.
For a nonspherical nucleus, the right-hand side of the tensor sum rule
(6-192), for X=X,=2, can be related to the intrinsic quadrupole moment.
Thus, for K = O , Z,=2, we obtain the value (477)-'(h2/M) Q, ( A / Z ) where
the last factor results from the fact that the sum rule has been written for
the isoscalar moment, while Q, represents the electric moment. On the
left-hand side, the transitions within the band contribute an amount
(3/28r)(Q,A / Z)2(h2/2Y), assuming the leading-order rotational intensity
relation (4-68). For example, for 166Er,( Q0=756 fm2, h2/23% 13.4 keV (see
p. 161)), the rotational transitions account for about 26% of the tensor sum.
The transitions to the y-vibrational band, as given in Fig. 4-30, p. 160,
contribute an amount of about - 13% of the sum rule. Thus, about 90% of
the sum are associated with transitions that have not yet been observed; in
fact, the main contribution to the tensor sum rule is expected from the
high-frequency quadrupole modes with K = O , 1, and 2 (see p. 548), as for
the scalar sum rule for the quadrupole oscillator strength.
Another type of tensorial sum rule, which can be evaluated in terms of
one-body operators, is obtained by considering the commutator of the time
derivatives of two multipole moments (Dothan et al., 1965). In the case of
the quadrupole moment, the coupling to A,= 1 can be expressed in terms of
the orbital angular momentum

Taking the expectation value in the state I,, one obtains, by steps like those
employed in the derivation of the sum rule (6-192),

For the low-lying collective excitations in even-even nuclei, the total angu-
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lar momentum is expected to be mainly associated with orbital motion,

in which case the last factor in Eq. (6-194) is close to unity.
For a vibrational spectrum, the sum rule (6-194), as in the case of the
relation (6-192), expresses a constraint on the anharmonicities in the
spectrum. (For a harmonic spectrum, the left-hand side of Eq. (6-194)
vanishes, as follows from the arguments on p. 409.)
For a deformed nucleus, the transitions within the band yield the
contribution (225/~)(Q,A/Z)2(h2/2N)2 for K = 0, I , = 2, assuming the leading-order intensity relations. In the case of 166Er considered above, this
contribution amounts to about 36% of the tensorial sum (6-194). The
transitions to the y-vibrational band yield a small negative contribution of
about -2%; thus, as for the other energy-weighted sum rules, the main
contribution must be associated with (as yet unobserved) high-frequency
transitions. (The contributions to the sum (6-194) from excited bands vanish
to the extent that the rotational energies and deviations from leading-order
intensity rules can be neglected, but even small deviations become significant because of the strong energy weighting.)
The operators .k(~
= O,h = 2, p) together with the angular momentum
t,close under commutation and form the generators of the noncompact
Lie group SL(3,R) (Dothan et al., 1965); among the representations of this
group are sets of states forming a singie rotational band, as for axially
symmetric nuclei, as well as sets corresponding to the more extensive
degrees of freedom of the asymmetric rotor (Weaver et al., 1973). The assumption that the nuclear states carry representations of this group would
imply that sum rules of the type (6-194) would be exhausted by transitions
within a single representation; the observation that the main part of the
sum rule is associated with transitions to higher-frequency states corresponds to the fact that the collective orientation angles, from which the
actual bands can be generated, are more complicated functions of the
nucleonic variables than the orientation of the mass tensor and its time
derivative.
The energy-weighted sum rules (6-192) and (6-194) receive their main
contributions from the high-frequency excitations, but sum rules that
weight the low-energy transitions more strongly can be obtained by considering the multipole moments rather than their time derivatives. Thus, the
commutability of the different tensor components p, of a multipole moment
J ( h p ) depending only on the spatial coordinates of the particles, implies
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the relation (Belyaev and Zelevinsky, 1970; see Eq. (6-191))

(6- 196)
For a vibrational spectrum, the sum rule (6-196) implies constraints on the
anharmonic effects, in addition to those considered above. In a deformed
nucleus, the relations (6-196), for the transitions within a single rotational
band, are equivalent to the validity of the leading-order intensity rules;
thus, the assumption that strong multipole transitions only occur between
states of a single band implies the rotational coupling scheme developed in
Chapter 4 (Belyaev and Zelevinsky, 1970; see also Kerman and Klein,
1963).
An element of asymmetry in isobaric space results from the neutron
excess. Sum rules with tensorial structure in isospace may thus be employed
to characterize the asymmetry of the excitations induced by the different
components pT of isovector moments. An example is provided by the
commutation relation for the moments (6- 122),

which leads to the sum rule

Z B ( 7 = l,pT= - 1,h; O+aZ)Ctl

c. B ( 7 = 1,&= + 1,h; O+aZ)
oll

= -(2X+
1

1)(N(r2h)neutZ(r2h)prot)

(6-198)

27r
The difference between the pT= + 1 and pT = - 1 transition strength becomes large in heavy nuclei; thus, for the dipole mode, the pT = + 1 strength
almost vanishes for the /3 stable nuclei beyond 208Pb.
6-4d Charge Exchange Contributions to EX Oscillator Sum

The dependence of the electric moments on the isobaric variables
implies contributions to the EX sum rules from the charge exchange
components of the nucleonic interactions (Levinger and Bethe, 1950; see

f 6-4

SUM RULES

%

413

also the review by Levinger, 1960). Thus, an isovector interaction

gives a contribution to the oscillator sum S ( E X ) amounting to

(6-200)
The sum in Eq. (6-200) is extended over all pairs involving a neutron and a
proton, and Ppn is the operator exchanging space and spin variables of the
neutron and proton (Ppn= + 1 for a symmetric pair ( T = 0) and - 1 for an
antisymmetric pair ( T = 1)). The factor in the parentheses in Eq. (6-200)
equals (rp- rJ2 for X = 1 and always becomes zero for rp = rn, corresponding
to the fact that the effect vanishes as the range of exchange of the charged
mesons goes to zero. The physical basis for the additional oscillator
strength (6-200) may be seen in the fact that the charge exchange interactions imply a transfer of charge without a motion of the nucleons themselves, and hence effectively modify the mass of the charge carriers.
The sum over np pairs in Eq. (6-200) involves a large degree of
cancellation, as a result of the exchange operator Pnp. For distances short
compared to the Fermi wavelength, the relative orbital motion is symmetric, and the greater statistical weight of the S = 1 as compared with the
S = 0 states implies a predominance of T = 0 (Pnp= + 1) pairs. However, for
distances large compared with the Fermi wavelength, the number of symmetric and antisymmetric np pairs becomes approximately equal (see, for
example, the discussion of the two-body correlation function for a Fermi
gas in Sec. 2-lh).
The isovector component in the average static nuclear potential can be
represented by an effective two-body force (see Eq. (2-29))
(6-201)

For such an interaction of separable type, the exchange contribution (6-200)
to the dipole sum can be rather easily evaluated in the independent-particle
approximation for the state 10). Thus, for the monopole interaction (6-201),
the terms ri and rz in Eq. (6-200) only contribute when the neutron and
proton occupy the same orbit, while the term 2r;rn only contributes when
the particles occupy different orbits. The cancellation between these two
terms implies that 6S can be expressed in terms of matrix elements between
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occupied and unoccupied orbits,
(6-202a)
Yq

ilnocc

(6-202b)

(6-202~)
where v labels the single-particle orbits, including the quantum number m,;
it has been assumed that N = Z . Since the E 1-oscillator strength is mainly
concentrated in the energy region corresponding to the separation between
major shells (AE--kwO-41A
MeV), it is seen that the exchange contribution (6-202c) is of relative order A -2/3 compared to the total dipole sum
(6- 176). This result (6-202c) could also have been immediately deduced
from the fact that the simple interaction (6-201), when summed over all the
particles, equals 4 V I A T( T + 1). Such an interaction has no effect on the
wave functions, and merely increases the energy of an isovector excitation
( T = 0- T = 1) by the amount V I A- corresponding to the result (6-202c).
The effect of the isovector dipole field, which plays an essential role in
determining the collective features of the dipole mode (see pp. 480ff.), can
be treated in a manner similar to the monopole interaction discussed above,
and again yields only a small correction to the sum rule, of relative order
A -2/3. The same result applies to the charge exchange components of the
velocity-dependent isovector dipole field considered on pp. 483 ff. (These
results may appear surprising, in view of the major effect of the isovector
dipole field on the frequency of the dipole mode; in fact, however, this
collective effect is produced by the p T = O component of the dipole interaction, which commutes with the E 1 moment.)
Larger exchange contributions to the oscillator sum rules can arise
from the effect of a short-range nucleonic interaction of the type (6-199). A
qualitative estimate of these contributions can be obtained by using the
wave functions of the Fermi gas model (Levinger and Bethe, 1950). Assuming N = Z and equal occupancy of spin up and spin down, the contribution
to the dipole sum can be expressed in the form

-'

',

where C2(kFr)is the two-body correlation function (see Sec. 2-lh); for a
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neutron and a proton, the two-particle density equals pnpp(1 nC2),where
‘IT is the parity in the relative motion, while pn = pp= +po. The np pair has
T=O and T = 1 with equal weight, and the relative weight of n= 2 1 is
obtained from the statistical weight (2S+ I ) of the spin channels. The
central force exchange components V, and V,, are related to the ( S , T )
parametrization of the two-body interaction by the expression (1-88); the
noncentral forces do not contribute in the approximation considered. The
contribution (6-203) vanishes as the range of the force goes to zero, and also
becomes small for interactions of very long range, since C2(kFr) goes to
zero as (kFr)-4. This strong decrease of C2(k,r) can be recognized as the
cause of the smallness of the exchange contribution obtained from the field
interaction (6-201) considered above.
For the two-body interaction given in Fig. 2-35 (Hamada-Johnston
interaction), an evaluation of the expression (6-203), by integration from the
hard-core radius c, yields 6 S ( E 1 ) +~0 . 4 S ( E
It need hardly be
emphasized that such an estimate has only qualitative significance. Partly,
the interactions strongly modify the relative motion of the nucleons at short
distances; partly, contributions to 6 S ( E 1) may arise from the tensor forces,
which have no effect in the Fermi gas approximation. In addition, there
remain uncertainties as regards the structure of the interactions, as well as
of the E 1 operator, for very short distances between the nucleons. Finally,
it must be emphasized that the present analysis is based on a model that
assumes a complete separation between nucleonic and mesonic degrees of
freedom. It cannot be expected that such a model will be adequate to
describe the oscillator strength for excitation energies comparable with
those characteristic of the internal degrees of freedom of the nucleons.
The El-sum rule, with the inclusion of the contributions from the
charge-exchange and velocity-dependent interactions, refers to the total
oscillator sum associated with all the modes of excitation arising from the
nucleonic degrees of freedom. A separate question is the frequency distribution of the oscillator strength and, in particular, the problem of the strength
associated with the giant E 1 resonance in photoabsorption. The latter
strength can be related to the velocity dependence of the effective interactions between particles in the orbits near the Fermi level (see the discussion
on pp. 483ff.). However, the relation of these effective interactions to the
basic nucleonic forces is not well understood at present.
Since the charge exchange contribution to the dipole sum rule can be attributed to the charged meson degrees of freedom, the question arises of the
relationship between this contribution and the cross sections for photomeson
processes. The dipole oscillator sum can be expressed in terms of the integrated
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photon absorption cross section (see Eq. (6-3lo)), and one may therefore attempt to
establish a connection of the type in question in terms of a dispersion relation that
connects the forward scattering amplitude at zero frequency to the total cross
section integrated over all energies (Gell-Mann et al., 1954). The total nuclear
photoabsorption cross section integrated over all energies diverges, but it has been
suggested that a convergent integral may be obtained by considering the difference
a
, - Zap- Nu, between the nuclear cross section a
, and that of the individual
nucleons (a,, and UJ. However, the discovery of important coherence effects in the
nuclear photoabsorption extending to very high energies (see the discussion on p.
479) implies contributions to the subtracted integral from the region up to 20 GeV
that, in heavy nuclei, are more than an order of magnitude larger than the
contribution corresponding to the classical dipole sum. Thus, the integral of the
difference between nuclear and nucleonic cross sections is likely to diverge, and in
any case fails to establish the relation between the charge-exchange contributions
to the nuclear photoeffect and the photomeson processes.

6-5 PARTICLE-VIBRATION COUPLING
The variation in the average nuclear potential associated with the
collective vibrations provides a coupling between the vibrational degrees of
freedom and those of the individual particles. In the present section, we
consider the various effects arising from this coupling, such as renormalization of the properties of the particles and of the vibrational quanta, and
effective interactions between these elementary modes of excitation. The
analysis also leads naturally to a self-consistent description of the vibrational motion in terms of the particle degrees of freedom and thus provides
a generalization of the schematic treatment of this relationship given in Sec.
6-2~.
The particle-vibration coupling in the nucleus is analogous to the
displacement potentials employed in the analysis of various condensed
atomic systems (electron-phonon coupling in metals (see, for example,
Pines, 1963), particle-phonon coupling in 3He-4He mixtures (Bardeen,
Raym, and Pines, 1967)). For interacting fermion systems, such as the
electron gas in metals, liquid 3He, and nuclear matter, the elementary
modes of excitation may be discussed in terms of the theory of Fermi
liquids, as developed by Landau (see, for example, the text by Pines and
Nozieres, 1966). This formulation operates with a phenomenological effective interaction between the quasiparticles from which the coupling between
the particles and the collective modes can be derived. The description of
nuclear dynamics in terms of the concepts employed in the theory of Fermi
liquids has been developed by Migdal ( 1 967).
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6-5a Coupling Matrix Elements
The leading-order particle-vibration coupling is lihear in the vibrational amplitude a. For a mode with a real (Hermitian) amplitude, the
coupling can be expressed in the form (see Eq. (6-18))
(6-204)

H’=K~F

The structure of the one-particle field F and the magnitude of the coupling
constant K are discussed in Sec. 6-3 for the different nuclear modes.
The coupling (6-204) produces a scattering of the particle with the
emission or absorption of a quantum, and the matrix element for these
processes is given by (in the representation corresponding to independent
elementary excitations; see Eqs. (6-16) and (6-1))

where the particle states are denoted by v 1 and v2, and where a. denotes the
zero-point amplitude of the vibrational motion. (In Eq. (6-205), the matrix
elements of a (and F ) are assumed to be rzal; see the comment on p. 332.)
The interaction (6-204) also gives rise to processes whereby a particle-hole
pair is created or annihilated by the field interaction
(v, lv2,n = 01H ’In = 1) = (v,

lvZ,n

= 1 IH’ln = 0)

(6-206)

In the last step, we have employed the relation (3B-19); see also the
diagrams in Fig. 3B-1, Vol. I, p. 371. (The matrix elements (6-205) and
(6-206) refer to fields with vanishing nucleon transfer number ( a = 0). For
the pair fields, the corresponding matrix elements involve the creation or
annihilation of two particles; see the coupling (6-148).)
In nuclei with many particles outside of closed shells, the effect of the
pair correlations on the matrix elements of the field coupling can be taken
into account by expressing the field F i n terms of the quasiparticle variables
(see Eq. (6-610))
(v= 1,v2; n= 1IH’lv=
(V

l , v l ; ~ = O ) = K ~ ~ ( U ~ U ~ + C (6-207a)
U ~ U ~ ) ( ~ ~ ~

I

= 2, v l v2; n = 01H’IV
= 0 ; n = 1) = K(YO( o1u2 - c U l u2)(v21F Y l )

(6-207b)
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where the phase factor c equals - 1 for spin- and velocity-independent
fields, while c = + 1 for fields that depend linearly on the spin or velocity.
The additional factor resulting from the pair correlations can be viewed as
representing an interpolation between one-particle configurations ( u = 1,
u = 0) and one-hole configurations ( u = 0, D = 1).
In a spherical nucleus, the coupling involves the scalar product of the
tensors ah,, and FA,,(see Eq. (6-68) for shape vibration^)'^

where r9cp are the polar coordinates of the particle. The matrix element of
the coupling (6-208), for the scattering of a particle with the excitation of a
quantum, is given by (see Eqs. (1A-72),(3A- 14), and (6-5 1))
h ( j , , j 2 A )= ( j 2 , n , = 1 ;I = j , , M = m , ~ H ’ ~ j l m , )

with the parity selection rule that requires I, + A - Z2 to be even. The matrix
element (6-209) obeys the symmetry relation
(6-2 10)
For processes involving the creation of a particle-hole pair, we obtain
the matrix elements (see Eq. (3B-25))

”The effect of this coupling in admixing particle and vibrational degrees of freedom was
considered by Foldy and Milford (1950) and Bohr (1952); see also the references quoted in footnote 6,
p. 359.
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Figure 6-7 Diagrams illustrating first-order coupling between particle and vibration. The
phase relations are those appropriate to the coupling to shape vibrations.

The enhancement of these matrix elements by a factor of (2j, + 1)’I2, as
compared with the matrix element (6-209), expresses the fact that each of
the (2j, + 1) particles in the filled shell can be excited by the interaction with
the vibrational field. The basic first-order matrix elements (6-209) and
(6-211) are illustrated by the diagrams in Fig. 6-7.
When j , and j , are larger than, or comparable with A, the vector
addition coefficient ( j ,$A01j2+)in the coupling matrix element (6-209) is
governed by an approximate selection rule, which strongly inhibits the
transitions involving spin flip ( j , = I, ? 1/2+j2 = l2i1/2), as compared
with transitions that preserve the relative orientation of spin and orbit. This
selection rule, which has a simple semiclassical interpretation, results from
the assumption that the vibrational field acts only on the spatial coordinate
of the particle; thus, the small spin-flip matrix elements may be sensitive to
possible spin-dependent components in the vibrational field (see Sec. 6-3e).
A dimensionless parameter that is often useful in characterizing the
strength of the particle-vibration coupling is obtained by dividing a standard coupling matrix element by hax.Thus, for a shape vibration, we may
employ the parameter (see Eq. (6-209))
(6-2 12)
In this definition of jx,we have taken the vector addition coefficient to have
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the value 1/2, representing a typical value for transitions without spin flip.
(For the case of X = 2, the coefficient (j420ljt) has asymptotically, for large
j , the numerical value 1/2.)
) a shape oscillation leads
The estimate (6-69) for the form factor k , ( ~ of
to the radial coupling matrix elements
(6-2 13)
For the states near the Fermi level, the radial wave functions in the region
of the nuclear surface have values of the order of R - 3 / 2 (see Eq. (3-22)).
Thus, for the matrix element (6-213), one obtains values of about 50 MeV.
As follows from the discussion in the illustrative examples, the parameterf, for the high-frequency modes is always rather small compared to
unity (f,-A
since C, is proportional to A and W , to A - l l 3 (see, for
example, Eqs. (6-367) and (6-369) and note that the amplitudes used in Eqs.
(6-208) and (6-365) differ by a factor of the order of A R 2 , which is
proportional to A 5/3)). For the low-frequency shape oscillations, the values
of f3 range mostly in the interval 0.1-0.5, while f2 is strongly dependent on
the shell structure and may become larger than unity. In situations where
fh<< 1, one can treat the coupling by a perturbation expansion, but the large
values encountered for the low-energy quadrupole mode imply a major
interweaving of particle and vibrational degrees of freedom. For f2>> 1, the
particle produces a static shape deformation that is large compared with
zero-point fluctuations, and the coupled system can be treated by a separation between rotational and intrinsic degrees of freedom. (For the lowfrequency quadrupole mode, the empirical frequencies and restoring force
parameters are summarized in Fig. 2-17, Vol. I, p. 196, and Fig. 6-28, p.
529, respectively. Examples of the zero-point amplitudes of octupole vibrations are given in Table 6-14, p. 561.)
6-5b Effective Moments
Because of the large transition moments associated with the vibrational
excitations, the particle-vibration coupling gives rise to important modifications in the effective one-particle moments. As a result of the coupling, the
single-particle states are clothed in a cloud of quanta; to first order in the
coupling, the clothed (or renormalized) state it, is given by
(6-2 14)
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where A E is
~ the
~ single-particle excitation energy (which is equal to
E ( v ~ ) - E ( Y ~ )in the absence of pair correlations). If we consider the matrix
elements of the field operator F between the clothed single-particle states,
the inclusion of the vibrational moment gives a simple renormalization of
the transition moment

with the coefficient xF given by (see Eq. (6-28))

(6-2 16)
The same renormalization factor applies to matrix elements of F for the
creation of a particle-hole pair, as well as to matrix elements involving
quasiparticles. The renormalization of single-particle moments is illustrated
by the diagrams in Fig. 6-8.

bare moment

polarization effect

Figure 6-8 Renormalization of single-particle moment resulting from particle-vibration
coupling.

The ratio x F between the induced moment and that of the single
particle is referred to as the polarizability coefficient. The simple form
(6-216) applies to moments that are proportional to the field coupling. More
generally, the polarizability coefficient involves the ratio between the oneparticle matrix elements of the field coupling and of the moment and may
thus depend more explicitly on the one-particle states involved (see, for
example, Eq. (6-2 18)).
For low-frequency transitions (IAE I <<ha), the polarizability (6-216)
approaches the static limit, in which the nuclear deformation a adjusts to
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the instantaneous value of the moment Fp contributed by the particlep,
(6-217)

+

corresponding to the minimum for the potential energy 4Ca2 K ~ G
The
.
magnitude of x F in the static limit is of the order of the dimensionless
coupling constant f multiplied by the ratio of collective and single-particle
transition moments of F, and thus may be comparable with or greater than
unity, even for small values off. (For the high-frequency shape oscillations,
the values off are of order A - ' I 3 ,while the collective moment is of order
in single-particle units; hence, x is of order unity.)
A
The sign of xF(AE=O) is opposite to that of K , since the static
polarization effect produced by an attractive coupling ( K < 0) is in phase
with the single-particle moment, while a repulsive coupling ( K > 0) implies
opposite phases for the polarization effect and the one-particle moment
(screening of the one-particle moment). As in the familiar classical motion
of an externally driven oscillator, the induced moment changes sign with
respect to the driving force for frequencies such that lAEl > h a . (For the
model considered in Sec. 6-2c, in which the collective motion is formed by
the coherence of degenerate particle excitations with unperturbed frequencies a('), it is seen from Eq. (6-216) together with Eqs. (6-26) and (6-27a)
1
- 1 (complete screening), corresponding to the fact
that x F ( A E Z=ha('))=
that the entire transition strength for the field F is contained in the
collective mode.)
For the electric multipole moments, the polarizability coefficient is
usually expressed in terms of the polarization charge, as discussed in Sec.
3-3a. The polarization charge associated with the coupling to a shape
vibration (7-0) involves the ratio of the matrix elements of the coupling
- k A ( t - ) Y A p ~to~ pthat of the multipole moment rAYAp,and by the same
procedure as employed in the derivation of Eq. (6-216), we obtain (see Eq.
(6-63) for the normalization of the amplitude for shape vibrations)

In the second form of Eq. (6-218), the restoring force parameter C,, has
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been expressed, by means of Eq. (6-65), in terms of the vibrational
frequency and transition probability. (For nuclei with N > Z , the isovector
component in k,(r) implies that the predominantly isoscalar polarization
charge (6-218) contains a small isovector part; see the discussion on pp.
513ff.)
The isovector modes contribute a T = 1 component to the effective
charge. For the coupling given by Eqs. (6-124) and (6-121) involving the
radial form factor f,(r), we obtain

using the expressions (6-122) and (6-123) for the electric multipole moment.
For electric dipole transitions, the main polarization effect is associated
with the high-frequency isovector mode. The repulsive coupling in this
mode leads to an estimated reduction in the low-frequency E 1 one-particle
transition moments by a factor of about 0.3, which appears to be compatible with the tentative empirical evidence. (See the discussion on pp. 486ff.;
corresponding evidence on the charge exchange dipole moment is considered on pp. 501 ff.)
For E 2 transitions, the isoscalar polarization effect is strongly shellstructure dependent. For nuclei with doubly closed shells, only the highfrequency mode contributes, and the polarization charges are of order
unity; see Table 6-9, p. 517. For nuclei with particles in unfilled shells, the
large-amplitude low-frequency shape oscillations give the main contribution, and the expected and observed values of the effective charge range
from about 5 to 20 (see Table 6-10, p. 533, and Fig. 6-28, p. 529). The very
large values of eeffreflect the near instability of the spherical shape (see the
discussion on pp. 520ff.). The isovector E 2 - polarization charges are expected to result mainly from the high-frequency collective mode, which is
estimated to reduce the isovector charge by more than a factor of 2 (see Eq.
(6-382)). The tentative evidence is shown in Table 6-9.
For E 3 moments, the main polarization effect is expected to arise from
the rather low-frequency shape vibration. Estimates of this contribution in
the region of 208Pbgive values for epo,of order 5e, which is in agreement
with the available data; see Table 6-15, p. 565. (For an estimate of the
polarization charge in E 4 transitions, see Hamamoto, 1972.)
The general expression (6-2 16) for the polarizability coefficient can
also be applied to spin-dependent fields that are involved in the renormalization of the A4 1 moments (see Chapter 3, Vol. I, pp. 337 ff., and Chapter 5,
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pp. 304ff.). The relation between (g,),,, and the AT = 1 + , T = 1, pT = 0 mode
is discussed in the example on pp. 636ff.
The polarizability coefficients discussed above characterize the response of the nucleus to the force exerted by the additional particle; the
same coefficients can be used to describe the response of the nucleus to an
external field proportional to F (see pp. 436 ff.). The polarizability
coefficients can thus also be determined from scattering by charged particles and from energy shifts in exotic atoms. The interaction potential
resulting from the static polarizability is given by Eq. (6-292), which
contains a scalar term as well as a tensor component that gives rise to
inelastic scattering processes.
6-5c One-Particle Transfer Matrix Elements

The one-particle transfer processes provide a method for directly
measuring the small admixed amplitudes produced by the particle-vibration
coupling. Thus, the admixing of the particle s t a t e j , and the one-phonon
state (j2,nh=1) with I = j , implies that the latter state can be populated in a
one-particle transfer starting from the closed-shell configuration (see Eqs.
(6-209) and (6-214)),

The notation 2T(j,ml)indicates that we are dealing with the renormalized
operator whose matrix elements between unperturbed states include the
effects of the particle-vibration coupling (see Eq. (6-215)). An example of a
transfer process involving the coupling to the octupole mode in 209Bi is
discussed on p. 571.
For the levels j , below the Fermi surface ( e ( j , )< E ~ ) ,a similar effect
occurs as a result of the matrix element (6-211), which admixes the configuration (j,tj2)h,n,= I ; 1=0 into the ground state

where & ( j 2-) ~ ( j ,is) the energy associated with the creation of the particlehole configuration ( j ; ‘j2).The resulting contribution to the transfer matrix
element is again given by Eq. (6-220). (In the derivation of this result, one
may use the coupling relation (1A-22) together with the particle-hole
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transformation (3-7)) Thus, we could also have obtained the result by
neglecting the presence of the particles in the closed shells. The diagrams in
Fig. 6-9 illustrate the intimate relation between the two contributions to the
transfer matrix elements for ~ ( j >
, )E~ and ~ ( j <
, )E ~ .

Figure 6-9

Diagrams for particle transfer with excitation of a phonon.

For pair-correlated systems, the transfer matrix element associated
with a one-quasiparticle state J , receives contributions from both diagrams
in Fig. 6-9; the contribution of the first diagram is multiplied by the factor
u ( j , ) (see Eq. (6-599)), in addition to the factor u ( j , ) u ( j , ) + cu(Jl)u(J2)
associated with the scattering vertex (see Eq. (6-207a)), while the contribution of the second diagram has the factor u ( J l ) , in addition to the factor
u ( j , ) u ( j , ) - c u ( j , ) u ( j , ) for the pair creation vertex (see Eq. (6-207b)).
Moreover, the energy denominators are modified by the replacement of
single-particle energies by quasiparticle energies.
One-particle transfer starting from an odd-A nucleus (v = 1,n = 0) and
leading to a vibrational excitation (v = 0, n = 1) is described by diagrams
similar to those in Fig. 6-9 and provides a measure of the contribution of
the individual-particle configurations in the vibrational motion (see the
example discussed on pp. 536ff.).

6-5d Particle-Phonon Interaction Energy

In second order, the particle-vibration coupling generates an effective
interaction between a particle and a phonon, which lifts the degeneracy of
the multiplet (j,h)l formed by the superposition of a particle and a
vibrational quantum. There are four terms in the particle-phonon interaction, corresponding to the different types of intermediate states (see the
diagrams in Figs. 6-10a-d)
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To exhibit the structure of the different terms in Eq. (6-222), we first
ignore the angular momentum coupling and label the particle (and hole)
states by 1 ( = j l m l ) ,2, etc., and the vibrational quanta by y (=Xp), y’, etc.
The four second-order interaction terms leading from an initial state 1y to a
final state l’y’ thus involve the following products of the first-order matrix
elements (in addition to an energy denominator):
(6-223a)

(l’Y’lH’12)(21H’I1Y)

(l’y’JH’12- ll’y’ly)(2- ll’y’lyJH’Jly)= - (l’y’JH’J2- ‘1 y l’y‘)(2- 1l‘y’lyJH‘Jly)
= - (01 H q 2 - ‘1y)(2- 1l‘y’lH’IO)
= - (l’y’JH’1Z)(ZJH’Jly)

(l’y’lH’ll2-

T)(12-1l’lH’py)=

(6-223b)

- ( l ’ y ’ ~ H ’ ~ l f 2 - ~ 112-11”H’]
)(
1y)

= - (y‘lH’J2- 11)(2- 11’1H’l y)
= - (l’lH’12y)(Zy’JH‘ll)

(6-223d)

In the intermediate states, we have commuted particles (and holes) and
quanta, taking into account that the states are symmetric with respect to
interchange of bosons and antisymmetric in the fermions. Moreover, the
evaluation of the matrix elements in Eqs. (6-223b) and (6-223d) involves the
crossing relation, by which a hole, 2-’, in the final (or initial) state can be
replaced by a particle state, 2, in the initial (or final) state (see Fig. 3B-1,
Vol. I, p. 371). The final form of the matrix elements in Eqs. (6-223b) and
(6-223d) exhibits the intimate relation to the matrix elements in Eqs.
(6-223a) and (6-223c), respectively, reflecting the topology of the diagrams
in Fig. 6-10.
If the particles or the quanta in the final and initial states are the same
(1 = 1’ or y = y’), some of the intermediate states involve two identical
particles or quanta. In such a situation, the use of states with the
appropriate permutation symmetry would modify the evaluation of the
matrix elements in Eq. (6-223). For example, in Eq. (6-223c), the matrix
elements to a symmetrized intermediate state with two identical quanta
( y ’ = y) have an additional factor fl (see Eq. (6-l)), and the second-order
energy contribution is therefore multiplied by a factor of 2 (boson factor).
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Y
(d)

(c)

(el
Diagrams for particle-phonon interaction. The unlinked diagram (e) represents
a self-energy term for the particle, which is not to be included in the particle-phonon
interaction.
Figure 6-10

In terms of the diagrams, this factor of 2 is expressed by the occurrence of
two different diagrams 6-10c and 6-10e that involve the same intermediate
state and differ only in the way, in which the vertices are attached to the
identical phonons in the intermediate state. These two diagrams each
contribute equally to the total energy of the particle-phonon state. However, diagram 6- l Oe, which involves unconnected parts-and is referred to
as an unlinked diagram-represents an interaction effect that is already
present for a configuration of a single particle (self-energy term; see Sec.
6-5e). This term is not to be included in the particle-phonon interaction
energy, which represents the difference between the total energy of the
particle-phonon state and the separate energies of the single-particle and
single-phonon states. Hence, the contribution to the particle-phonon interaction is correctly obtained by ignoring the unlinked diagram 6- 10e and
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counting the diagram 6-10c with unit weight, as in Eq. (6-223c). In a similar
way, the matrix element (6-223d), for 1 = l’, would vanish for an antisymmetrized intermediate state (exclusion principle). In the diagrammatic
bookkeeping, this result is obtained by combining the opposite contributions of diagram 6- 1Od representing the particle-phonon interaction and the
diagram, in which the identical fermions in the intermediate state have been
interchanged. The latter diagram is unlinked and represents a contribution
to the self-energy of the phonon. (These relationships imply that the
particle-phonon interaction terms involving identical particles or quanta in
intermediate states can be viewed as the modification of self-energy terms
arising from the presence of an additional particle or quantum through the
requirements of symmetrization.)
The diagrammatic bookkeeping illustrated by the above examples can
be summarized in terms of the following general rules.
(i) In diagrams involving identical particles or phonons, it is not
necessary to explicitly introduce the symmetry requirements in intermediate
states, provided the identical quanta play distinguishable roles in the
diagram (as is the case for all the diagrams in Fig. 6-10). Boson factors and
the exclusion of states due to antisymmetry of fermions are automatically
taken into account by the enumeration of distinct diagrams, each of which
is counted with unit weight. An initial or final state with n identical
~
for example, Fig.
phonons does however require an extra factor ( r ~ ! ) ’ ’(see,
6- 12). Diagrams involving identical quanta that play indistinguishable roles
also require additional weight factors that express the symmetry; see the
factor n ! for the n indistinguishable bosons in Fig. 6-36c and the factor 1/2
for the indistinguishable fermions in Fig. 6-61a.
(ii) The linked diagrams directly give the contributions to a given
matrix element associated with the interaction of the elementary excitations, as distinct from the effects that represent contributions from the
constituent parts of the states considered. The latter effects appear as
unlinked diagrams.
(iii) In evaluating higher-order terms, one must include diagrams in
which the initial or final state reappears as an intermediate state that would
give rise to a zero-energy denominator. Such diagrams represent the renormalization of the wave functions of initial or final states and are
evaluated by the standard procedure of quanta1 perturbation theory. (An
example is illustrated by the last diagram in Fig. 6-37.)
These rules for a systematic evaluation of the perturbation expansion
of field-coupling effects are well known from the field theory of elementary
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particles and other many-body systems (see, for example, Wick, 1955). As
illustrated by the examples considered in the present section, the formalism
based on the particle-vibration coupling appears to include in a consistent
way the effects resulting from the identity of the nucleons appearing in the
particle degrees of freedom and in the collective modes. (For a more
systematic discussion of this point based on the analysis of special models,
see Bks et al., 1974).
For angular momentum-coupled states (jlA)Z,it is seen that the matrix
elements illustrated by Figs. 6-10a and 6-lob are proportional to 6dj2,Z).
The matrix elements shown in Figs. 6-10c and 6-1Od can be evaluated by
performing a recoupling in the intermediate states. Thus, for the energy
splitting within the multiplet, we obtain (see Eq. (6-209))
( j l , n h =I ;

ZMI

Fa)+
Vfb)ljl,nh=
1; ZM)
(6-224a)

In the sum over j 2 ,the states above the Fermi surface contribute to V(")and
V @ ) while
,
the states below the Fermi surface contribute to V @ and
)
V(d). It
is seen that the contribution from the states below the Fermi surface is the
same as it would have been in the absence of the particles in the closed
shells. The interaction is therefore the same as for a phonon coupled to a
single particle moving in the nuclear potential. (This relation does not apply
in the presence of pair correlations; for a quasiparticle, the interaction with
a phonon receives contributions from all four diagrams, for each singleparticle orbit j 2 . )
The octupole excitations in nuclei adjacent to 208Pbprovide a favorable
opportunity for studying the interaction between particles and vibrational
quanta (see the discussion on pp. 570ff.). The coupling to the low-frequency
quadrupole oscillations is usually rather strong, and only limited progress
has been made in the quantitative analysis of the.spectra of the odd-A
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nuclei. The particle-vibration interaction, however, provides a qualitative
interpretation of some of the features of these spectra (see, in particular, the
discussion of the observed low-energy states with I=;- 1, where j is the
angular momentum of the one-particle orbit, pp. 540 ff.).

6-5e Seif-Energies
The particle-vibration coupling acting in second order also gives rise to
energy shifts in states involving a single particle (or hole) or a single
quantum, as well as a contribution to the energy of the closed-shell
configuration (the “vacuum state”). The corresponding diagrams are shown
in Fig. 6- 1 1.
The energy shift of the closed-shell configuration associated with the
virtual excitation of a particle-hole pair ( j , 9,)and a quantum h (Fig. 6-1 la)
can be obtained from the matrix element (6-211),
(6-225)
The self-energy of a single particle receives contributions corresponding to the two diagrams in Fig. 6-1 lb, associated with the coupling to orbits
j , above and below the Fermi level,

(6-226)

In the second term, the minus sign is associated with the interchange of the
particles in the intermediate state, as in Eqs. (6-223b) and (6-223d). The
energy shifts (6-226) are of the order of magnitude of f:huA, in terms of the
dimensionless coupling parameter f A given by Eq. (6-212). Thus, for the
coupling to the high-frequency modes,
- I , but larger shifts may
arise from the coupling to the low-frequency quadrupole and octupole
modes (see, for example, the discussion on pp. 564ff.). The one-particle
self-energy decreases the energy of the lowest particle states as well as the
energy of the lowest hole states and thus acts to reduce the gap between
occupied and unoccupied orbits (Hamamoto and Siemens, 1974); this effect
may play a role in reconciling the observed level spacing near the Fermi
surface, which is consistent with a velocity-independent potential (see, for
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Figure 6 - 1 1 Self-energy terms. Diagram (a) represents the vacuum self-energy, while (b)
and (c) represent the self-energy term for a particle and a phonon, respectively.

example, Fig. 3-3, Vol. I, p. 325 and Chapter 5, p. 265) with the evidence for
an appreciable velocity dependence, as indicated by the optical potential
(see, for example, Fig. 2-29, Vol. I, p. 237) and the energies of the deeply
bound hole states (see, for example, Fig. 3-5, Vol. I, p. 328).
The phonon self-energy is represented by the diagrams in Fig. 6-1 lc,

(6-227)
The energy shift (6-227) represents the change in the phonon frequency
arising from the coupling to a particular particle-hole configuration ( j , ' j 2 ) .
By including the coupling to all particle and hole degrees of freedom, one
can obtain a self-consistency condition for the frequency of the vibrational
motion (see Sec. 6-5h).
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In the evaluation of the self-energies (6-226) and (6-227), we have
followed the rules for the evaluation of the perturbation diagrams as
discussed on p. 428. Thus, the second of the diagrams in Fig. 6-1 l b involves
an intermediate state with two particles in the same orbitj,m,, and, in the
evaluation of the second of the diagrams in Fig. 6-llc, we have not
included a boson factor for identical phonons Ap. The consequences of the
statistics of the identical particles are correctly taken into account, since the
same intermediate states occur in the unlinked diagrams representing the
vacuum self-energy in the presence of a particle or a phonon.

6-5f Polarization Contributions to Effective Two-Particle Interactions
In second order, the particle-vibration coupling gives rise to an interaction between two particles, which can be evaluated in a manner similar to
the particle-phonon interaction considered in Sec. 6-5d. To illustrate the
magnitude of the polarization force, we consider the limiting case in which
the frequency of the exchanged phonon is large compared to the energy
differences between the particle states. In this case, one can view the
interaction as resulting from the static deformation (6-217) produced by the
first particle acting on the second. Thus, for a mode of multipolarity A, one
obtains (see Eq. (6-68))
V,(1,2)=

-

(6-228)

The order of magnitude of the polarization interaction (6-228) is given by
f f h ~ ,(as for the particle self-energy). For the high-frequency modes, we
have f f h w , - ~ ~ A-l, which is comparable to the average interaction between nucleons in the nucleus (- V,A- ’). The magnitude of the polarization interaction can be seen directly from the fact that the deformation of
the closed shells produced by a single particle implies polarization moments
comparable with the bare moments of the particles (see p. 510); hence, the
corresponding contribution to the polarization interaction (6-228) is similar
in magnitude to the direct force.
The polarization interaction resulting from the coupling to the lowfrequency modes may be considerably larger than the bare force; since the
frequencies of these modes may be comparable with the particle frequencies, it may be necessary to go beyond the static approximation (6-228), as
in the evaluation of the particle-phonon interaction.
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6-5g Higher-Order Effects
The first- and second-order terms considered in Secs. 6-5b to 6-5f
represent leading-order effects of the particle-vibration coupling. The inclusion of higher-order terms partly gives corrections to these effects and
partly leads to a variety of additional interactions, such as anharmonicity of
the vibrational motion and coupling between phonons belonging to
different modes.14
As an example of higher-order effects, we consider the coupling
between states with one and two phonons. This interaction is of third order
in the particle-vibration coupling and is illustrated by the diagrams in Fig.
6- 12 involving a closed triangular loop of particle lines. Additional
diagrams contributing to this process are obtained by interchanging particles and holes (reversing the direction of the arrow in the closed loop) and
by interchanging the two outgoing phonons.
The contribution of the first diagram in Fig. 6-12 to the amplitude of
the two-phonon state admixed into the one-phonon state is given by the
standard third-order perturbation result

-

(y’l H‘I 1 - 13)(3y”lH’(2)( 1 - I21H’ly)
(ha, - ha,, - ha,u)(ha, -ha,,. - E3 + EI)(hOy- E 2 + E l )

(6-229)

where i and f label the initial and final states and a , , a2 the two intermediate states. In a similar manner, the contribution of the additional
diagrams can be obtained.
A case of special interest involves the coupling of the one-phonon state
to the state of two phonons of the same type, which can occur for quanta of
‘‘Anharmonic effects resulting from the coupling of particle excitations to the quadrupole vibrations were considered by Scharff-Goldhaber and Weneser (1955) and Raz (1959). The large anharmonicity of the quadrupole mode was exhibited by Coulomb excitation studies of the n 2 = 2 states (see, For
example, McGowan, 1959) and was strikingly emphasized by the observation of static quadrupole
moments for the n 2 = 1 state with a magnitude comparable to that of the transition moments (de Boer er
al., 1965). These discoveries stimulated the development of systematic methods for the treatment of
anharmonic effects (Belyaev and Zelevinsky, 1962; Marumori et al., 1964; Tamura and Udagawa, 1964;
Alaga and Ialongo, 1966 (see also Alaga, 1969); Dreizler et al., 1967; Ottaviani et al., 1967; Serensen,
1967; Kumar and Baranger, 1968; Marshalek, 1973. For the development based on the particlevibration coupling, see also references quoted in footnote 28, p. 571).
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even parity and even value of the angular momentum A,

I&=

l)=1nX= l)+cln,=2,1=A)

(6-230)

This interaction represents the leading-order anharmonic effect in the
vibrational motion, and its consequences will be considered in Sec. 6-6a.
From Eq. (6-229) and the matrix elements (6-209) and (6-211) for shape
oscillations, we obtain, by the recouplingj,, (j3A”)j2; A+(”j3)A’,A’’; A,

with
K(j1j2j3=
) 2”2(2A + 1)

- 1/2

+

+

(2j1 1 y 2 ( 2 j 2 1f2(2j3 + 1 y 2

The factor 21/2 is associated with the identity of the two phonons in the
final state (see Eq. (6B-36)).

Figure 6-12

Coupling between states with one and two phonons.

The second and third diagrams in Fig. 6-12 are obtained by interchanging ct(Ap) and c(&)
at two of the vertices, and thus involve the
same matrix elements of H ’ as in Eq. (6-229); see Eq. (6-51). The angular
momentum coupling is the same in view of the symmetries (1A-11) of the
vector addition coefficients. These contributions therefore differ from Eq.
(6-231) only in the energy denominators, and the resultant amplitude
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becomes
p= 1

For j2#j3, there are two sets of terms with j2 and j , interchanged
( c ( j 7'j2j3) + c ( j ; 'j3j2)), which again only differ in the energy denominators, since K(j1j2j3)is symmetric with respect to any permutation of the
three angular momenta. Finally, there are contributions to the total amplitude c in Eq. (6-230) from intermediate states with one particle and two
holes, which are of the same form as Eq. (6-233), except for an overall
change of sign resulting from the opposite sign of the coupling of a particle
as compared with a hole.
The evaluation of the third-order terms considered above illustrates the
general procedure that can be employed in the evaluation of the higherorder terms in the perturbation expansion. The treatment of the particlevibration coupling H ' by a perturbation expansion can also be expressed in
terms of a series of canonical transformations leading to the diagonalization
of the total Hamiltonian H,+ H ' , where H , represents the independent
motion of particles and vibrational quanta. (See the similar analysis of the
particle-rotation coupling in Chapter 4, pp. 147ff.)
6-5h Normal Modes Generated by Particle-Vibration Coupling
In the preceding parts of Sec. 6-5, we have considered some of the
consequences of the particle-vibration coupling in renormalizing the properties of the elementary modes of excitation and producing interactions
between them. The systematic treatment of the particle-vibration coupling
amounts to a nuclear field theory, which incorporates in a consistent
manner the consequences arising from the fact that the quanta are built out
of the same degrees of freedom as are the particle modes of excitation.
Thus, the antisymmetry between the particles that are treated explicitly and
those that are involved in the collective modes is expressed in terms of
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exchange interactions such as that illustrated by Fig. 6-IOd (see the comments on p. 428); the inclusion of these exchange interactions at the same
time ensures the orthogonality of the states built out of different elementary
modes.
The consequences of the particle-vibration coupling considered so far
have involved the effects associated with the coupling to individual configurations of the particles. Extending the treatment to include the interplay
of all the particle degrees of freedom, one obtains a description of the
vibrational modes in terms of self-consistent oscillations of the nuclear
density and potential.’’ The present section contains a derivation of the
normal modes based on such an approach, which represents a generalization of the schematic treatment in Sec. 6-2c. We also briefly indicate the
connection of this formulation to a treatment based on effective two-body
interactions.
Response function and random-phase approximation

The analysis of the self-consistent modes of nuclear excitation can be
based on a study of the response function, which describes the polarization
of the nucleus in the presence of a time-dependent external field.I6 Such a
field, acting on the nuclear moment F, produces a coupling of the form

H ’ = K(Y,,~F

(6-234)

where aextis the amplitude of the external field, which may be so normalized that K is the nuclear field coupling constant employed above (see Eq.
(6-204)).
For a weak field aeXt
with a harmonic time dependence

I5The treatment of nuclear vibrations in terms of the motion of the individual particles was first
formulated on the basis of a calculation of potential and kinetic energies for a slowly varying average
nuclear field (Inglis, 1955; Araujo, 1956, 1959; Ferrell, 1957; Griffin and Wheeler, 1957; Griffin, 1957;
Belyaev, 1959). The general treatment of the normal modes of nuclear excitation based on the
random-phase approximation was developed by Glassgold et al. (1959), Ferrell and Fallieros (1959),
Goldstone and Gottfried (1959), Takagi (1959), Ikeda et al. (1959), Arvieu and Veneroni (1960),
Baranger (1960), Kobayashi and Marumori (1960), Marumori (1960), and Thouless (1961).
“%e response of matter to electric fields is described by the dielectric constant considered as a
function of frequency and wave number. This response function was employed in a self-consistent
treatment of the properties of an electron gas by Lindhard (1954) and Nozieres and Pines (1958). For a
discussion of the response function as a general tool in the study of quantum liquids, see, for example,
the text by Pines and Nozieres (1966).
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the perturbed nuclear state is given by

where a labels the nuclear excitations, with energies haa, and where the
state 10) represents the ground state of the system. (The solution (6-236)
corresponds to an adiabatic switching on of the field; more generally, the
solution to the wave equation involves additional terms giving rise to a
time-independent induced moment, which, however, is not of significance
for the following discussion.)
The induced moment F obtained from Eq. (6-236) is

(6-237)
with

(6-238)
The polarizability coefficient x is expressed as a sum over the nuclear
excitations, in which each term is of the same form as derived above for
vibrational modes associated with the field F (see Eq. (6-216), in which AE2,
corresponds to hueXt,while ao= lF,l; see the relation (6-28) for the vibrational matrix element).
The states a in the expression (6-238) are the normal modes that
include the effect of the internal nuclear fields. Thus, for a nuclear mode
associated with an oscillating field F, the total field acting on the nucleons
involves the sum of the external field with amplitude aeXtand the internal
field with amplitude given by the induced moment (6-237),

The self-consistency condition is obtained by noting that the nuclear
polarization can also be derived by considering the total field, of amplitude
a , acting on the individual nucleons

( F ) = x(O)a

(6-240)
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with
(6-241)

F, = ( v = 2, ilFlv = 0 )

Ami= E ( v = 2, i) - E ( v = 0 )

The ground state of the independent-particle motion, which may include
pair correlations, is the quasiparticle vacuum state v = O , while the states
excited by the one-particle operator P are the two-quasiparticle states
v=2,i.

From the relations (6-239) and (6-240), we obtain

or
(6-243)

which expresses the response of the system of interacting nucleons in terms
of the response of the individual nucleons.
The relation (6-243) determines the eigenfrequencies and transition
matrix elements appearing in the expression (6-238) for x. The eigenfrequencies wa are the poles of x and, hence, the roots of the equation

(6-244)

while the transition matrix elements are given by the residues

(6-245)

The relations (6-244) and (6-245) are seen to be generalizations of the
expressions (6-27) and (6-28) that apply to the special case, in which all
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intrinsic states i are degenerate. The above treatment of the normal modes
is often referred to as the random-phase appro~imation.'~
It is seen that the oscillator sum is not affected by the interactions
(6-246)
as follows most simply by taking the limit of the relation (6-243) as a+w.
(See in this connection footnote 12 on p. 400. The identity (6-246) can also
be seen as a consequence of the sum rules derived in Sec. 6-4a, since the
field interaction is equivalent to a two-particle interaction KF(l)F'(2), and
thus commutes with the moment F.)
The eigenmodes obtained from Eq. (6-244) partly represent collective
vibrational modes associated with the field F and partly a spectrum of
two-quasiparticle excitations as modified by the field coupling. This modification can also be obtained by considering the effects of the particlevibration coupling, as in Sec. 6-5b. The coupling admixes the particle and
collective degrees of freedom in such a manner as to partially transfer the
one-particle transition strength onto the collective modes. (The degenerate
model considered in Sec. 6-2c corresponds to the limiting situation in which
the entire transition strength appears in the collective mode.) Since the
present analysis has focused exclusively on the effects arising from the
coupling to the field F, it is clear that additional interaction effects may be
important in the study of properties of excitations other than the collective
modes associated with this particular field.
It must be emphasized that the present treatment of the normal modes
employs a first-order perturbation approximation in evaluating the response
of the nucleus. The expression (6-238) will always be valid for a sufficiently
weak external field. In the self-sustained normal modes, however, the
oscillating field acting on a nucleon has a finite amplitude. The use of the
linear approximation (6-240) is, therefore, only valid provided the zeropoint amplitude of the vibrational motion is sufficiently small. As discussed
for the degenerate model (p. 336), the higher-order effects of the field on the
particle motion give rise to anharmonic terms in the vibrational Hamiltonian. (See, for example, the discussion of these terms for the lowfrequency quadrupole shape oscillations, pp. 523 ff.)
"This name goes back to the early use of such an approximation in the treatment of the collective
properties of an electron gas ( B o b and Pines, 1953) and refers to the neglect of correlations (due to the
assumption of random phases) in density components with wave numbers different from those of the
collective field.
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If the collective mode (as is always the case for the high-frequency
vibrations) occurs in a region of the spectrum where the levels i form a
continuum, or have a high density, the strength of the collective mode
becomes distributed over a finite energy interval. The resulting strength
function can be viewed in terms of the coupling of the collective mode to
the particle degrees of freedom with q ~ w , ;if this coupling, per unit energy
interval, can be regarded as approximately constant over the width of the
collective mode, the strength function has a line shape corresponding to a
Breit-Wigner resonance with a width given by
(6-247)
where HUi= K F ,is~ the coupling matrix element, while D is the average
spacing and (E2)the average strength of the levels i . The result (6-247) is a
consequence of the relations (6-244) and (6-245), but is most directly
obtained from the general analysis of strength function phenomena in
Appendix 2D (see Eqs. (2D-10) and (2D-11)).
In macroscopic systems, the damping of a collective mode associated with its
decay into a particle-hole pair as in Eq. (6-247) is referred to as Landau damping
(see, for example, Pines and Nozieres, 1966). This type of damping was first
considered in connection with the collective modes of a classical plasma, which can
transfer energy to individual particles even in the absence of collisions, when these
particles have a velocity equal to the wave velocity of the collective mode (Landau,
1946; see also the texts by Ginzburg, 1964, and Clemmow and Dougherty, 1969).

Microscopic description of vibrational quanta

The treatment of the normal modes described in the preceding section
provides an analysis of the collective vibrational variables in terms of the
degrees of freedom of the individual particles. As for the simple model in
Sec. 6-2c, this relationship can be explicitly exhibited in terms of the
transformation between the set of operators A:, A , that create and annihilate the normal modes and the set A!, A ; that create and annihilate the
two-quasiparticle configurations v = 2, i . (The creation and annihilation
operators for a vibrational mode are usually denoted by c t and c, but in the
present section, we use the notation Ad, A , for the total spectrum of normal
modes, which includes excitations that are not of collective character.)
The assumption that the response of the particle motion to the field F
can be treated in terms of first-order effects of F on the individual modes of
excitation i implies a linear relationship between (Ad,&) and (A!,Ai). The
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transformation between the two sets of variables can be expressed in the
form
Ad=

2 (X,;A?-

Y,;A,)

(6-248a)

i

( - Y,,A,t+ X,;A;)

A, =
I

At=
a

A;=

U

(X,;Ad + Y,,A,)

(6-248b)

( Y,;Ad + X,;A,)

where the amplitudes X,; and Y,;, which are real when both sets of states a
and i have standard phases, satisfy the orthonormality relations

x
x

(X,;X,.; - Y,; Y,,;)= 6(a,a’)

(6-249a)

i

(X,; Y,,; - Y,;X,,;) = 0

I

2 (X,;X,;, - Y,; Yar)= 6 (i, i’)
U

(6-249b)

(X,; Y,;,- Ya;Xar)= 0
U

If we take Eq. (6-248a) as defining the transformation matrices X and Y ,
the orthonormality relation (6-249a) can be obtained by expressing the
commutators of the Ad,A, variables in terms of the commutators for the
A!,A; variables, and taking the expectation value in the ground state 0. The
validity of the perturbation treatment implies that in this state, each
quasiparticle mode is only excited with small probability, and hence
(01[ A ; ,A j]10) M 6 (i , i’)

(6-250)

The commutators [ A / , A j ] and [ A , , A , ]vanish identically, as a consequence
of the anticommutation relations for the operators that create (or annihilate) individual quasipartidles. The relations (6-248a) and (6-249a) imply the
inverse relations (6-248b) and (6-249b).
The amplitudes X,; and Y,; can be obtained by considering the wave
function for independent-particle motion perturbed by the field F oscillating with frequency a,.The perturbation of the wave function produced by
an externally applied field coupling of the form (6-234) can be expressed as
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a unitary transformation (exp{ - is}M 1 - is)with (see the analogous derivation of the perturbed wave function (6-236) in the a representation)

(6-25 1)
When aext
equals the frequency a, of a normal mode, the nucleonic motion
induced by the external field is the same as in the self-sustained oscillations
= aa) can
resulting from the nuclear field coupling. The operator S(aeXt
therefore be expressed in terms of the variables Ad, A , for the particular
mode considered. The positive frequency part of S creates quanta and is
proportional to Ad, while the negative frequency part is proportional to A,;
the amplitudes are determined by the self-consistency condition x(O)(a,)= 1,
which implies

6(F)=i[S,F]=aext

( F = EF,Ad+ H. conj.)
a

(6-252)

Introducing the transformation (6-248a) into Eq. (6-252) and comparing
with the expression (6-251), one obtains
(6-253)
The amplitudes (6-253) are illustrated by the diagrams in Fig. 6-13.
The self-consistency condition for the eigenfrequencies a, is illustrated
in Fig. 6-14. The relation between the diagrams in this figure expresses the
condition that the moment F in the vibrational mode be equal to that
generated by the transitions of the individual particles. This condition,

Xd
Yoi
Figure 6-13 Amplitudes of particle configurations in normal modes.
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Figure 6-14

Self-consistency condition for normal modes.

together with the values (6-253) for the amplitudes Xu; and Y,;, yields the
eigenvalue equation (6-244).
The relation (6-248) between the set of variables A t , A , that describe the
independent-particle motion and the set Ad,A, describing the normal
modes can be viewed as a canonical transformation between boson
variables. A treatment of the noncollective variables, such as the A t and A;,
in terms of boson operators is justified if the states on which these operators
act involve only a small amplitude for the occupancy of any given quasiparticle state, as in the relation (6-250). In the collective modes that are
built out of many different quasiparticle excitations, this condition will be
fulfilled even for states with several quanta; however, the eigenstates a that
are approximately described in terms of a single v = 2 configuration represent modes that can only be excited a single time.
The treatment of the collective modes generated by the field coupling
can also be formulated as a diagonalization of an effective two-body
interaction of the form (6-37). In the approximation that treats the quasiparticle operators A t , A , as boson variables, the Hamiltonian takes the form

+

H=

AU,A~A, ~

K

F

~

(6-254)

i

F=

x(F,At+

c*Aj)

i

This Hamiltonian is diagonalized by a canonical transformation of the form
(6-248) with the coefficients given by Eq. (6-253),

H=
F=

5

x
a

Aw, -

+ x Awi+ ~ A u ~ A ~ A ,
1

a

(6-255)

2 ( F a A J + FZA,)
U

where the eigenfrequencies wa and the field matrix elements Fa, for the
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normal modes, are given by Eqs. (6-244) and (6-245). The ground-state
energy is expressed in terms of the zero-point energies of the effective
oscillators i and a , as in Eq. (6-33).
Translational motion

The above treatment of the normal modes can be applied to the
analysis of the collective modes associated with intrinsic symmetry breaking. For these modes, the structure of the field coupling can be obtained
from the static potential by employing the invariance of the total Hamiltonian.
The shell-model potential violates the translational invariance of the
total Hamiltorlian and, thus, single-particle excitations can be produced by
a field proportional to the total center-of-mass coordinate. The translational
invariance can be restored by including the effects of the collective field
generated by a small displacement a of the nucleus. Such a displacement, in
the x direction, gives rise to the coupling

(6-256)
where V is the average one-particle potential. The coupling (6-256) can also
be written in the standard form

H'=K~F

(6-257)

with (compare Eq. (6-74))

(6-258)
corresponding to a normalization of a such that ( F ) = a . The spectrum of
normal modes generated by the field coupling,(6-257) contains an excitation
mode with zero frequency, as follows from Eq. (6-244) and the relation

(6-259)
which implies

(6-260)
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where v = 0 represents the ground state for independent-quasiparticle motion. The appearance of the zero-frequency mode reflects the fact that the
inclusion of the coupling (6-256) restores the translational invariance of the
total Hamiltonian, to leading order in a.
The additional roots of the normal modes equation (6-244) represent
AT = 1 - nuclear excitations. These excitations have been modified by the
field coupling, which ensures that they are orthogonal to the “spurious”
degree of freedom associated with the center-of-mass motion.
The mass parameter for the translational mode, which is equivalent to
the oscillator strength (see, for example, Eq. (6-15)), can be obtained from
the relation (6-245),

1

([px,x])klv=o=
) AM

=jp(v=01

(6-26 1)

k

In the derivation of the last line of Eq. (6-261), we have assumed the total
momentum P, of the nucleons to be equal to the nucleonic mass multiplied
by the sum of the time derivatives of the individual position coordinates, as
implied by Galilean invariance (see Eq. (1-20)).
The presence of a velocity dependence in the one-body potential
violates the Galilean invariance assumed in the above derivation. This
violation must be corrected for by including an additional field coupling
resulting from a uniform collective motion with velocity d: in the x direction

H ’ = - M & -aV = -iM & [ x , V ]
apx

h

(6-262)

which restores the Galilean invariance to leading order. (The generator of a
Galilei transformation is given by Eq. (1-17).) A treatment of the combined
effect of the two couplings (6-256) and (6-262) can be obtained from a
straightforward extension of the normal modes analysis for a single field
and yields a zero frequency mode with D a = A M as guaranteed by the
Galilean invariance, combined with translation invariance.
For a velocity-dependent single-particle potential described by an
effective mass term, the field coupling (6-262) is proportional to the
momentum of the particle. The quasiparticle Hamiltonian describing particle motion in the presence of a pair field is also effectively velocity
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dependent, since the particles are paired in states that are conjugate under
time reversal in the stationary coordinate system. The coupling (6-262)
connected with this velocity dependence is obtained from the commutator

(6-263)
where po and p * 2 are the one-particle and pair densities (see Eqs. (6-141) to
(6-143)), while the pair potential Vpairis given by Eq. (6-597); see also Eqs.
(6-144) and (6-145). The field in Eq. (6-263) is seen to be proportional to the
part of the dipole pair moment that is odd under time reversal combined
with Hermitian conjugation. The excitations produced by this field involve
the matrix elements

as can be derived from the quasiparticle transformation (6-599).
The creation operator Ad for the zero-frequency mode is proportional
to the total momentum P,, as follows from Eqs. (6-248a) and (6-253)
together with the relation (6-259). However, the proportionality constant
becomes infinite as w, goes to zero, reflecting the infinite amplitude of a
vibrational mode with zero frequency. Despite the formal problems involved in going to this limit, it appears that the separation of this mode
from the remaining degrees of freedom is correctly described by the above
treatment, since one may consider the problem for a coupling constant K
slightly smaller than the value (6-258) corresponding to translational invariance. In the absence of the coupling, the zero-point amplitude of the
center-of-mass motion is of order aJo)-A - 2 / 3 R , and it is therefore possible
to choose K such that the zero-point amplitude is large compared to aho),but
not so large as to invalidate the perturbation element in the random-phase
approximation.
Rotational motion

For a deformed nucleus, the rotational invariance can be restored by
considering the coupling resulting from a small angular rotation a about the
intrinsic 1 axis,
(6-265)
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with
(6-266)

The angle 'pI represents the azimuthal angle with respect to the axis of
rotation. The random-phase equation (6-244) again has a zero-frequency
solution as a consequence of the relation
(6-267)
where AJ, is the component of total angular momentum conjugate to the
angle 'p,. The inertial parameter for the zero-frequency mode is found to be
I(v = 2, ilJl J v= O)I2

0,= 242'
i

Aw;

(6-268)

in accordance with the result derived by means of the cranking model (see
Eq. (4-1 10)). The additional roots of the random-phase equation (6-244)
correspond to the intrinsic KT= 1 + excitations, as modified by the Coriolis
coupling so as to remove the spurious degree of freedom represented by the
rotational motion. If the one-particle potential is velocity dependent, one
must add additional couplings proportional to the rotational frequency in
analogy to the coupling (6-262) in the pushing model; see the discussion of
the effective mass term in the cranking model on p. 80 and of the
frequency-dependent pair field on pp. 83 and 278.

6-6 ANHARMONICITY IN VIBRATIONAL MOTION.
COUPLING OF DIFFERENT MODES
In the present section, we shall consider the phenomenological analysis
of the properties of the vibrational modes that go beyond the harmonic
approximation. The couplings considered illustrate some of the tools that
may be employed in attacking the broad class of problems associated with
the coupling of the many different nuclear modes. A basis for a microscopic estimate of the parameters appearing in such an analysis is provided
by the treatment of the particle-vibration coupling considered in the previous section.
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The anharmonic effects considered in the present section concern the
low-frequency quadrupole mode, for which there is a considerable body of
evidence regarding multiple excitations. The data imply large deviations
from the harmonic approximation, which are connected with the especially
large zero-point amplitude for this collective mode. The pair vibrations also
exhibit appreciable anharmonic effects (see the discussion on pp. 645 ff.).
However, for the modes involving particle excitations between different
major shells (such as the high-frequency dipole and quadrupole modes, and
the relatively low-frequency octupole mode in closed-shell nuclei), the
anharmonicity is expected to be rather small, on account of the large
number of different particle configurations that may contribute to these
modes (see, for example, the discussion of the coupling between octupole
quanta on pp. 567ff.)

6-6 a Anharmonic Effects in Low-Frequency Quadrupole Mode
The anharmonic effects in a vibrational mode can be expressed in
many different forms. In the present section, we consider two different
approaches. The first involves a phenomenological parameterization of the
effective interactions between phonons and of the nonlinear terms in the
transition operators. In the second approach, one attempts to characterize
the main anharmonic terms in the Hamiltonian expressed in terms of the
vibrational amplitude.
Effective interactions between phonons

A phenomenological analysis of anharmonicities can be based on a
representation in which the Hamiltonian has been brought to a form that is
diagonal in the number of phonons. In this representation, the anharmonic
effects can be expressed as power series in the phonon creation and
annihilation operators (Brink et al., 1965). Such an approach to the description of anharmonicity effects is similar to the phenomenological treatment
of the coupling between rotational and intrinsic motion in Sec. 4-3.
For the quadrupole mode, the leading-order anharmonic terms in the
vibrational energy spectrum are of the form cJcJc2c2 and represent an
interaction between pairs of phonons. The interaction can be expressed in
the form
R
H'=
2 3~RtCZtCJ)RM(C2C2)7?37
(6-269)

x

R=0,2,4 M E - R

where R is the total angular momentum of the pair of phonons, and where
we use the abbreviated notations c j and C2 for the spherical tensors ct(A = 2)
and c ( A=2); see Eq. (6-53).
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The interaction (6-269) involves three parameters VR, which represent
the phonon-phonon interaction in the n = 2 levels,
VR = E ( n = 2, I = R ) - 2 E ( n = 1 )

(6-270)

For the levels with n 2 3, the interaction (6-269) can be evaluated by means
of parentage coefficients (see pp. 688 ff.); thus, for n = 3, we have

( n = 3, I M I H'I n = 3, I M ) = (21 + 1)-

x

vR(

n = 3, I

11 CJll n = 2, R ) 2 (6-27 1)

R

in terms of the one-phonon parentage coefficients given in Table 6B-I, p.
691. We also note the simple result

for the states of maximum angular momentum I,, = 2n.
The evidence on quadrupole vibrational levels with n > 3 is very
incomplete. For a number of nuclei, the sequence of levels with I = 2n has
been established up to rather large values of n and can be fitted by an
interaction of the form (6-272); see Fig. 6-33, p. 537. In a few cases,
IT = 3 + levels have been observed, but the position deviates appreciably
from that predicted for the n = 3, I = 3 level based on the relations (6-270)
and (6-271); see Table 6-13, p. 542. One may attempt to attribute these
deviations to higher-order anharmonic terms corresponding to the interaction between three or more phonons. In an expansion in powers of CJ and
c2, the next term is the three-phonon interaction which has the form
( ( C J C J C J ) ~ ( C ~ C with
~ C ~ R=O,
) ~ ) ~ 2, 3, 4, and 6. It is not yet clear, however,
whether such an expansion provides a useful description.
E2 moments

The expansion of the E 2 moment in terms of the tensor operators c i
and F2 can be written in the form, taking into account the invariance of
M ( E 2 , p) under time reversal followed by Hermitian conjugation,

+ 6- 1 / 2 m 3 0 ( (

CJCJCJ)~,,

+ (C2C2C2),,)

(6-273)

The transformation properties of A(E 2, p ) and ct(2p) under time reversal
(see Eq. (6-53)) imply that the coefficients m in Eq. (6-273) are real.
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In the harmonic approximation, the E2 moment satisfies the selection
rule An = ? 1; the leading-order anharmonic terms give rise to matrix
elements with An = 0 and 2. The An = 0 terms comprise static moments, as
well as transitions among members of a multiplet with given n, and the
matrix elements of ( c J F ~ )are
~ given by the relation (6B-42). Thus, for n = 1
and n = 2, we obtain the nonvanishing matrix elements given in Table 6-3.
Experimental evidence testing the predicted relation between An = 0 transition matrix elements and static moments is discussed on p. 542.

n=l
1=2

I=O

n=2
1=2

1=4

2

2

-(3/7)5'12
12/7
12/7
(3/7)1 loll2

Table 6-3 Anharmonic terms in E 2 moments for quadrupole vibrational

transitions. The table gives the reduced matrix elements of the quadrupole
operator ( C J ~ ~ ) ~ = ~ , ~ .

For A n = 2 transitions induced by the moment (6-273), the matrix
elements involving the n = 0 and 1 states are given by

where the parentage coefficient can be obtained from Table 6B-1, p. 691.
The terms in the effective moment (6-273) of third order in (c],Z2)
partly give rise to transitions with An = 3 and partly give modifications of
the leading-order intensity relations for the An = 1 transitions; thus, for the
transitions from n = 1 to n = 2, we obtain
( n = 2, I = R 11 M(E2)Iln = 1 ) = (2'l2(2R + 1) 1/2 m,,+ 5'/*m2,,,) (6-275)

From the parameters m21,Rdetermined empirically on the basis of this
relation, the An = 1 transition probabilities involving states with n 2 3 can
be predicted. The available data are insufficient to test these relationships.
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The expression (6-273) is based entirely upon the symmetry of the E 2 operator
under rotations and time reversal. If one were to assume that the important matrix
elements of the E 2 moment were all contained within the vibrational spectrum,
there would be additional restrictions on the coefficients in expansion (6-273)
arising from the operator identities satisfied by the E 2 moment. In particular, the
commutability of the different components of M ( E 2 ,p) would imply restrictions
of this type, which can also be expressed by the requirement that the sum rule
(6-196) be exhausted within the vibrational spectrum.

Potential and kinetic energies. Adiabatic approximation
An alternative approach to the description of anharmonic effects may
be based on an analysis of the potential and kinetic vibrational energies
V(a,) and T(a,,&,),expressed in terms of the amplitudes a2 and their time
derivative i ~ , . ' ~
In the harmonic approximation, the energy is a quadratic form in the
amplitudes a and d r ; the anharmonic effects in the spectrum can be
described by terms in the Hamiltonian that are cubic, quartic, etc., in a2
and k 2 (or 77,). The large number of such terms that are permitted by
rotational and time reversal invariance restricts the usefulness of this
general expansion.
The number of significant terms in the expansion of the Hamiltonian is
further reduced in situations where the vibrational frequency is small
compared with the quasiparticle excitation frequencies. Under such adiabatic conditions, the anharmonic terms in the potential energy are expected
to dominate, since the vibrational motion is slow, but of large amplitude.
(In the microscopic analysis based on the particle-vibration coupling, the
adiabatic approximation corresponds to the neglect of the phonon
frequency in the excitation energies of the intermediate states occurring in
the denominators of expressions such as Eq. (6-233). In this approximation,
diagrams that result from each other by interchanging the creation of a
phonon with the annihilation of the time-reversed phonon at the same
vertex contribute equally to the effective Hamiltonian. The sum of these
two terms is proportional to the amplitude a2, and thus the effective
interaction is a function V ( a z )of this amplitude.) The expected dominance
of anharmonic terms in the potential energy is consistent with the compar-

'*Early treatments of the effects of the leading-order anharmonic terms in the nuclear quadrupole
vibrational Hamiltonian were given by Bes (1961), Kerman and Shakin (1962), Belyaev and Zelevinsky
(1962), and Chang (1964).
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able magnitude of kinetic and potential energies in an oscillatory motion,
since the adiabatic vibrations correspond to a situation where the harmonic
term in the potential energy (the restoring force) nearly vanishes and where
therefore higher-order terms in the potential energy become relatively large.
In the adiabatic situation, the E 2 moment is also expected to depend
only on the amplitude a,; one can then exploit the freedom in the definition
of a, to obtain an E 2 moment that is linear in az. (Under more general
conditions, it is not possible to choose a deformation coordinate a, that is
linear in d ( E 2 ) , since the E 2 operator acting within the vibrational
spectrum in general does not satisfy the algebra (6-50) assumed for the
amplitudes a,; see the comments in small print on p. 451.)
The perturbation treatment of cubic and quartic terms in the potential
energy is considered on pp. 545ff. The resulting expressions are compared,
on pp. 543ff., with experimental evidence on the anharmonicities in the
low-frequency quadrupole mode. The available data do not appear to be
well represented by the lowest-order effects of these anharmonic terms in
the potential energy.
The failure of the analysis of the anharmonicity effects in terms of
modifications in the potential energy expressed as a power series in the
vibrational amplitude appears to reflect the rapid approach to instability of
the spherical shape, as particles are added to closed-shell configurations
(see the discussion on pp. 520ff.). Indeed, the amplitudes of the quadrupole
oscillations, as measured in the E2-transition probabilities, are comparable
to the static deformations of the nuclei with rotational spectra. In such
circumstances, one must expect the vibrational motion to be associated
with major changes in the nucleonic coupling scheme affecting not only the
potential energy, but also the vibrational mass parameters. A purely
phenomenological analysis of such spectra, intermediate between those
of harmonic vibrations and rotation-vibration spectra about a statically deformed shape, is difficult because of the large number of parameters
involved (see Appendix 6B). An extensive effort is currently being devoted
to obtaining guidance from the microscopic analysis.
In the yrast region (Im:Im,=2n>>1), the vibrational motion is expected to separate into rotational and intrinsic components; the qualitative
classification of the spectrum is therefore less sensitive to the details of the
anharmonic terms in the Hamiltonian (see the discussion on p. 687).
Experimental evidence concerning this part of the spectrum might thus be
especially valuable in helping to sort out the variety of different anharmonic effects.
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6-6b Coupling between Quadruple and Dipole Modes
Closely related to the anharmonic effects in the spectrum of a single
mode are the interactions between the quanta of different modes. As a
prototype of such couplings, we consider, in the present section, the
interaction between dipole and quadrupole oscillations.
The leading-order coupling between the dipole and quadrupole modes
is of third order in the amplitudes. The requirements of rotational invariance and symmetry with respect to space reflection and time reversal
restrict the third-order terms to the following combinations
(6-276)
(Higher-order coupling effects have been considered by Huber et al., 1967.)
The significance of the coefficients k,,k,,k3 in Eq. (6-276) can be seen
by viewing the coupling H ’ as the effect of the quadrupole deformation and
its time derivative on the dipole oscillations. Since the frequency of the
quadrupole oscillations is small compared to that of the dipole mode, one
expects the time dependence of the quadrupole deformation to be relatively
unimportant and, hence, the last term in Eq. (6-276) to be small. For fixed
values of a,,,, the first two terms in the coupling (6-276) imply a splitting of
the dipole mode into three components associated with the three principal
axes in the ellipsoidal nuclear shape, and the parameters k , and k,
characterize the effect of the deformation on the restoring force and mass
parameter for the three eigenmodes.
The observed properties of the dipole mode in spherical nuclei suggest
that the oscillator strength is rather insensitive to the deformation. In fact,
in heavy nuclei, the dipole mode is found to approximately exhaust the
classical oscillator sum rule, which is independent of the dimensions of the
system (see Eq. (6-176) and the empirical data in Fig. 6-20, p. 479).
Conservation of oscillator strength for each component of the dipole mode
in a deformed nucleus would imply that the mass parameter is unaffected
by the deformation, and hence that the second term in Eq. (6-276) can be
neglected.
The magnitude of the coefficient k , can be estimated from a scaling
argument based on the fact that the dipole frequency is approximately
inversely proportional to the nuclear radius (oaA - ‘ I 3 ,see Fig. 6-19, p.
476). Hence, a deformation with increments 6R, of the principal axes,
K = 1,2,3, leads to frequency shifts &a1,
and variations 6C,, in the restoring
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force parameters given by
(6-277)
where C,,wl, and R refer to the spherical nucleus. The estimate (6-277) for
SC,, corresponds to the coupling coefficient (the relation between SR, and
a2 is given by Eq. (6B-4))
(6-278)
The value of the numerical coefficient in Eq. (6-278) is somewhat model
dependent. Thus, the liquid-drop description of the dipole oscillation in an
ellipsoidal nucleus gives values of Sw,, smaller than the estimate (6-277) by
a factor 0.91 (see Eq. (6A-75)), and a corresponding reduction of k , .
The splitting of the dipole frequencies caused by a static quadrupole
deformation can be directly observed in the photoabsorption of deformed
nuclei (see the example illustrated in Fig. 6-21, p. 491). The separation
between the resonance frequencies is found to be in approximate agreement
with the estimate (6-277); see Table 6-7, p. 493.
In a spherical nucleus, the coupling term (6-276) implies an interweaving of the quadrupole and dipole motion with significant consequences for
the width and line shape of the dipole resonance (Le Tourneux, 1965) as
well as for the dipole polarizability of the nucleus (see below). The interaction energy (6-276) is of the order of magnitude azhaI,which may be larger
than ha2,but which is small compared with the dipole excitation energy. In
first approximation, it is therefore sufficient to consider the coupling
between states with the same number of dipole quanta, which is given by
(see Eq. (6-51))
(6-279)
For n , = 0 , the coupling vanishes, and for n , = 1, the matrix elements are
given by (see Eq. (1A-72))
(n,+l,R'; n , = 1 ; IMIH'ln,,R; n , = l ; I M )

where R is the angular momentum of the quadrupole vibrational motion.
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The parentage factors for the quadrupole quanta can be evaluated by
methods such as those discussed in Sec. 6B-4.
The strength of the coupling (6-279) may be represented by a dimensionless parameter q, which characterizes the ratio between the matrix
elements (6-280) and haz,

(6-28 1)
where ( ( Y ~is )the
~ zero-point amplitude for the quadrupole shape oscillations
(see Eq. (6-52)). In nuclei with large quadrupole vibrational amplitudes, the
parameter q is considerably larger than unity (typically of order 5); in the
treatment of the coupling, it is therefore in general necessary to go beyond
a perturbation calculation.
For large values of q, one can obtain an approximate description of the
line shape for photoabsorption by considering the process for fixed values
of aqCand subsequently averaging over the zero-point quadrupole motion
in the initial state (Semenko, 1964; Kerman and Quang, 1964; Le
Tourneux, 1965). In fact, for q>>1, the transition strength is distributed over
an energy interval large compared with h q ; thus, we may consider incident
wave packets with a time spread short compared with the period of the
quadrupole motion. During this time interval, one can neglect the time
~ ,
the probability per unit energy for absorption of a
dependence of ( Y ~ and
quantum E is proportional to

where rp0( p ) is the ground-state wave function for quadrupole oscillations
(see Eq. (6B-20a); the volume element in p, y space is given by Eq. (6B-18)).
The frequencies

correspond to the three dipole resonances for an ellipsoidal nucleus with
shape parameters p and y (see Eqs. (6-277) and (6B-4)). Carrying out the
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integrals in Eq. (6-282), one obtains

(6-284)
The quantity P ( E ) is normalized to unity when integrated over E, and

P(E)dE thus represents the sum of intensities ( n , = 1,n2 = 01i)2 for the
eigenstates i, with n , = 1 (and fixed value of M ) , in the energy interval
considered.
More generally, one can estimate the width of the dipole strength
function resulting from the coupling (6-279) by evaluating the second
moment
( ( E - h a 1 )2) = ~ ( E i - h o ,2)( n , = l,n2=01i)2
I

= ( n , = 1,n2=OI(H’)7n,= 1,n2=0)
(6-285)
where p,’ is the mean square quadrupole fluctuation in the ground state (see
Eq. (6-52)). The mean position of the transition strength is not affected by
the coupling, since the expectation value of H ’ vanishes in the state n , = 1,
n2 = 0.
The second moment is a useful measure of the line broadening in the
present case, since the sum over i in Eq. (6-285) is rather insensitive to the
contributions from the distant tails of the strength function. (This situation
contrasts to the case of Lorentzian line shapes, for which the second
moment diverges and therefore does not provide a measure of the line
width; see the discussion in Vol. I, p. 305.) Indeed, all the higher moments
( ( E - h w , Y ) , for even n , are seen to be of order ( 7 7 h ~ ~ corre)~,
sponding to a strength function decreasing more rapidly than any power of
the energy. (See the Gaussian form of the strength function (6-284) for large
77 *)
The detailed structure of the dipole absorption line can be obtained
from a numerical diagonalization of the coupled Hamiltonian. An example
is illustrated in Fig. 6-15. The strong coupling approximation is seen to
account for the gross features of the line broadening in Fig. 6-15, though
it does not reproduce the finer details of the calculated spectrum.
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The estimate (6-285) of the contribution of the dipole-quadrupole
coupling to the width of the dipole resonance is compared with the
observed widths in Fig. 6-25, p. 503. The effect of the coupling appears to
represent a significant part of the total width, but in most cases other
interactions make comparable contributions.
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Figure 6-1 5 Coupling of dipole mode to quadrupole oscillations. The matrix representing
coupled dipole and quadrupole vibrations has been diagonalized for states with a single
dipole quantum ( n , = 1) and total angular momentum I = 1, with the inclusion of all
components with up to 14 quadrupole quanta. The length of lines for the various eigenvalues
E, measures the square amplitude of the component with n,=O and thus gives the relative
strength of the transition probability B ( E l;O+i) for dipole absorption from the ground
state. The solid curve corresponds to the strong-coupling approximation given by Eq.
(6-284). The figure is taken from J. Le Tourneux, Mat. F’s. Medd. Dan. Vid. Selsk. 34, no. 11
(1965).
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The dipole-quadrupole coupling can also be studied in second-order
processes that involve the virtual excitation of the dipole mode and lead to
rotational or vibrational excitations of the nucleus (Raman scattering of y
rays (Baldin, 1959; MariC and Mobius, 1959; see also the review by Fuller
and Hayward, 1962a); Coulomb excitation of quadrupole vibrations arising
from second-order dipole excitations (Eichler, 1964; MacDonald, 1964; see
also the review by de Boer and Eichler, 1968)). In these processes, the
excitation of rotational and vibrational modes, with frequencies small
compared to that of the dipole mode, may be described in terms of the
dipole polarizability considered as a function of the shape and orientation
of the nucleus.
If the polarizing electric field E is in the direction of one of the
principal axes K of the deformed nucleus, the induced dipole moment d has
the same direction and can be obtained by considering the perturbation
produced by the coupling H ’ = - d, E,. Assuming the electric field to have a
frequency w,, one finds (see the derivation of Eq. (6-238))
E, = (EK)o
cos w,t

(6-286a)
(d,)=p,(w,)$(E,),exp{

- io,t}

+complex conj.

where the damping of the dipole states has been represented by an imaginary term - iT1,/2 in the resonance energy. The complex polarizability
coefficient (6-286b) is seen to satisfy the symmetry p,( - w ) =p,*(w) connected with the reality of the field E, and the moment d,. For rlK=O,
the
result (6-286b) is equivalent to the expression (6-216), but differs by a factor
- K , corresponding to the fact that the coupling involved in the definition
of the polarizability coefficient x is - K ~ F .
The E 1-oscillator strength for each component of the dipole mode is
expected to be approximately independent of deformation (see p. 453);
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hence, ignoring the small shift in the resonance frequency, of order,'?I

(6-287)
87T
p = -B(E1;nl=O+nl=
9
N
N

MA

1)

Awl

2

2

(A~,) (hWE)- iAio,rl

NZe2
- i o , ~- 1 r 1)

in terms of the polarizabilityp for the undeformed nucleus with resonance
energy Awl - X1/2. In the second expression for p, we have assumed the
classical sum-rule value (6-176) for the oscillator strength of the dipole
mode.
For an electric field with arbitrary direction relative to the nuclear
orientation, the polarizability can be described, in Cartesian coordinates, as
a symmetric second-rank tensor with eigenvalues p , and principal axes
coinciding with the intrinsic nuclear coordinate system. In a spherical
tensor decomposition, the polarizability involves a scalar p(O) and a
quadrupole tensor p?),

where dp and Ep are the spherical components of the vectors d and E (see
Eq. (1A-56)). The spherical tensor components of the polarizability are
related to the eigenvalues p, and orientation angles $, O,+ by a transformation of standard type

(An analogous relationship expresses the quadrupole deformations aZpin
terms of the nuclear orientation angles and the increments 6R, of the
nuclear axes; see Eqs. (6B-I), (6B-2), and (6B-4).)
In situations where the deformation has only a small effect on the
polarizability, one may employ an expansion in the nuclear deformation,
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which yields, to first order (see Eqs. (6-287) and (6-277)),
(6-290)
where damping terms have been ignored. The corresponding tensor
polarizabilities are

(6-29 1)

in terms of the quadrupole deformation amplitude a Z p(see Eqs. (6B-2) and
(6B-4)).
The dependence of the polarizability on the orientation and shape of
the nucleus implies a coupling to the rotational and vibrational degrees of
freedom. Thus, the scattering amplitude for y rays on nuclei is proportional
to the induced dipole moment; the relative probabilities for elastic and
inelastic scattering are therefore determined by the absolute squares of the
matrix elements of the polarizability coefficients. (See the corresponding
adiabatic treatment of the scattering of a particle from a nonspherical
nucleus in Appendix 5A, pp. 322ff.) Evidence on the Raman scattering of y
rays on deformed nuclei is discussed on p. 492.
The dipole polarizability also gives rise to an interaction between the
nucleus and a charged particle, which may affect scattering cross sections
and energy levels of bound systems. If the periods of the relative motion are
large compared with that of the dipole mode, the interaction can be
expressed in terms of the static polarizability, and one obtains from Eqs.
(6-288) and (6-291)

where r,Q,CgJare the polar coordinates of the particle, with charge Z , e .

6-6c Coupling between Vibration and Rotation
In the deformed nuclei, the vibrational modes have been considered, in
first approximation, with respect to a static nonspherical equilibrium (Sec.
6-3b). The finite frequency of the rotational motion implies a coupling
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between the vibrational and rotational degrees of freedom, which may be
analyzed in the general manner discussed in Chapter 4.
The leading-order rotation-vibration coupling is linear in the rotational
angular momentum ( A K = 1; see Eq. (4-196)). Such a term arises from the
Coriolis force acting on the intrinsic angular momentum (see Eq. (4-197)),

H‘=

4i2
2 4

--(R+I-

+R - I + )

(6-293)

where R -, = R , +- iR2 are the components of the vibrational angular
momentum. If the nucleus possesses modes with different v that can be
approximately represented as different orientations of a mode of multipole
order A (see the discussion on pp. 363ff.), the matrix elements of R + for
shifting a quantum from v to v + 1 can be expressed in terms of A and v, and
one obtains (see Eqs. (1A-4) and (1A-93)),

(nv+,= l , K = v + l,IMIH’In,= l , K = v , I M )
4i2

= - -((A-

2 4

v)(A+

v + l)(I- v ) ( I + v + 1))

I/2

{

2’12
1

v=o
v>o

(6-294)

The estimate (6-294) is expected to apply to the high-frequency modes,
for which the effect of the deformation is a relatively small perturbation.
For these modes, however, the Coriolis coupling is very small compared
with the energy separations of the modes with different v. (While these
energy separations are of order h i o , 6 - ~ ~ A-2/3, the Coriolis coupling is of
order A I E F A - ~ ’ ~ For
. ) the dipole mode, the weakness of the rotational
coupling is confirmed by the fact that the ratio of the oscillator strengths
for exciting the v = O and Y = 1 modes is found to be in agreement with the
value 1 :2, as obtained by neglecting the rotational motion (see, for example, Fig. 6-21, p. 491).
For the low-frequency modes, the energy separations h(o,+ - 0,) are
much smaller (typically of the order of a few hundred keV). Couplings of
the order of magnitude (6-294) may therefore lead to a major decoupling of
the vibrational motion from the static deformation, tending to concentrate
the transition strength onto the lowest vibrational excitation of the given
multipole order, as in a spherical nucleus. However, the low-frequency
modes are affected in a major way by the deformation (see the discussion
on p. 364), and the estimate (6-294) is not expected to have quantitative
validity. Effects of the Coriolis coupling in low-frequency octupole bands
are discussed on p. 578. For the low-frequency quadrupole mode in

,

462

%

VIBRATIONAL SPECTRA

Ch. 6

spheroidal nuclei, there are no first-order rotational couplings of the form
(6-294), since the v = 1 mode corresponds to the rotational motion itself (see
p. 362).
The couplings of second order in the rotational angular momentum
have A K = O and 2 and are of the form (4-216) and (4-206), respectively.
When the vibrational motion is adiabatic with respect to the intrinsic
motion (hwib<<AEi,,,), the intrinsic operators h, and h + 2 can be expressed
in terms of the dependence of the moment of inertia on the vibrational
amplitudes a,

where aeqdenotes the axially symmetric equilibrium shape, and where Y(a)
is the moment of inertia for a static deformation a.
For the quadrupole vibrations, an expansion of the coupling parameters (6-295) yields, to first order in the vibrational amplitudes, /3 - Po and y
(see Eq. (6-90)),

We have employed the relation x l ( y ) =X2(- y), which follows from the
symmetry of the deformation (see Eq. (6B-15)). The matrix elements of h,
and h + 2 can be determined from the analysis of the relative E 2 intensities
for the transitions between the vibrational excitations and the ground-state
band. For the coefficients a, and a2 in Eqs. (4-252) and (4-230), one obtains
the relations (see Eqs. (4-208), (4-21 I), (4-218), (4-220), and (4-23 1))

(6-297a)
(6-297b)
(6-297c)
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We have used here the expressions (see Eqs. (6-90) and (6-91a))

for the intrinsic E 2 moment of the p- and y-vibrational motion, relative to
the static quadrupole moment Q,.
Examples of the analysis of the coupling between the rotational motion
and the /3 and y vibrations are discussed on pp. 160ff. (y vibration in 166Er)
and on pp. 172ff. ( p vibration in 174Hf).The values ofX-'(a3Jay) and
fix-'(aS/ap) are found to be of order unity. For rigid rotation, these
logarithmic derivatives are of the order of the deformation parameter Po,
but the observed larger values are consistent with the expected strong
dependence of the moment of inertia on the deformation (see, for example,
Eqs. (4-249) and (4-267)).
The expansion of the effective moments of inertia in Eq. (6-295) gives
rise to a multitude of coupling terms of higher order. The terms of second
order in the vibrational amplitude include couplings that are diagonal in the
vibrational quantum numbers and represent the change in moment of
inertia resulting from the increase in (a') associated with a vibrational
quantum. The second-order terms also include couplings that shift a quantum between modes with A v = 0, 2 2, such as the coupling between p- and
y-vibrational bands. Second-order inertial terms of this type are expected to
be an order of magnitude smaller than the first-order terms (6-296);
however, for the /3 and y vibrations, the observed second-order matrix
elements are in many cases of the order of 1 keV, as for the first-order
terms. (The moments of inertia for bands with np = 1 and ny = 1 can be
obtained from the figures referred to on p. 549 ( y vibrations) and p. 551 ( p
vibrations). Evidence on the matrix element ( n y = llh21np = 1) has been
reported by Rud et al., 1971, '52Sm and 154Gd; Baader, 1970, ls8Gd;
Gunther et al., 1971, 18'W and lg4W;Stephens et al., 1963, 238Uand 232Th.)
This failure of the description in terms of a classical adiabatic expansion
may be connected with the rather few quasiparticle configurations that
effectively contribute to these excitations. In fact, for two-quasiparticle
excitations, the couplings involved (Av=O) are expected to be rather large
(see, for example, the increments in the moment of inertia for quasiparticle
excitations discussed on p. 251). It is also possible that the large coupling
effects are related to the additional degrees of freedom that are observed in
the KT = 0 + and 2 + channels (see p. 554).
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ILLUSTRATIVE
EXAMPLES T O
CHAPTER 6

Response Function

Single-particle excitation spectra for multipole fiela3 in a nucleus with
Z = 46, N = 60 (Figs.6-16 and 6-1 7; Tables 6-4 and 6-5)
The starting point for the microscopic description of the nuclear vibrational motion is the analysis of the one-particle excitation spectrum produced
by a field with the structure characteristic of the mode in question (see Sec.
6-2c). In the present example, we consider the distribution of transition
strength associated with multipole fields of the type F= rXYx,,evaluated for
single-particle motion in a static spherical potential. (For spin-dependent
fields and pair fields, see the examples on pp. 636ff. and pp. 641 ff., respectively.) The response of the nucleus to a field F can be expressed in terms of
the polarizability coefficient x considered as a function of the frequency of
the field. The nuclear excitation frequencies are the poles of this response
function, while the transition strength gives the residues of the poles (see Eq.
(6-241) for the response function for independent-particle motion).
One-particle energies

The spectra in Figs. 6-16 and 6-17 refer to a nucleus with A = 106 and
Z = 46 and have been obtained from a modified harmonic oscillator potential
(Nilsson, 1955),
V = +Mw,2r2+u , ~ l w , ( ~ . s ) + u , ~ w , ( ~ ’ - ( ~ ’ ) , )

(6-299)

with the parameters
Yl0~=41A-’/~MeV=8.7
?
=
,I

?
=
,I

A

MeV

-0.10

-

0

N=O, 1,2

0.0175

N=3

0.0225

N = 4,5,6

0.020

N=7,8

(6-300)

The term in the potential (6-299) proportional to I* describes the deviations
from the harmonic oscillator degeneracies resulting from the more sharply
defined surface of the nuclear potential, and the values of u, in Eq. (6-300)
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are in approximate agreement with those estimated for a Woods-Saxon
potential (see Fig. 6-49, p. 593). The principal oscillator quantum number is
denoted by N, and (12)N is the average value for the levels in the major
oscillator shell considered,
(12)N=

3N(N+3)

(6-301)

With this term subtracted, the distance between the centroids of two adjacent
major shells remains equal to hao (Gustafson et al., 1967).
The potential (6-299) approximately reproduces the observed energies of
the one-particle states in the neighborhood of the Fermi level. Since the
discussion in the present section is only intended to illustrate the qualitative
patterns in the one-particle response function, no attempt has been made to
adjust the parameters of the potential so as to reproduce the more detailed
features of the one-particle spectra.
The ground-state configuration of the nucleus considered is assumed to
involve the closed shells Z = 4 0 and N=50 and, in addition, the proton
configuration (1&,a6 and the neutron configuration (2d,,2)6( lg7,J4 (see Fig.
2-30, Vol. I, p. 239).
The energies of charge exchange transitions ( p7 = 2 1) in Fig. 6-16 are
shifted relative to the K = 0 transitions by the amount - 0.45 haok . The shift
is given by the energy separation
between corresponding levels of
neutrons and protons,
&,proton) - ~(j,neutron)

(6-302)

which is the sum of the contributions from the Coulomb energy and the
symmetry potential associated with the neutron excess. Since the nucleus is
close to the line of /3 stability, the Fermi levels for neutrons and protons are
approximately equal ( ~ ( g g / ~proton)xe(g,/,,
,
neutron)) and, hence,
/ ~ ,
~(g7/2,neutron)- ~ ( g ~neutron)
= - %v,h00=0.45 Aiwo

(6-303)

Transition probabilities
The ordinates in Figs. 6-16 and 6-17 give the multipole strength of the
excitations. For transitions from a completely filled shell, the reduced transition probability is (see Eqs. (3B-25) and (1A-67))
(6-304a)

A

(6-304b)
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The single-particle reduced matrix element can be evaluated by means of Eq.
(3A-14). The factor (2j, 1) in Eq. (6-304a) represents the number of particles
in the filled shell contributing to the transition strength.
For the transitions involving the partly filled shells, we have assumed a
ground state in which the neutrons and protons are separately coupled to a
total angular momentum zero, and the multipole strength given in the figure
is based on the expressions

+

B(A;(j")O+(j")A)=

2j-1
2n (2j+ 1- n)Bsp(X;j+j)

(6-305c)

The expression (6-305a) represents a linear interpolation between the result
(6-304a), for n = O , and the value zero for n =2jz+ 1. Similarly, the expression
(6-305b) is a linear interpolation between the results for n = 0 and n = 2j, + 1.
The transition probability (6-305c) vanishes for n = 0 and n = 2j + 1, and the
expression given represents a quadratic interpolation based on the value for
n=2, which may be obtained from Eq. (1A-72a); the factor 4 reflects the
coherence of the two particles, each of which would contribute Bsp(X;j-+j).
(The expressions (6-305) are also equal, apart from terms of relative orderj-',
to those obtained from the quasiparticle coupling scheme (see Eq. (6-307)) by
noting that for a configuration j" the amplitudes of the pair-correlated wave
function are given by 0 2 = n(2j+ 1)-' and u2=(2j+ 1 - n)(2j+ l)-'.)
The figures give the response function for the neutrons and protons
separately. (For a T = 0 or a T = 1 field, the response function is the sum of the
contributions of the neutrons and the protons.) For charge exchange transitions, Fig. 6- 16 gives the transition probabilities B(X = 1,T = 1, pT = t l), which
are obtained by multiplying the expressions (6-304) and (6-305) for corresponding orbits by a factor 2, representing the square of the matrix element
(nl., ,IP) (see Eq. (6-122)).
The qualitative pattern of the spectra in Figs. 6-16 and 6-17 can be
understood in terms of the selection rules involving the harmonic oscillator
quantum number N
AN= 1
AN=0,2
AN=1,3
AN=0,2,4

A

A= 1

X=2
X=3
X=4

(6-306)

Thus, for the dipole transitions with pT = 0, the excitation frequencies are
roughly equal to the oscillator frequency tho.
For the quadrupole transitions,
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the excitations cluster in two groups with energies of about 0 and 2hwWFor
h = 3, the selection rule (6-306) suggests a clustering around excitation energies of ylw, and 3ylw,; such a tendency is also exhibited by the spectrum in
Fig. 6-17b. The spin-orbit coupling and the l2 term in the potential (6-299)
give rise to a rather low-energy octupole transition (ds/z-+h, , / J involving
orbits entirely within the 5 0 < N < 8 2 major shell. (The occurrence of this
low-frequency component in the octupole response function can be seen as
part of the systematic tendency toward new types of shell structure in heavy
nuclei; see pp. 591 ff.)
Another significant selection rule in the spectra in Figs. 6-16 and 6-17
results from the fact that the fields considered are spin independent. Thus,
when the multipole order is small compared with t h e j values of the singleparticle states, the spin-flip transitions ( j ,= 1, _+ 1 /2 +j2 = 1, i1 / 2 ) are weak
compared with the transitions that preserve the relative orientation of spin
and orbit ( j ,= I, 2 1/2 +jz = l2 2 1/2). The selection rule is contained in the
vector addition coefficient ( j , f h 0 1 j 2 f )that appears in the evaluation of the
reduced matrix element in Eq. (6-304); see Eq. (3C-34).
Wave function for collective mode

A

From the single-particle response function, one can obtain the structure
of the collective mode generated by the field F in the manner described in
Secs. 6-2c and 6-5h. In the following examples, we employ such a procedure
to estimate the frequencies and transition probabilities for the collective
modes associated with A = 1, 2, and 3.
The analysis in terms of the response function and the field coupling also
yields the microscopic structure of the collective mode expressed in terms of
the amplitudes X and Y that characterize the excitation of a quantum in
terms of the variables of the one-particle motion (see Eq. (6-36) and the more
general expression (6-253) that applies to multifrequency single-particle response functions). As an example of such an analysis, Table 6-4 gives the
amplitude for the dipole mode obtained from the response function in Fig.
6-16. The field associated with the dipole mode is mainly the isovector
F = X T ~ ,but also includes a small isoscalar component proportional to the
neutron excess, which is required to make the mode orthogonal to the
center-of-mass motion (see Eq. (6-328)). For the single-particle transitions
j l + j z listed in columns 1 and 2, the excitation energies in units of the
oscillator quantum are listed in column 3. The next two columns give the
transition strengths (for neutrons and protons, respectively) in units of the
corresponding single-particle transition probabilities. The excitations involving the promotion of a particle from j , to j , are denoted by (12), and we
assume a coupling scheme for the particles outside closed shells that leads to
the expressions (6-305) for B(O-+( 12)). The single-particle matrix elements of
F may be obtained from Eqs. (2-154) and (3A-14); see also Eq. (3B-25). The
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amplitudes X ( 12) and Y(12) in the last columns of Table 6-4 are given by Eq.
(6-253); the collective frequency is taken from the estimate (6-3 19, which
gives the value ua= 1 . 9 2 ~(in
~ rather good agreement with the observed
photoresonance frequency in this region of elements (see Fig. 6-19, p. 476)).

Neutrons

3%1 2
2d3/2

2P3/2

3~112
2d3/2

2d5/,
2d3/2
2d5/2

'g7/2
2d5,,
'87/2

1h12
2d5/2

3P3/2
2f5/2
2f7,2

g7/2

2f5/2
2f7/2
h9/2

'g9/2
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2f7,2
4 / 2

lh,,/2
ma = 1

Protons

n

P

X(12)

Y(12)

X(12)

Y(12)

1.09
1.11

2
2

2
2

- 0.088

- 0.024

0.167

0.045

0.114
-0.218

0.032
-0,059

1.24
1.26
1.01

4
4

4
4
4

0.152
0.092

0.033
0.019

-0.198
- 0.120
- 0.261

-0.043
- 0.025
- 0.08 1

6
6
6

0.132

0.031

-

-

0.184

0.061

-0.172
0.034
- 0.339

-0.041
0.012
- 0.1 12

8
8
3.2

-

-

0.056

0.010

-0.238
-0.103
- 0.221

-0.048
-0.019
- 0.083

0.213
0.089
0.255

0.043
0.017
0.086

0.126
-0.015
0.229

0.026
-0.006
0.077

0.238
0.092
0.326

0.040
0.014
0.124

-0.241
- 0.093
- 0.329

-0.041
- 0.014
- 0.126

-

6

1.18
0.93
0.97

-

3

1.28
1.32
0.87

-

1.28
1.30
0.95

6
6
6

1.26
0.92
0.96

4
4
4

-

1.36
1.41
0.86

10
10
10

6
6
6

.92~~

4
-

K

= 0.0244Mui

IFa12Awa = 102h2/2M

-

__
-

-

EX2= 0.479

Z X 2 = 0.617

zY

ZY2=0.055

= 0.042

lablo 6-4 Single-particle amplitudes in collective dipole motion. The amplitudes X(12) and Y(12)

for the components in the dipole mode, associated with single-particle transitionsj,+j2, have been
obtained from a normal modes treatment. The example refers to a nucleus with Z =46,N = 60 and
a single-particle spectrum as illustrated in Fig. 6-16.
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While the matrix elements F(12) and F, are imaginary, the amplitudes X(12)
and Y(12) are real. The normalization of the amplitudes X(12) and Y(12)
,
may be determined from the condition
involves the quantity K F ~which
(6-249a). The quantity K needed to give the assumed collective frequency may
be found from the eigenvalue equation (6-244) and is also listed in the table,
together with the oscillator strength I F,I2hiwa of the collective mode.
Since the spread in the single-particle frequencies in Table 6-4 is rather
small compared with the frequency shift that results from the interaction, the
wave function for the collective state is similar to that associated with a
degenerate single-particle excitation spectrum. In particular, the collective
mode is found to collect about 98% of the oscillator strength associated with
the field F. (The velocity-dependent terms in the potential (6-299) imply that
the total oscillator strength is not exactly equal to the classical oscillator sum
(6-167), which equals 4NZ/A in units of h2/2M; however, the magnitude of
this deviation is only a fraction of a percent, as can be verified by an
evaluation of Z(F( 12)12(&,- E J . See, in this connection, the approximate
equivalence between the l2 term and the perturbation produced by a potential
proportional to r4, as discussed on p. 594.)
Effect of pair correlations

The low-frequency behavior of the response functions is modified in an
essential manner by the pair correlations, which have not been included in
Figs. 6-16 and 6-17. The strength of the pair correlations is characterized by
the parameter A, which for the nucleus considered (Z=46, N=60) has the
values An= 1.3 MeV and Ap= 1.4 MeV for the neutrons and protons, respectively (see Fig. 2-5, Vol. I, p. 170). The one-particle motion in the presence of
the pair correlations is described by the quasiparticle variables as discussed
on pp. 647ff.; the properties of the quasiparticle states are given in Table 6-5,
for the one-particle orbits in the two major shells closest to the Fermi surface.
The table gives the quasiparticle energies E (see Eq. (6-602)) and the occupation probabilities u2 (see Eq. (6-601)); the chemical potential involved in these
expressions has been obtained from Eq. (6-611).
The main consequence of the pair correlations for the response function
is the shift of the zero-frequency and low-frequency transitions up to the
quasiparticle excitation energies E, + E,, which are of the order of 2A. The
strength of the transitions is given by (see Eq. (6-610b))
B(A;v=O-+v=2,(jlj,)A)=(u,u,+

A

+ 1)Bsp(A;j1+j2)

(6-307)

It is seen that the pair correlations imply the occurrence of additional
transitions corresponding to orbits, which in the absence of the correlations
would be both occupied or both unoccupied; except when the orbits are close
to the Fermi surface, these transitions are relatively weak.
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Z=46
(Ap=1.4,hp= -2.7)
Orbit

N=60
(An=l.3,A,,=l.3)

E

E

V2

E

V2

- 8.1
- 7.4
- 6.8
- 2.9

5.5
4.9
4.3
1.4
3.7
4.0
5.6
5.8
7.4

0.98
0.98
0.97
0.57
0.04
0.03
0.02
0.02
0.01

9.4
8.8
8.1
4.4
1.4
1.3
1.9
2.0
3.5

0.99
0.99
0.99
0.98
0.7 1
0.6 1
0.13
0.1 1
0.03

+ 0.7
+ 1.0
+ 2.7
+ 2.9
+ 4.6
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Table 6-5 Properties of quasiparticle states. The one-particle energies in column two are obtained from the potential (6-299) and are measured relative to
the energy of the N = 4 oscillator level. All energies are in MeV. The table refers
t o a nucleus with Z=46, N = 6 0 .

Features of Dipole Modes (AT = 1- )

Photoresonance in spherical nuclei (Figs. 6-18 to 6-20)
Systematics of energy

A

The first vibrational mode to be observed in nuclei was the “giant
resonance” excited by photoabs~rption.’~
It is found that, in all nuclei, the

I9Early measurements with y rays from proton capture reactions had established the existence of a
strong nuclear photoeffect (Bothe and Gentner, 1939). The existence of the dipole resonance, often
referred to as the “giant resonance,” was recognized after the invention of the betatron had made
available y-ray sources of much greater intensity and flexibility (Baldwin and Klaiber, 1947 and 1948).
Even before the discovery of the photoresonance, it was recognized by Migdal (1944) that a mean
excitation frequency for dipole absorption could be derived from the nuclear polarizability, which in
turn is related to the symmetry energy in the mass formula. After the discovery of the rather sharp
resonance, more detailed models of the collective motion of neutrons with respect to protons were
developed by Goldhaber and Teller (1948), Jensen and Jenscn (1950), and Steinwedel and Jensen
(1950).
Evidence for the role of the single-particle degrees of freedom in the photoeffect was provided by
the observation that the ratio of (up) to (yn) processes in heavy nuclei is many orders of magnitude
larger than would follow from a statistical treatment(Hirze1and Waffler, 1947); this evidence prompted
the investigation of photoabsorption processes with the direct emission of protons (Courant, 1951). With
the growing evidence for nuclear shell structure, more detailed interpretations of the dipole mode were
attempted in terms of single-particle excitations (see especially Wilkinson, 1956). For a time, it was felt
that the independent-particle and collective descriptions represented opposite and mutually exclusive
interpretations (see the discussion at the Glasgow Conference, Weisskopf, 1955, and Wilkinson, 1955).
A significant step toward a clarification of this problem was the recognition that, in a system with
degenerate single-particle excitations, collective motion can occur without the introduction of correla-
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absorption cross section exhibits a strong maximum in the energy region from
10 to 25 MeV, depending on the mass number. An example is shown in Fig.
6-18, while the systematics of the resonance frequencies is given in Fig. 6-19.
The Au cross section shown in Fig. 6-18 has been measured with
monoenergetic y rays produced by the annihilation of positrons in flight. The
main mode of decay of the photoexcited nucleus is by neutron emission, since
60

50
197
7 4 IJ

h

“E
y.

-z
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-0
I-

3

30

v)
v)

U
J

g

20

u

10

0

t

(g2n)
Figure 6-18 Total photoabsorption cross section for 19’Au. The experimental data are from
S. C. Fultz, R. L. Bramblett, J. T. Caldwell, and N. A. Kerr, Phys. Reu. 127, 1273 (1962). The
solid curve is of Breit-Wigner shape with the indicated parameters.

tions beyond those implied by the identity of the particles. (This feature is the starting point for the
discussion in Sec. 6-2c.) This point was first encountered in connection with the analysis of independent-particle motion in a harmonic oscillator potential. For such a system, the complete degeneracy of
all the excitations produced by the center-of-mass coordinate implies that, even in the absence of
interactions, the ground-state wave function of the many-body system can be expressed as a product of
a function depending only on the relative coordinates and a collective center-of-mass wave function
describing zero-point motion in a harmonic oscillator potential (Bethe and Rose, 1937; Elliott and
Skyrme, 1955).
A similar argument, applied to the motion of neutrons with respect to protons, shows that the
collective dipole mode can be represented by a superposition of degenerate particle-hole excitations
(Brink, 1957). The effect of the interactions between the nucleons in collecting the dipole strength of
individual nucleonic excitations and shifting it to higher frequencies was exhibited by a shell-model
calculation for l6O (Elliott and Flowers, 1957), and the systematic character of this effect was
emphasized by Brown and Bolsterli (1959). The discussion in the present example focuses attention on
the dipole field and its relation to the phenomenological symmetry potential. A similar relationship is
exploited in the treatment based on the theory of Fermi liquids (see Migdal, 1967).

I

476

VIBRATIONAL SPECTRA

Ch. 6

E res
(MeV)
30

0

\r’

20

10

0
I

I

1

I

I

I

50

100

150

200

250

A
Figure 6-19 Systematics of dipole resonance frequency. The experimental data are taken
from the review article by E. Hayward (Nuclear Structure and Electromagnetic Interactions,
p. 141, ed. N. MacDonald, Oliver and Boyd, Edinburgh and London, 1965), except for 4He,
for which the resonance frequency is that given in the survey article by W. E. Meyerhof and
T. A. Tombrello, Nuclear Phys. AlW, 1 (1968). In the case of the deformed nuclei, which
exhibit two resonance maxima, the energy represents a weighted mean of the two resonance
energies. The solid curve represents the estimate based on the liquid-drop model (see Eq.
(6A-65)).
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the Coulomb barrier strongly inhibits emission of charged particles; thus, the
absorption cross section can be deduced from a measurement of the neutron
yield. Above about 15 MeV, the (y,2n) process contributes significantly; the
magnitude of this cross section has been determined by measuring the yield
of two neutrons in coincidence.
For the example shown in Fig. 6-18, the energy variation of the absorption cross section can be rather well described by a Breit-Wigner resonance
function with rv proportional to E 3 , as for dipole absorption. (The cross
section can also be represented by a resonance line of Lorentz shape; see the
small print below.) It should be emphasized, however, that the line shape
depends on the couplings that are responsible for the damping (see the
discussion on pp. 503ff.); thus, in the region far away from resonance, there is
no reason to expect the Breit-Wigner form to remain valid. For other nuclei,
the photoabsorption resonance exhibits additional structure (see Figs. 6-2 1
and 6-26).
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When the photon wave number ( k ~ ( 2 0 fm)-’E(MeV))
0
is small compared with the inverse nuclear radius, the main interaction is expected to be
of electric dipole type. The E 1 character of the observed photoresonance can
be directly verified from the magnitude of the measured cross sections, which
yields the reduced multipole transition probability for the excitation of the
observed mode. Thus, from Eqs. (3C-16) and (3F-13), we have
~ E I ~ E = ( ~
i ) +A
77’
y A+T )

L

k,

=

1

0.40Er,B ( E 1;O+res) MeV fm2

AT=l-

3.1 X 10-7(E,,)3B(E2;O+res) MeVfm’
4.4X 10-3E,,B(M1;O+res) MeVfm2

h=2+
AT= 1 +

(6-308)

where the energies are measured in MeV and the reduced transition probabilities in units of e2fmu for E h and (eA/2Mc)’ for M1. If the nuclear
ground state has a spin I,#O, the cross sections and matrix elements in Eq.
(6-308) refer to sums over final states with all angular momenta that can be
reached by absorption of a photon of the multipolarity considered. Comparison of Eq. (6-308) with the resonance parameters in Fig. 6-18 shows that if the
observed cross section is interpreted in terms of E 1 absorption, the value of
the oscillator strength is approximately equal to the dipole sum rule given by
Eq. (6-176); if interpreted in terms of E 2 absorption, the oscillator strength
exceeds the E 2 sum rule (6-177) by a factor of about 25. An interpretation in
terms of M1 would imply B(M1; O+ res)=4.9x Id (eA/2Mc)’. The total
M 1-excitation strength is expected to be of the order of ( ~ A / ~ Mtimes
C ) ~the
number of occupied orbits j = I + 1/ 2 , for which the spin-orbit partners,
j = I- 1/2, are empty (number of unsaturated spins; see Eqs. (3C-37) and
(6-304)). In Au, this number is of order 20; thus, the observed cross section
exceeds that expected for M1 absorption by more than a factor 100.
The scattering of y rays on a dipole oscillator with excitation energy E,, and
damping r yields a total cross section of Lorentz shape, as for the corresponding
classical scattering problem,

= a,

A

E ’Y2
( E Z - E2)’+ E 2 r 2

(6-309)
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The Lorentz shape represents the superposition of two terms of Breit-Wigner type
corresponding to the fact that the electric field of a photon is real and therefore
contains negative as well as positive frequencies. The scattering amplitude for the
photon field thus obeys the (crossing) symmetryf( - E ) = f * ( E ) . (The same symmetry
applies to the polarizability coefficients for real fields; see, for example, Eq. (6-286).)
In the analysis of nuclear photoresonances (individual resonances as well as the
giant resonance), one may often omit the negative energy resonance term, since it is
relatively insignificant for E= E,, and since, away from resonance, there may be
more important additional contributions to the cross section arising from other
neighboring and distant resonances. In the example illustrated in Fig. 6-18, the
difference between the Breit-Wigner and the Lorentz resonance forms amounts to an
approximately constant cross section of only a few millibarns.

Oscillator strength
As noted in the analysis of Fig. 6-18, the observed photoabsorption cross
sections imply that the oscillator strength of the dipole resonance is comparable to the classical sum rule value S(El),,,,, given by Eq. (6-176). The
systematics of the oscillator strength is shown in Fig. 6-20. The oscillator sum
S(E 1) plotted in the figure has been obtained from the integrated total photo
cross section

16a3
Ioto,dE= -S(El)
9ci c
(6-3 10)

( E, - E,)B (E 1;O+a)

S ( E 1) =_
a

A

For a single narrow resonance, the relation (6-310) follows from Eq. (6-308);
since the total cross section is linear in the forward scattering amplitude
(optical theorem; see Vol. I, p. 167), the relation (6-310) holds for an arbitrary
superposition of resonances. It must be emphasized that the relation (6-3 10)
neglects photoabsorption by other multipoles than E 1; moreover, for photon
wavelengths comparable with the nuclear radius, the E l-transition moment is
given by Eq. (3C- 12), which includes retardation effects.
While the oscillator strength in the dipole resonance is approximately
equal to S( E l)class,the available evidence implies that the photoabsorption
cross section integrated to E7= 140 MeV exceeds the classical sum rule value
by a factor of the order of 2. (See the review by Hayward, 1965, and the more
recent data by Ahrens et al., 1972.) For E,-lOO MeV, the photoabsorption
process involves momentum components in the nuclear wave functions that
are much larger than those associated with the single-particle motion and that
must be attributed to the short-range nucleonic correlations. Direct support
for this interpretation comes from the observation that a large fraction of the
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Figure 6-20 Total oscillator strength for dipole resonance. The observed total oscillator
strength for energies up to 30 MeV is given in units of the classical sum rule value. For the
nuclei with A > 50, the integrated oscillator strengths have been obtained from measurements of neutron yields produced by monochromatic y rays (S. C. Fultz, R. L. Bramblett, B.
L. Berman, J. T. Caldwell, and M. A. Kelly, in Proc. Intern. Nuclear Physics Conference, p.
397, ed.-in-chief R. L. Becker, Academic Press, New York, 1967). The photoscattering cross
sections have been ignored, since they contribute only a very small fraction of the total cross
sections. For the lighter nuclei, the yield of (yp) processes must be included and the data are
from: '*C and 27Al (S. C. Fultz, J. T. Caldwell, B. L. Berman, R. L. Bramblett, and R. R.
Harvey, Phys. Rev. 143, 790, 1966); I6O (Dolbilkin et al., loc.cit., Fig. 6-26). For the heavy
nuclei (A > 50), other measurements have yielded total oscillator strengths that are about
20% larger than those shown in the figure (see, for example, Veyssiere et al., 1970).

A

absorption processes leads to the emission of high-energy correlated neutronproton pairs (see Stein et al., 1960, and references given there). The observed
excitation functions and correlations are found to be compatible with the
assumption that the absorption is a two-nucleon process, as in the photodisintegration of the deuteron (Levinger, 195 1).
For photon energies of several hundred MeV, the absorption cross
section again rises (Roos and Peterson, 1961), and the main process appears
to be photomeson production proceeding through the excitation of individual
nucleons to baryonic resonance states. At still higher energies, the absorption
cross section for heavy nuclei is found to be significantly smaller than the
value corresponding to independent absorption by the individual nucleons

48oH

V

VIBRATIONAL SPECTRA

Ch. 6

(Caldwell et al., 1969; Alvensleben et al., 1970). Such a shadowing effect may
be understood by viewing the physical photon as a superposition of a bare
photon and small amplitude components of hadronic fields, such as the
neutral vector mesons p, cp, w (see Fig. 1-12, Vol. I, p, 63), which interact
strongly with nucleons. The interaction at the nuclear surface may strip the
photon of its hadronic components faster than these components can be
regenerated and thus impair the ability of the photon to interact with
nucleons encountered deeper inside the nucleus. The time for regeneration is
T ~ ~ ~ - ~ ( A Ewith
) - ' AE-(E;+
,
(mvc2)2)'/2- E , x ( m , ~ ~ ) ~ / 2 assuming
E,,
the
energy of the photon to be large compared with the mass m, of the vector
meson (or other hadronic component). The time for collisions of the vector
meson that lead to stripping of the photon can be expressed as r,,,-AV/c,
where A, is the mean free path. Since the period T , , ~increases proportional to
E, (time dilation), it may become large compared with 7,1; in such a
situation, the vector meson component associated with the photon wave is
attenuated over distances of order A,(x2 fm<<R for heavy nuclei), and the
associated photoabsorption process becomes a surface effect with a cross
section proportional to A2I3, as for the case of incident hadronic particles
(Stodolsky, 1967; see also Gottfried and Yennie, 1969, and Weise, 1974).
Analysis of dipole mode in terms of coupling to individual particles

The main features of the nuclear dipole mode can be understood as a
result of the interplay of the nucleonic excitations and the isovector potential
that they generate. A qualitative description can be obtained by assuming this
collective field to be proportional to the dipole moment
(6-3 1 1)

A

as suggested by the fact that the low-energy photoabsorption is dominated by
the single giant resonance.
The single-particle excitation spectrum produced by the field (6-3 11) is
illustrated in Fig. 6-16, p. 465 (for Z=46,N=60), and it is seen that the
dipole strength clusters around the energy Kw, that would characterize the
transitions in a harmonic oscillator potential. This qualitative feature of the
independent-particle response to a dipole field is also apparent in the observed one-particle spectra collected in Figs. 3-2b to 3-2f, Vol. I, pp. 321ff.
(The appearance of a rather well-defined characteristic frequency in the
single-particle response function is not sensitively dependent on the nuclear
potential; in fact, this feature persists even for a potential with a sharp surface
(infinite square well); Lushnikov and Zaretsky, 1965.) The concentration of
the one-particle dipole strength provides an immediate explanation of the fact
that there is only a single collective mode associated with the dipole absorption.
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Since the single-particle response to the dipole field corresponds to
almost degenerate excitations, we can obtain a simple description of the
collective mode by employing the results of Sec. 6-2c together with the
estimate of the strength of the isovector field coupling based on the observed
static symmetry potential in the nucleus (see Sec. 6-3d). In the absence of the
interactions, the mass and restoring force for the coherent dipole motion can
be determined from the sum rule relations (6-23) and (6-167)
(6-312)
which yields

(hao= 41A - 1/3 MeV)
The coupling constant associated with the field (6-311) can be obtained from
Eq. (6-127), which yields (note the difference of a factor (3/4a)'I2 in the
normalization of F employed in Eqs. (6-125) and (6-31 1))
K=

"1
-

4A(x2)
z113A-5/3 MeV fm-2e2.8A-'Mw;

((x 2, =

R z f ( 1.2A l 3f m)2

(6-3 14)

V l= 130 MeV)

We have employed the value of V,indicated by the differences of the binding
energies of protons and neutrons near the Fermi level (see Eq. (2-182) and the
evidence discussed in Vol. I, pp. 32C332). With the estimates (6-313) and
(6-314), the frequency and transition strength of the normal mode are given
by (see Eq. (6-27a))

(

')

1/2

hw=Kwo
:(:'
x 80A -'I3 MeV

(6-315a)

KA
a i = i ( n = 11F10)21= -=0.26A4l3fm2
2Mw

(6-315b)

The estimate (6-315a) of the dipole frequency agrees rather well with the
empirical values of Ere,for heavy nuclei (see Fig. 6-19) and thus supports the
interpretation of the main interaction effect in the dipole mode in terms of
the coupling to an isovector field of the strength implied by the symmetry
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potential. The observed oscillator strength of the dipole mode is approximately equal to the classical sum rule value (see Fig. 6-20), as in the above
description. (The effect of velocity-dependent interactions in modifying the
oscillator strength of the dipole mode is discussed below.)
For the nuclei with ,4550, the resonance frequencies in Fig. 6-19 are
systematically below the estimate (6-315). However, for these nuclei, it is
difficult to interpret the observed cross sections in terms of a single resonance
frequency, due to the existence of a large high-energy shoulder extending
beyond the peak in the cross section (Ahrens et al., 1972). The significant
photoabsorption in the region 30 MeV < E, < 50 MeV for these nuclei is also
reflected in the deficiency of the oscillator strength in the neighborhood of
the peak in the cross section (see Fig. 6-20).
Despite the success of the simple model employed above, one must
emphasize the many points that require further study in connection with a
quantitative analysis of the dipole mode. Thus, the above description is based
on an analysis of the isovector density and potential as a volume effect, but
the possibility remains that the interactions may be rather different in the
surface region. This problem is connected with the manner in which the field
(6-3 11) cuts off for r>, R ; the fact that the main oscillator strength in heavy
nuclei is concentrated in a single frequency region approximately given by the
above estimate suggests that the average radial matrix element for the
one-particle transitions in the dipole mode is not affected in a major way by
the cut-off. The additional dipole oscillator strength observed in the energy
region above the dipole resonance (see p. 478) appears to be associated with
short-range correlations between the nucleons, but the effect of these correlations on the collective dipole mode remains to be explored (see the comments
on p. 415). The problem is connected with the velocity dependence of the
effective interactions between nucleons in orbits near the Fermi level (see the
discussion on pp. 483ff.).
The strong isovector field implied by the above description of the dipole
mode could be directly tested by an analysis of the cross section for inelastic
nucleon scattering with excitation of the dipole resonance. (Such experiments,
employing high-energy protons, were initiated by Tyren and Maris, 1958. In
the interpretation of the cross sections, one is faced with the problem of
distinguishing between the isovector dipole mode and the rather near-lying
isoscalar quadrupole mode; Lewis and Bertrand, 1972.)
Another potentially valuable source of evidence on the dipole field in the
nucleus is the study of the contribution of the individual nucleonic configurations as revealed, for example, in the direct emission of nucleons in the decay
of the dipole mode (Kuchnir et al., 1967). The microscopic structure of the
mode, produced by the field F, is characterized by the amplitudes X and Y
(see Eq. (6-36)); an example is given in Table 6-4, p. 472. While main features
of the wave function are prescribed by the observed fact that the mode
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exhausts the major part of the dipole sum rule, the more detailed configuration structure may provide additional information on the structure of the
dipole field (radial variation, spin dependence, etc.).
Effect of velocity-dependent interactions

The presence of velocity-dependent interactions contributes new aspects
to the dipole mode (Migdal et al., 1965; Brenig, 1965). Such interactions
modify the mass parameter partly through their effect on the energies of the
one-particle excitations and partly through the additional coupling of the
velocities of the particles to the collective flow.
If the velocity-dependence of the one-particle potential can be expressed
in terms of an effective mass M* for excitations near the Fermi surface (see
Vol. I, p. 147), the dipole mass parameter D(O) for independent-particle
motion is multiplied by the factor M * / M (see Eq. (6-312)),

(6-316)

where the dimensionless parameter k, measures the magnitude of the velocity-dependent potential in units of the kinetic energy.
The additional interactions associated with the velocity dependence are
analogous to those encountered in the analysis of the isoscalar dipole mode
(pushing model; see pp. 445ff.). In the latter case, the structure of the
coupling is obtained from the requirement of Galilean invariance in the
presence of the effective mass term. Using a collective coordinate aT,, equal
to the isoscalar dipole moment, in analogy to the definition of the isovector
dipole coordinate in Eq. (6-31l), the coupling (6-262) can be written
(6-317)
where wT7-,= D&,=,= A -‘M&,=,= A -‘P is the momentum conjugate to
aT-,. (The relation between the effective coupling (6-3 17) and the effective
mass was pointed out by Landau, 1956.)
In the isovector mode, there can occur a velocity-dependent coupling
that is the analog of (6-317)
(6-318)
A

involving an isovector coupling constant k,.In Eq. (6-318), we have assumed
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the simple form (6-31 1) for the collective coordinate of the isovector mode,
which corresponds to
1
(6-319)
Ir,=
1= (P7z)k
*

z
k

The interaction (6-3 18) summed over the particles gives a term proportional
to (w,,,)~ and thus a contribution to the mass parameter for the isovector
dipole mode. With inclusion of the effective mass term (6-316), we obtain, for
the total mass parameter
1
A
(6-320)
-=-(l+k,-k,)
D M
Whereas for a system with only one type of particle, the interactions do not
contribute to the mass parameter of the dipole mode (center-of-mass motion),
as a result of Galilean invariance, the velocity dependence of the interactions
does contribute to the mass parameter of the isovector mode in the two-fluid
system, through the combination k, - k, representing the neutron-proton
interaction. (In the Landau theory (see Migdal et al., 1965), the coupling
constants k, and k , are conventionally expressed in terms of the parameters
f l = (f;" + ,cPp)/2 = - (3 k,/2)( 1 + ko)and f;= (f;" -f 3 / 2 = - (3 k /2)
(1 + /?,)-I.)
The result (6-320) implies that the oscillator strength of the dipole mode
is multiplied by the factor (l+k,-k,), as a consequence of the velocitydependent interaction. It should be emphasized that this modification is a
result of the effective interactions between particles with energies in the
neighborhood of the Fermi surface and thus appears in the collective dipole
mode. In contrast, the modification of the E 1-oscillator strength implied by
the charge and velocity dependence of the basic nucleonic interaction (see,
for example, Eq. (6-200)), refers to the total oscillator sum of the system and
includes the strength associated with photoabsorption processes with
frequencies large compared to that of the dipole resonance.
The modification in the current implied by the velocity-dependent effective interactions also manifests itself in the magnetic moment associated with
the orbital motion of the particles." As in the discussion of the dipole mass
parameter, one must consider the contributions from the effective mass term
in the one-particle potential as well as from the velocity-dependent interactions. The first contribution implies that the orbital g factor, measured in
units of eK/2Mc, receives the increment

'

A

(6-321)

present discussion is equivalent to that of Migdal (1966) based on the Landau theory of
Fermi liquids (see also the discussion and references in Sec. 3C-6). The contribution of mesonic
exchange effects to the orbital g factor was pointed out by Miyazawa (1951); the relationship of these
effects to the modification of the dipole oscillator sum has been discussed by Fujita and Hirata (1971).
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reflecting the modified velocity of a quasiparticle (proton) of given momentum. The couplings (6-317) and (6-318) imply that, in the presence of a
particle i with momentum pi, each of the other particles k receives the
velocity increment

and a summation over the particles k yields

x ax,=
k

k0

- -pi

M

(6-323)

If the velocity-dependent couplings can be attributed to effective interactions
with a range small compared with the nuclear radius, the extra current (6-323)
is localized in the neighborhood of the particle with momentum pi, and can
be included as a renormalization of the local current associated with this
particle. The resulting effect on the orbital g factor is

and the total modification of g, becomes

A

The result (6-325) involves only the neutron-proton interaction (ko- k l ) ,
corresponding to the fact that in a system with only a single type of particle,
the interactions, if Galilean invariant, do not modify the total current for
given momentum. The same argument shows that in the two-fluid system,
with N = Z, the interaction effect on g, must be isovector (proportional to rz),
since the isoscalar current (associated with a motion of the center of mass) is
not affected by the velocity-dependent interactions. Since Sg, vanishes when
averaged over the particles, it follows that, in a system with neutron excess,
the factor r2 in Eq. (6-325) is to be replaced by r Z - ( 7 , ) = r 2 - ( N - Z ) / A .
(The contributions to Sg, from the velocity-dependent interactions are analogous to the corrections to the M I operator that result from a spin-orbit
force; see the discussion in Sec. 3C-6e, based on a Galilean invariant
two-body interaction, the average of which reproduces the spin-orbit coupling
in the one-body potential.)
In the presence of a neutron excess, the velocity-dependem interactions
also lead to a difference in the effective mass of neutrons and protons that is
linear in (N - Z ) / A ; thus, the requirement of Galilean invariance implies
that the interaction (6-318) must be associated with an isovector term in the

VIBRATIONAL SPECTRA

486H

Ch. 6

one-body potential corresponding to (M/M*),=,
= k , ( N - Z ) A -IT=;
however, an additional isovector term linear in (N- Z ) / A may be associated
with a coupling between T, and wl, corresponding to a difference in the
effective nn and pp interactions at the top of the Fermi distributions.
Although the observed energy differences between single-particle states
near the Fermi surface appear to be consistent with a velocity-independent
potential, this interpretation is uncertain, since a velocity dependence may be
masked by self-energy effects (see the discussion on p. 430). The appropriate
value of k, to be employed in the present context therefore remains an open
question.
The analysis of empirical magnetic moments in the region of ’08Pb has
provided tentative evidence for a renormalization of g, by about Sg,- - 0.
(Yamazaki et al., 1970; Maier d a/!,1972; Nakai et al., 1972). This evidence
may suggest k,- k l m 0.2 (see Eq. (6-325)), and hence an oscillator strength in
the dipole resonance about 20% larger than the classical value (see Eq.
(6-320)). Such a value of the oscillator strength is compatible with the
available empirical evidence on the dipole mode in heavy nuclei (see the
caption to Fig. 6-20).
El -polarization charge

The coupling of the dipole mode to the single-particle motion produces a
renormalization of the isovector dipole moment of the particle, described by
the polarizability coefficient (see Eqs. (6-216), (6-3 13), and (6-3 14)),

x=---K

(ha)2
(ha)’ - (AE)’

(6-326)

where AE is the transition energy.
The electric dipole moment is a combination of isoscalar and isovector
moments (see Eq. (6- 123)). However, the isoscalar dipole moment represents a
center-of-mass displacement and does not contribute to intrinsic excitations.
Hence, the effective charge for E 1 transitions is
e,,,(E 1) = - :e7, (1 + x)

A

(6-327)

The estimate (6-326) for x implies a major reduction of the low-frequency
E I-transition strength.
For transition energies AE comparable with or greater than the resonance energy ha, the coupling gives rise to an increase in the single-particle
transition strength, which may account for the observed enhancement of the
cross section for direct radiative capture of nucleons (Brown, 1964; Clement
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et al., 1965; the direct capture resulting from the polarization charge is
sometimes referred to as “semidirect capture”). For A E-hw, the damping of
the dipole mode becomes of importance and can be taken into account by
adding the imaginary parts T i r / 2 (where r is the resonance width) to the
factors ( h w 7 A E ) in the energy denominator in Eq. (6-326); see Eq. (6-286).
In the capture process, the dipole transition moment may receive appreciable
contributions from the region outside the nucleus, and thus the polarization
effect may be sensitive to the radial form factor for the dipole field (see, for
example, Zimanyi et al., 1970).
Effects of neutron excess

The above analysis of the properties of the dipole mode refers to nuclei
with N = Z . Because of the symmetric role of neutrons and protons, the
frequency and T = 1 oscillator strength of the dipole mode are even functions
of N - Z ; hence, the leading-order corrections for neutron excess are of order
( N - Z ) ’ / A ’ and thus negligible in the present context. Moreover, as a
consequence of the translational invariance, the dipole mode, as is the case
for any internal excitation, carries no T = 0 dipole moment; hence, also the E 1
moment of the collective mode is unaffected to first order in N - Z . (In
contrast, the charge exchange modes are strongly modified by the neutron
excess; see the example on pp. 493ff.)
However, the neutron excess implies that the field in the dipole mode
acts more strongly on the protons than on the neutrons, and this difference
leads to terms in the effective charge that are linear in ( N - Z ) / A . In the
schematic model, in which the dipole field is taken to be proportional to the x
coordinate, the requirement that the dipole field should only depend on
coordinates relative to the center of mass X leads to the form
F=

(xk-x)(7z)k

k

=

F

Xk

(

7, -

”-”)
A

(6-328)

k

Since (N - Z ) / A represents the average value (T,) of the nucleonic isospin,
the field (6-328) can be seen to act on the deviation of the isospin from its
average value, and thus to vanish at each s p x e point when averaged over the
total density.
Since, as argued above, the E 1 moment and the coupling constant for
the dipole mode are not affected to first order in the neutron excess, the
coupling of the particle motion to the field (6-328) yields the polarization
charge
(6-329)

A

with

x

given by Eq. (6-326).
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An additional contribution to e,,, linear in the neutron excess, is contained in the recoil effect (correction for center-of-mass motion). This contribution, given by Eq. (3C-35), combined with the polarization charge (6-329),
yields the total effective charge for E 1 transitions
(6-330)
(The recoil contribution can be viewed as a polarization charge resulting from
the coupling between the particle motion and the “spurious” center-of-mass
vibrational mode. This coupling, given by Eq. (6-256), is proportional to
- a V / ax = Mx and hence to the dipole moment of the particle multiplied by
(AE)’. The zero-frequency center-of-mass mode thus contributes a frequencyindependent polarization charge (see Eq. (6-2 16)) of magnitude 6epoI=
-Ze/A (as can be obtained from the diagrams in Fig. 6-8, noting that the
center-of-mass mode has the electric dipole moment Zea).)
The analysis of the observed strength of low-energy E 1 transitions in the
region of 208Pb has led to the estimates l(eeff),,1x0.15e for neutrons and
=0.3e for protons (Hamamoto, 1973) to be compared with the values 0.12e
and 0.18e given by Eq. (6-330).
Comparison with liquid-drop description of dipole mode
The properties of the dipole mode can also be described by the liquiddrop model, in terms of oscillations of the neutron fluid with respect to the
proton fluid, characterized by the isovector density pl(r) = p,(r) - p,(r) (see
Sec. 6A-4). The lowest dipole mode has the frequency and oscillator strength
(see Eqs. (6A-65) and (6A-70))

+

B(E 1; 0 +1 - ) hiw=0.86S(E
( R = 1.2A ‘1’ fm;

A

(6-331)

bsym= 50 MeV)

where the coefficient bsymis the nuclear symmetry energy obtained from the
empirical mass formula.
The liquid-drop model is based on the assumption of a local energy
density and is therefore not in general expected to describe the dynamics of a
system with a shell structure (see the comments on p. 351). The dipole
oscillation, however, is a special case, since this single mode approximately
exhausts the oscillator sum rule; the properties of this mode vary smoothly
with N and Z, and can therefore be expressed in terms of macroscopic
nuclear parameters.

DIPOLE MODES

v

1489

In the comparison of the parameters of the liquid-drop model with those implied
by the above microscopic treatment in terms of particle excitations, we shall ignore the
rather minor effects associated with the fact that the radial form factor in the
liquid-drop description is proportional to the spherical Bessel function j1(2.08r/ R)
(see Eqs. (6A-62) and (6A-64)) and thus deviates somewhat from the linear expression
6 p , = -ar

(6-332)

which corresponds to the field (6-31 1).
The mass parameter of the dipole mode is directly given by the oscillator strength
and is thus model independent, provided the sum rule is exhausted. (See also the
discussion of the relation of irrotational flow to the mass parameter of a single mode
with the full sum rule oscillator strength, p. 405.)
The restoring force for the dipole mode represents the energy required to produce
a static isovector deformation of the form (6-332). In the liquid-drop model, this
energy is expressed in terms of an energy density proportional to (SpJ2 (see Eq.
(6A-6 l)), and the resulting restoring force parameter is
(6-333)
In the microscopic description, the restoring force is obtained as a sum of two terms,
C= C(O)+K . The first term results from the one-particle excitation energies, while the

second term gives the effect of the interactions. This separation corresponds to the
analysis of bsymin terms of a kinetic and a potential energy part (see Vol. I, p. 142).
The potential energy part of b,
reflects the contribution to the nuclear energy
resulting from the field V , , and the relation (bsydpot= V , (see Eq. (2-28)) implies
that the potential energy part of the restoring force (6-333) is equal to K , as in the
microscopic description (see Eq. (6-314)). The above estimate of the kinetic energy
part of the restoring force, C", is based on the available empirical evidence on the
one-particle excitation spectrum and differs somewhat from the kinetic part of
expression (6-333). Thus, the value of C(') in Eq. (6-313) corresponds to (bsy&.in=12
MeV, and together with the value ( b s y ~ p o tV
= l~c 3 2 MeV leads to a total bSy,w:44
MeV, which is somewhat less than the value bsym= 50 MeV obtained from the
empirical mass formula. Hence, the restoring force employed in the above microscopic
analysis is about 12% smaller than the value (6-333). The difference is relatively small,
since the main part of C is associated with the interactions. The close agreement
between the resonance frequencies given by Eqs. (6-315) and (6-331) results from the
fact that the mass parameter for the liquid-drop model is about 15% larger than the
value (6-313), as a consequence of the distribution of the oscillator strength over a
number of different normal modes.
The above separation of bsyminto its kinetic and potential parts differs somewhat
from the analysis in Vol. I, p. 142, which is based on the Fermi gas model. An
improved estimate of the average spacing of levels near the Fermi surface may be
based on the observed one-particle spectra, which give g0=2( go)nw2(g0)p=0.060 A
MeV-', as obtained from the one-particle level densities of neutrons and protons
separately (see, for example, Figs. 5-2 to5-6, pp. 222ff. as well as the estimate based on
the degeneiacy of the oscillator shells as employed in Eq. (2-125a)). Since (b,,,,,,),,
= A ( go)-', we obtain (bsym)kin=16MeV, which yields (b,,&,,= bsym-(bsym)kin=34
MeV, in good agreement with the value V,=130 employed in the above analysis.
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Splitting of resonance in deformed nuclei (Fig. 6-21; Tables 6-6 and 6-7)
In a deformed nucleus with axial symmetry, the dipole resonance is split
into two components with v=O and 1 (Danos, 1958; Okamoto, 1958). The
splitting between the two modes is, to leading order, proportional to the
deformation (see Eq. (6-277))

( E )- 1 ( E ( v = l ) -

A

AR
E(~=0))=6=R

(6-334)

where E is the mean resonance energy. The constant of proportionality
between A E / E and 6 is somewhat model dependent (see the discussion on p.
454).
While the v=O mode represents oscillations in the direction of the
nuclear symmetry axis, the v = 1 mode is associated with oscillations in the
two perpendicular directions. Thus, if the dipole sum rule is exhausted by
single v = 0 and v = 1 resonances, it is expected that two thirds of the oscillator
strength will be contained in the v = 1 mode and one third in the mode with
v = 0. For a deformed nucleus without axial symmetry, the photoabsorption
line would be split into three components with equal oscillator strength.
The photoeffect in deformed nuclei has been found to give rise to cross
sections with two major peaks with approximately the expected intensity ratio
(Fuller and Hayward, 1962). An example is illustrated in Fig. 6-21, which
shows the photoabsorption cross section for a series of Nd isotopes. The onset
of a static deformation for 15%d (as revealed by the rotational spectrum, see
Fig. 4-3, p. 27) is seen to give rise to a splitting of the dipole resonance. The
resonance parameters for a fit to the Lorentzian line shape (6-309) are listed
in Table 6-6; the oscillator strength is proportional to j o d E and hence to aJ,
and the ratio of the oscillator strength in the two peaks is therefore about 2: 1.
The observed energy separation of the peaks can be used to obtain an
estimate of the nuclear deformation by means of Eq. (6-334). The values
obtained in this manner are compatible with those obtained from measured
E 2 moments, as illustrated by the data in Table 6-7. The significance of the
differences in the two determinations of 6 is at present difficult to assess, in
view of the uncertainty in the numerical value of the coefficient in the
relation (6-277), as well as in the treatment of higher-order terms in the
deformation. (Thus, if one assumes the resonance frequencies to be strictly
proportional to the inverse major and minor axes, the deformation 6
evaluated from Eq. (6-334) equals AR/ R - (AR)2/3 R ’, while the deformation evaluated from Q,, by means of Eq. (4-72) equals AR/R+(AR)2/6R2
(see Eq. (4-73)); the difference in the second-order terms in (AR/ R) amounts
to about 15% in the determination of 6, which represents a significant part of
the discrepancies in Table 6-7.)
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Figure 6-21 Photoabsorption cross section for even isotopes of neodymium. The experimental data are from P. Carlos, H. Beil, R. Bergere, A. Lepretre, and A. Veyssiere, Nuclear
Phys. A172, 437 (1971). The solid curves represent Lorentzian fits with the parameters given
in Table 6-6.
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A direct test of the interpretation of the splitting of the photoresonance
line in terms of a deformation effect can be obtained by a measurement of
the dependence of the absorption cross section on the orientation of the
nucleus with respect to the direction of the incident photon beam. Such a test
of the expected photoanisotropy of "j5H0 has been performed by Ambler et
al. (1965) and Kelly et al. (1969).

&(MeV)

a, (fm2>

I'(MeV)

14.9
36
4.4

15.0
32
5.3

14.8
31
6

14.7
26
7.2

12.3

16

17
3.3

22

5.2

Table 6-6 Parameters for the dipole resonance in even neodymium isotopes.
The table gives the parameters for the Lorentzian resonance curves drawn in
Fig. 6-21. The cross section for '%d has been fitted to the sum of two
resonance functions.
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A test of the quantum number K for the nuclear photoresonances can be
obtained from a study of the ratio of elastic and inelastic photoscattering
leading to rotational excitations (Raman scattering). Thus, for the case of an
even-even nucleus, scattering through a K = 0 resonance leads to a population
of the ground state and the 2 + rotational state in the ratio 1 :2, as given by
the rotational relations for E 1 transitions (see Eq. (4-92)), neglecting the
energy difference between the scattered y rays. In contrast, for scattering
through a K = 1 resonance, the ratio of elastic to inelastic scattering equals
2: 1. More generally, the elastic scattering is proportional to the absolute
square of the scalar polarizability p(O), whereas the inelastic scattering is
proportional to the square of the tensor polarizability p(2)(see Eqs. (6-289)).
The relative resonance scattering cross sections are therefore given by

p1+p2+p312

(Jd = 2
lJlncl

(6-335a)

12P3-Pi -P2

W(8)=

(I, 1y.

-( 1 + cos2e )
1677

(13 +cos28)

A

I, = o

(elastic)

I,=2

(inelastic)

(6-335 b)

where the angular distributions (6-335b) follow from the fact that the photon
can only excite states with I = 1, M = 2 1. In Eq. (6-335a), the polarizabilities
p, with respect to the principal axes of the nucleus are given by Eq. (6-287). In
the estimate of the elastic scattering, one must include the contribution from
the Thomson scattering, which arises from the center-of-mass motion of the
nucleus and is equivalent to resonance scattering from an oscillator with zero
frequency and oscillator strength Z / N , relative to the classical sum-rule value
(6-176); see the discussion following this equation.
The Raman scattering of mono-energetic y rays with energies of the
order of 10 MeV has been observed for 232Thand 238U,and the intensity
relative to the elastic scattering is found to be in approximate agreement with
the resonance parameters obtained from the analysis of the photoabsorption
cross section (Hass et al., 1971; Jackson and Wetzel, 1972). Thus, for the 90"
scattering of 10.8 MeV photons on 238U,one estimates, on the basis of Eq.
(6-335), a ratio of 1.0 between inelastic and elastic scattering, to be compared
with the measured value of 0.8 (Jackson and Wetzel, loc. cit.). In the
theoretical estimate, we have employed the resonance parameters for 238U
given by Veyssieres et al., 1973 (Eo= 11.0 MeV, r = 2 . 9 MeV, 0,=30 fm2, for
Y =O; Eo= 14.0 MeV, r = 4 . 5 MeV, ao=37 fm2, for v = 1) and have included
the Thomson scattering, which reduces the elastic scattering by about 20%.
(For the energy considered, the Thomson amplitude is comparable, and of

I 4y3
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Nucleus

E(v=O)

E ( v = 1)

&(El)

a( Qo)

153E~
I59Tb
dG@
''

12.3
12.2
12.2
12.2
12.5
12.6
11.1
10.8
11.1
11.0

15.8
15.8
16.0
15.7
15.2
14.9
14.1
14.1
14.2
14.0

0.24
0.25
0.26
0.24
0.19
0.16
0.23
0.25
0.24
0.23

0.34
0.34
0.35
0.33
0.26
0.22
0.24
0.26
0.25
0.26

1

6

5

Ig1Ta
1 8 6 ~

232Th
235u

237Np
238u

~

~

Table 6-7

Comparison of deformation parameters derived from splitting of
E l resonance and from E2-matrix elements. The energies E ( v = O ) and
E ( Y = 1) of the two resonance peaks in the photoabsorption cross sections
are taken from: IS3Eu,159Tb, I6OGd, la5Ho, 181Ta, lS6W(B. L. Berman, M. A.
Kelly, R. L. Bramblett, J. T. Caldwell, H. S. Davis, and S. C. Fultz, Phys.
Reu. 185, 1576, 1969); z3SU(C. D. Bowman, G. F. Auchampaugh, and S. C.
Fultz, Phys. Reu. 133,B676, 1964); I59Tb, '"Ho, I8'Ta (R. Bergbre, H. Beil,
and A. Veyssiere, Nuclear Phys. A121, 463, 1968); "'Th, 237Np,u8U (A.
Veyssitre, H. Beil,. R. Bergbre, P. Carlos, A. Lepretre, and K. Kernbath,
Nuclear Phys. A199, 45, 1973). The deformation parameters 6(Qo) are from
Fig. 4-25, p. 133, and the additional references: 235U(S. A. De Wit, G.
Backenstoss, C. Daum, J. C. Sens, and H. L. Acker, Nuclear Phys. 87,657,
1967); '"Np (J. 0. Newton, Nuclear Phys. 5, 218, 1958).

V

opposite sign, to the real part of the resonance scattering amplitude, but the
main part of the elastic cross section is contributed by the imaginary part of
the resonance scattering amplitude.)

Isobaric quantum number. Charge exchange modes (Figs. 6-22 to 6-24)
The nuclear photoresonance can be seen in a wider perspective when it is
recognized as a single component (with p,=O) of the isovector dipole modes.
The additional components (with p, = 2 1) represent charge exchange modes,
and the study of the multiplet of excitations leads to a variety of phenomena
associated with the coupling of the isospin in the dipole motion to that of the
neutron excess. (The spectrum of the dipole modes in nuclei with neutron
excess has been treated by Fallieros et al., 1965; Novlkov and Urin, 1966;
Petersen and Veje, 1967; Goulard and Fallieros, 1967; Ejiri et al., 1968.)
Effect of neutron excess on dipole frequencies and transition strengths

A

In a nucleus with N = 2 and To= 0, the charge exchange modes of dipole
excitation are related to the p, = 0 mode by isobaric symmetry (see Fig. 6-4, p.
376). In the presence of a neutron excess (To#O), the excitation of an
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isovector quantum leads to nuclear states with T= To+ 1, To, and To- 1 (see
Fig. 6-5, p. 382).
The effect of the neutron excess on the dipole modes with the different
values of AT= T - To can be seen most easily by considering the dominant
transitions with pT= AT, leading to the fully aligned states MT = T (see Fig.
6-5, where these transitions are indicated by arrows). The properties of the
excitations with M,< T can be determined from those of the fully aligned
states by exploiting rotational invariance in isospace (see Eq. (6-132)). The
transitions with pT= AT are associated with the particle-hole excitations
illustrated in Fig. 6-22. As can be seen from Fig. 6-22, the neutron excess
implies a reduction in the number of particle-hole dipole excitations with
pT= + 1 and a corresponding increase in those with cz, = - 1 . The particle-hole
excitations with pT=O and - 1 are not in general eigenstates of the total
isospin (see, for example, the analogous situation for one-particle states
considered in Fig. 3-1, Vol. I, p. 315). However, for To>>l, the components
with T # To+ pT are small (amplitudes of order T;'/' or smaller) and can be
neglected in the analysis of the collective modes. (For small values of To, the
effect of the neutron excess is only a perturbation, and the analysis on pp.
500ff. yields correctly the terms of leading order in To.)

pT=-1
AT z-1

Pr' 0
AT

=0

pz=+l
AT=+l

Figure 6-22 Particle-hole excitations associated with dipole modes in a nucleus with
neutron excess. The hatched domains represent the particle orbits that can be excited by the
dipole field.

v

The generalization of the dipole field considered for pT=O (see Eq.
(6-3 1 1)) leads to the isotriplet

(6-336)

A

with ~ , , ~ = 2 t , and
, , t,,, given by Eq. (6-120). The single-particle excitations
produced by the fields (6-336) are approximately degenerate (see Fig. 6-16),
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with energies (see Eq. (2-26) for the symmetry potential)
(6-337)
where EGUlis the average Coulomb energy for a single proton. (The charge
exchange frequencies in Eq. (6-337) are defined in terms of binding energy
differences rather than mass differences; see comment on p. 376.)
The strength of the one-particle dipole transitions that contribute to the
collective modes is characterized by the matrix elements of Fp, leading from
the unperturbed ground state Iv = 0) to the coherent single-particle excitation
In:)=
1); compare Eq. (6-21). In the following, we shall use the notation
():n

,&z

= 11 Fp,Iv = 0 )

(6-338)

(The magnitude of these zero-point amplitudes might also have been denoted
by ( a ~ ) ) , .In
) the standard representation, the matrix elements of F are
imaginary and the quantitiesf therefore real. For N = 2, the matrix elementsf
are independent of pT, but the neutron excess implies an increase in the
strength of the n+p transitions relative to that of the p+n transitions (see
Fig. 6-22). The decrease in f: is compensated by the increase in f! and, to
first order in (N- Z ) / A , we have (see Eq. (6-312))

,,

f(f: 1 +fl I ) =fO= 2Mu,
YIA

(6-339)

The difference between ff, and f:, can be evaluated in terms of the
commutator of F- I and F+ = - F t

,,

fZ1- ~ : ~ = ( V = O ~ [ F - , , F + ~ ] I V = O )
= (v=

012
k

(T ~ X * ) ~ ~ 0)
V == 2(N - Z ) ( X * ) , , ~ ~(6-340)
~

where ( x ’ ) , , ~ ~represents
~
an average for the excess neutrons.
The interaction is the charge-independent extension of that assumed for
the & = 0 mode (compare Eq. (6-24))

=- + K ( F + ~ F ~ , + F ~ , F + ~ ) + + K F ~

with the coupling constant K given by Eq. (6-314). The field F + I creates
particle-hole quanta with pT= 1 and annihilates quanta with pT= - 1 ;hence,
the charge exchange interaction involves partly terms that are diagonal in the
number of quanta n$\ and partly terms that create and annihilate pairs of

+

A

(6-341)
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quanta with pT= + 1 and K = - 1. The latter terms imply a coupling between
the two charge exchange modes, but the fact that the interaction creates and
annihilates the quanta in pairs leads to a conservation of the difference in the
number of quanta of the two modes
n + l - n - l = n ( 0 )+ I

- n-1
(0)

(6-342)

The normal modes arising from the interaction (6-341) are derived in the
small print below; the frequencies w -c and the transition probabilities
I(n = lIF, ,lO)l' are given by Eqs. (6-355) and (6-358); see also Eq. (6-353).
The pattern of the dipole modes with CL, = 0, ? 1 is shown in Fig. 6-23 as
a function of the neutron excess. The properties of the pT= 0 mode are not
affected to first order in (N- Z ) / A (see p. 487); for this mode, the values in
Fig. 6-23 are those given by Eq. (6-315). In Fig. 6-23, the difference between
the single-particle strengths f $ and f! is characterized by the parameter v,
f:1=fo(lTv)

(6-343)

The difference in the single-particle charge exchange frequencies is taken to
be proportional to the difference in the transition strength
21

- wo( 1 T v)

(6-344)

as would apply to nuclei close.to the P-stability line, assuming the difference
fl -f: to be proportional to the difference between the Fermi energies of
neutrons and protons. (For a given nucleus, the appropriate values of w* can
be obtained from those in Fig. 6-23 by noting that a change in to$'), - w?),
leads to an equal change in w - w - 1, as a consequence of the consemation
law (6-342).)
The quantity v expresses the neutron excess in units of the number of
particles in a major shell of the harmonic oscillator. Thus, from Eqs. (2-151)
and (2-152),21we obtain
v = (3N)'13 - ( 3 . ~ ) " ~
+

-0.76A

-2/3(

N -2 )

(6-345)

For nuclei along the line of P stability, Y approaches unity for Ax200.
In terms of the parameter v, the charge exchange frequencies and
transition probabilities (6-355) and (6-358) take the form
iiw ,1=

( T v( 1 + {) + (1 + 2{ + { 4 2 ) 1 / 2 ) h w o

(6-346a)
(6-346b)

"In the last step of Eq. (2-152), a factor f has lamentably been omitted.
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t

Y

Figure 6-23 Properties of charge-exchange dipole modes as a function of neutron excess.
The frequencies and dipole matrix elements for the charge exchange modes are plotted as a
function of the parameter v that measures the magnitude of the neutron excess. For v > 1,
the mode labeled + 1 represents an excitation in the K = - 1 channel. The matrix elements
M are defined by ifoM = (n I = 11F , ,lo) and equal the zero-point amplitudes (a I)o,
in units of fo (The frequency unit wo is the unperturbed oscillator frequency (= ~ 2 1 ~ ) ) .

,

V

,

with
(6-347)
The quantities in Fig. 6-23 are plotted for { = 1.35, which is approximately the
value obtained from estimate (6-314) for K .
It is seen from Fig. 6-23 that the charge exchange modes are quite
sensitive to the symmetry breaking implied by the neutron excess. Thus, for
example, the nucleus considered in Fig. 6-16, with Z = 4 6 and N=60, has
vx0.48, for which W - , : W , ~ X ~ and M - , : M + , x 7 . For v>1, the p T = + l
mode is replaced by a second pT= - 1 mode associated with transitions
leading to a decrease by 1 unit in the harmonic oscillator quantum number.
The frequency and transition strength of the second pT= - 1 mode are
obtained from those given for the pT= + 1 mode in Eq. (6-346) by an
inversion of the sign, and are also illustrated in Fig. 6-23.
The charge exchange modes could be studied by reaction processes such
as (pn), (3He 3H), (~+,rro), etc., and the charge conjugate processes leading to
pT=
1 excitations. At present, there appear to be no experimental data on
the dipole excitations produced in such processes.
The collective dipole modes with pT= It 1 play a significant role in weak
interaction processes, such as in the capture of p - mesons (Balashov et al.,
1964; Barlow et al., 1964; Foldy and Walecka, 1964). Allowed p-capture

+

A
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processes involve mainly the moment sr, and, hence, are strongly reduced in
nuclei with saturated spins, as in I60and ' V a , and in nuclei with large
neutron excess. In such cases, the capture rate may be determined by the first
forbidden transitions; the part of these involving the spin-independent transition moments ( M(p,,X= I), J ( j v , ~ = O , h =1); see Eq. (3D-43)) is expected
to be concentrated mainly on the collective pT= + 1 dipole mode. These
matrix elements may also be studied in the p decay of neutron-deficient
nuclei, for which the Q value exceeds the excitation energy of the pT= + 1
mode. However, the first forbidden transitions in p capture and p decay, in
addition, involve the spin-dependent transition moments, which populate the
modes with u = I,KXI,X=O,1,2 (see p. 383; for a review of the evidence on
nuclear charge exchange matrix elements obtained from p-capture, see
Uberall, 1974).
The dipole mode with T = To+ 1 can also be observed in the pT = O
transitions leading to the isobaric analog state with M,= T - 1 = To. This
transition is weak in comparison with the T = To transitions, partly as a result
of the factor (To)-' arising from the vector addition coefficient in Eq. (6-128)
(see also Eq. (6-133)), and partly from the reduction in the number of
excitations that can contribute in the presence of the neutron excess (see Fig.
6-22). For not too large values of the neutron excess, the energy separation
between the T = To and T = To+ 1 dipole modes can be expressed in terms of
a coupling of the general form (6-130), leading to

+

E ( T = To I ) - E ( T = To)= a ( To+ 1)

(6-348)

and the coefficient a can be obtained from Eqs. (6-355), (6-337), and (6-340),
a =A

A

-I

v, - 2K(X2),exc

(6-349)

The first term in a represents the effect of the symmetry potential, which
favors states of lower isospin (see Eq. (6-129)). The second term results from
the reduced dipole interaction energy in the mode with T = To+ 1; this effect
can be directly obtained from the conservation law (6-342) by noting that the
first-order terms in ( N - Z ) in the interaction (6-341) (see also Eq. (6-351))
are contained in the energy that is diagonal in .$"I. (The second term in a in
Eq. (6-349) can also be viewed as a second-order effect of the particlevibration coupling, which gives rise to an interaction between the excess
neutrons and the dipole quantum; see Fig. 6-24 and Eq. (6-360)) If the value
of (x2) for the excess neutrons is taken to be the same as for the total density
distribution ((x2)x(1.2 A
fm)2/5), the estimate (6-314) for K leads to
a x V I / 2 A x 6 5 A - ' MeV.
The T = To+ 1 dipole mode has been identified in a wide range of nuclei
by photoprocesses and inelastic electron scattering (Axel et al., 1967; Shoda
et al., 1969; Hasinoff et al., 1969; see also the review by Paul, 1973). The
energy difference between the T = To and T = To+ 1 modes is found to be in
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accordance with the relation (6-348), with the parameter a = (55 2 15)A MeV (Paul, 1973).
An important further test of the effects of the dipole charge exchange
fields would be provided by a determination of the E l strength for the
excitation of the T = To+ 1 mode. The expected reduction of the pT= + 1
strength with increasing neutron excess, illustrated in Fig. 6-23, results partly
from the effect of the exclusion principle in reducing the unperturbed
strength, and partly from the ground-state correlations associated with the
coupling between the pT = + 1 and pT = - 1 particle-hole excitations.

The interaction (6-341) may be treated in terms of the operators c z ) (and
Hermitian conjugates) that annihilate (and create) the coherent single-particle excitations
1). The fields have the form

(TIP)=

F+ 1 = i( f +1(CY\)

t

+f - ,Cl"i)

and the Hamiltonian becomes
H=Ho+V
(6-351)

do)operators, and can be
This Hamiltonian is a quadratic form in the (do))+,
diagonalized by a linear transformation to new boson variables ct, c ,
=x c t , 1

(CpJ

+ Yc

-1

( X 2 - Y 2 = 1)
t

(6-352)

(c?J = X c i , + YC+I
(C&")+

= xocd

+ Yoco

( X i - Y,z= 1)

with (see Eqs. (6-337) and (6-339))

x 2+ Y 2= K - '(hao4- ~ f i )

2xY=

-K-IKf+l

f-1

(6-353a)

(6-353b)
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The transformed Hamiltonian is

H = Eo+

2h u , , ~ ~ ~ , ~ , , .

(6-354)

P,

with the eigenfrequencies
hU,l=K?

+ ( ( h a ~ ~ - ~ a ~ ~ ) + K ( f : l - f ~ l ) )

(6-355)

ha,,, =0 = KO
The simple result (6-355) for the difference between the eigenfrequencies
is a
consequence of relation (6-342). The zero-point energy of the correlated ground state
lo> is given by
Eo= ( K - t h o ) -t+(KO- h00)

(6-356)

The matrix elements of the fields F €or exciting quanta of the normal modes may
be obtained by transforming the expression (6-350) to the new variables c+,c,

F+ I = - F L

1=

i((Xf+I + Yf-1)~!+1

+ (Yf+1 + xf- 1 ) ~ - 1)

(6-357)

Fo= i ( X 0 - Yo>fo(cd- co)

Hence, from the relations (6-353), we find

ft

I(no= lIFo10)12= K c l h a o

For the A = 0 mode, the result (6-358) expresses the conservation of oscillator strength.
For the A = f 1 modes, the interaction does not commute with the field operator, and
the oscillator strength is therefore not conserved for these modes. However, as seen
from Eq. (6-358), the difference between the transition intensities with K = 5 1 is not
affected by the interaction; this result can be obtained directly by evaluating the
commutator [ F - 1, F+ in the uncorrelated and correlated ground states. (See the
discussion of this class of sum rules in Sec. 6-4c, p. 412.)
As noted above (p. 494), the present treatment ignores effects of relative order
TC1,since it is based on particle-hole excitations that are not exact eigenstates of T
(= To+ A). For small values of To, the components with T > To+
may become
appreciable, but the corrections can be derived by exploiting the rotational invariance
in isospace. In fact, to first order in To,the effect of the neutron excess on frequencies
and matrix elements is given by relations of the general form (6-130) and (6-131), and
the parameters in these expressions can be determined by considering values of To
large compared with unity, for which the results of the present section apply. Thus, the
coefficient a in Eq. (6-130) has the value (6-349), while the coefficients mo and m I in
Eq. (6-131) for -#(~=l,p,,)=F~~havethe values (see Eqs. (6-358), (6-355), and
(6-340))

(6-359)

A
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The effects of the neutron excess can also be described in terms of the particle
vibration coupling involving the dipole quanta and the excess neutrons (H'
= K a + FI + H. conj.). Thus, for example, the energy shift resulting from the interaction between a dipole quantum and an excess neutron is represented by the diagrams
in Fig. 6-24, which yield

,

(6-360)

A

for a neutron in the orbit v,. Since the estimate (6-360) represents the first-order effect
in N - 2,the properties of the vibrational mode have been taken for N = Z, for which
they are independent of H.The sums over occupied and unoccupied proton orbits in
Eq. (6-360) yield the expectation value (vn12xzIvn); one therefore obtains, by means of
Eqs. (6-355) and (6-358), a result corresponding to the second term in Eq. (6-349).

Figure 6-24 Diagrams illustrating the effect of an excess neutron on the frequencies of the
charge exchange modes.

v

Effective moments for charge exchange dipole transitions

The coupling of a single particle to the collective dipole modes with
p7= 2 1 leads to a renormalization of the single-particle charge exchange

A

moments, analogous to the effective charges for the E 1 moments discussed
on pp. 486ff. Thus, for the P-decay moment
( p J = 1) (see Eq. (3D-30)),
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one obtains an effective vector coupling constant

(6-361)
where A E is the transition energy. For A E w O , corresponding to transitions
between nuclei close to the P-stability line, the renormalization implied by
Eq. (6-361) is the same for pT= ? 1 and is independent of the neutron excess,
to first order in ( N - Z ) ; using the coupling constant (6-314), one obtains
(gv)effw0.3 g,. This estimate is consistent with that obtained from the
analysis of the P - decay of 207Tl(see Vol. I, p. 353, solution 2).
The charge exchange dipole matrix element can also be obtained from
the study of the y decay of isobaric analog states (T= M T + l), since the E 1
moment for this process is related by rotational invariance in isospace to the
/I-transition moment J ( p V , h = 1); see Eq. (3D-35). An example is provided
by the analysis of the proton capture in ‘“Ce proceeding through the isobaric
analog resonance corresponding to the IT= 7/2 - ground state of 141Ce(Ejiri
et al., 1969; Ejiri, 1971). This resonance is found to decay to the Zn=5/2+
ground state of 14’Prwith a reduced matrix element

= (0.18 ? 0.04)e fm

(6-362)

where To is the isospin of ‘GCe (To=12). If the 14’Ce and 14’Prground states
could be described in terms of an f7/2 neutron and a ds,2 proton added to a
closed-shell configuration ( N = 82, Z = 58 = 50+ (g7/2)8), one would obtain,
from Eq. (3D-35) and by employing radial wave functions in the WoodsSaxon potential with standard parameters,

x0.85e fm

A

(6-363)

which exceeds the empirical value (6-362) by about a factor of 5. A correction
must be applied for the pair correlations, which especially affect the protons;
the resulting reduction factor in the matrix element is given by the probability
amplitude u for the dSl2 proton orbit to be empty in ““Ce. Distributing the
eight protons equally over the single-particle states of the approximately
degenerate d5/2 and g712 configurations, the amplitude u(d,/,)w(6/ 1 4 ) 1 / 2 ~
0.65. Hence, the reduction in the transition matrix element that may be
attributed to polarization effects is about 0.3, in accordance with the estimate
(6-361).
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Figure 6-25 Systematics of the width of the dipole resonance. The experimental data are
taken from the review article by E. G. Fuller and E. Hayward (Nuclear Reactions, Vol. 2, p.
113, eds. Endt and Smith, North Holland Publ. Co., Amsterdam, 1962). The quantity plotted
is the width r of the resonance line at half maximum. In many cases, the experimental data
have considerable uncertainties, and different laboratories often report rather different
values for the width. The calculated widths are taken from J. Le Tourneux, Mat. Fys. Medd.
Dan. Vid. Selsk. 34, no. 11 (1965), but have been increased by a factor of 1.4 so as to give the
full width at half maximum of the function (6-284), rather than 28, where A is the second
moment of the strength function given by Eq. (6-285).

Width of resonance (Figs. 6-25 and 6-26)

v

A

The dipole absorption strength in the photoresonance is found to be
distributed over an energy interval, which is typically of the order of 5 MeV
(see Fig. 6-25). In some nuclei, this distribution appears to have a fairly
simple form, such as is illustrated in Figs. 6-18, p. 475, and 6-21, p. 491. In
light nuclei, however, the line shape has considerably greater structure. Partly,
there is a high-energy shoulder containing a significant amount of oscillator
strength (see p. 482); partly, the lower-energy absorption cross section exhibits fine structure with components having widths of a fraction of an MeV
(see, for example, the spectrum of I6O in Fig. 6-26). The interpretation of the
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Figure 6-26 Photoabsorption cross section of l 6 0 . The figure shows the absorption cross
section obtained from measurements of the attenuation of photons in oxygen (water) by B.
S. Dolbilkin, V. I. Korin, L. E. Lazareva, and F. A. Nikolaev, Zh. Eksper. Teor. Fiz. Pis'ma
(USSR)1, no. 5, 47 (1965). The main attenuation of the beam is due to atomic processes
(Compton scattering and pair production), but the cross sections for these effects are known;
the remaining attenuation is attributed to the nuclear absorption.
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width and fine structure in the dipole resonance poses many unsettled
questions. We shall here briefly consider some of the coupling mechanisms
that appear to play a significant role.
One of the sources of broadening of the dipole resonance is associated
with the zero-point oscillations in the quadrupole shape oscillations. In many
nuclei, the amplitude of these oscillations is not much smaller than the static
eccentricities of the deformed nuclei. Since the latter are found to split the
dipole resonance into two components with a separation of 3-4 MeV, it may
be expected that the zero-point oscillations lead to an appreciable broadening. This effect can be seen very directly from Fig. 6-21, which shows the
dipole resonance for a sequence of Nd isotopes starting from I4'Nd, with
closed neutron shells ( N = 82) and resulting rather high-frequency, smallamplitude quadrupole mode and ending with "%d, which has a static
deformation (6 x0.3).
The effect on the dipole mode of the zero-point quadrupole oscillations
can be described in terms of a coupling between the dipole and quadrupole
oscillations, as discussed in Sec. 6-6b. The strength of the coupling is
characterized by the dimensionless coupling parameter 9, which can be
determined from the observed strengths and frequencies of the dipole and
quadrupole vibrations (see Eq. (6-281)). In most nuclei, 77 is large compared to
unity, and the dipole strength is distributed on a number of components
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extending over an energy interval of order 774iw2,as illustrated in Fig. 6-15, p.
457 (see also Eq. (6-285) for the second moment of the strength function).
The resonance line shape resulting from the dipole-quadrupole coupling
has a rather complicated structure, and thus there is some ambiguity as to the
quantity to be compared with the measured line width. In Fig. 6-25, the
quantity chosen for this comparison corresponds to the full width at half
maximum of the theoretical strong coupling strength function (6-284)

I?= 1.6777Aw2

A
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(6-364)

It is seen from Fig. 6-25 that, in most nuclei, the coupling to the lowfrequency quadrupole mode makes a major contribution to the width of the
dipole resonance, but other couplings must also contribute, as clearly indicated by the closed-shell nuclei, for which the coupling considered only
accounts for a very small part of the observed width. (For attempts to
interpret fine structure in the photoabsorption in terms of the expected
components resulting from dipole-quadrupole coupling, see Fielder et af.,
1965, and Huber et af., 1967.) The data in Fig. 6-25 refer to spherical nuclei;
in deformed nuclei, similar effects result from the coupling to the p and y
vibrations (Tipler et af., 1963; Arenhovel et af., 1967).
Another source of structure in the dipole strength function may arise
from the spread of the unperturbed single-particle dipole frequencies. A
single-particle response function such as that given in Fig. 6-16, which has no
strength in the region of the collective dipole mode, does not contribute to the
width of this mode, and only leads to rather small residual oscillator strength
in the region of the unperturbed frequencies. (This strength can be obtained
from Eqs. (6-244) and (6-245) and is found to be of relative magnitude
(r(o)/AE)4,where )'(?I is the spread of the unperturbed frequencies and AE
the shift of the collective mode due to the dipole interaction; see also the
example in Table 6-4, p. 472.) However, in a more detailed analysis of the
single-particle response function that takes into account the finite binding of
the nuclear potential, there will be a continuum extending through the region
of the dipole resonance. The presence of such a continuum gives rise to a
broadening of the collective mode, since the coupling through the dipole field
implies a decay of the dipole oscillation with direct emission of a nucleon (see
the diagram in Fig. 6-7, p. 419, and the expression (6-247) for the resulting
width). The study of this effect would thus provide significant information on
the particle-vibration coupling. However, the contribution to the total width
is expected to be small, since the relevant energy region is far from those in
which the significant single-particle transitions are in resonance. This conclusion receives some support from the observation that the direct emission of
nucleons represents only about 10% of the decay of the photoresonance (see,
for example, Kuchnir et af., 1967).
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The dipole field considered in the present discussion is assumed to be
spin independent (K = 1,u = 0, A = 1). However, the spin-dependent nuclear
interactions couple fields of this symmetry with the spin-dependent field
( K = l , u = 1 , X = 1); see the discussion on p. 384. The latter field gives rise to
spin-flip transitions of the type j , = 1, + 1/2 +=j2= 1, - 1 /2 with energies that,
especially in the light nuclei, may be in the region of the dipole resonance.
(See, for example, the p?; d3,, excitation in l60which, according to Fig.
3-2b, Vol. I, p. 321, is expected at an excitation energy of about 23 MeV and
thus in the region of strong dipole absorption (see Fig. 6-26).) The interactions that couple the u=O and (I= 1 dipole fields may therefore play a
significant role in the broadening and line structure of the dipole mode,
though at present there is no direct evidence concerning the strength of these
couplings.
The coupling between the dipole mode and other degrees of freedom
may lead eventually to very complicated states of motion, which finally decay
predominantly by neutron emission. A small fraction of emitted neutrons has
rather high energies and can be interpreted in terms of a direct emission
process (referred to on p. 505), but the large majority of the observed
neutrons has an energy distribution corresponding to that expected for
evaporation from a compound nucleus (see, for example, Kuchnir et al.,
1967). One may attempt to describe the compound nucleus formation as
“collision damping” of the single-particle motion represented by the imaginary term W in the optical potential (Dover et al., 1972). For each of the
two quasiparticles, the resulting width is 21 Wl(see Eq. (2-139)), and the total
width is therefore 41 WI. The imaginary potential depends on the energy of
the particle (see Fig. 2-29, Vol. I, p. 237), and the available energy for each of
the two quasiparticles created by the dipole field is equal to the total energy
liw minus the excitation energy of the other quasiparticle, which on the
average equals liw0/2. Thus, for example, for ’08Pb (liw=l4 MeV, l i w 0 x 7
MeV), the damping of each quasiparticle should be similar to that of neutrons
with an incident energy of a few MeV (since the separation energy is =8
MeV). The imaginary potential of ,08Pb for neutrons of this energy is not well
determined, but the evidence appears to be compatible with the observed
value of about 4 MeV for the width of the dipole resonance, corresponding to
about 1 MeV for the average matrix element of W. For other nuclei, the
empirically determined absorptive potentials are appreciably larger (see, for
example, Vol. I, Figs. 2-26, p. 230, and 2-29, p. 237). However, for these
nuclei, the effective value of W receives important contributions from the
coupling of the one-particle motion to the low-frequency quadrupole shape
oscillations. For the dipole mode, this coupling, which is significantly affected
by the coherence in the particle motion, has already been included in terms of
the contribution (6-364) to the dipole width.
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Features of Quadruple Modes in Spherical Nuclei
The occurrence of strongly collective quadrupole transitions is a
dominant feature of the low-energy nuclear spectra. The energies and E2transition probabilities for the first excited 2 + states of even-even nuclei are
shown in Figs. 2-17, Vol. I, pp. 196-197, and 4-5,p. 48. For nuclei with
sufficiently many particles outside closed shells, these low-lying 2 + states
represent the first member of the ground-state rotational band (see, for
example, Fig. 4-4,p. 28). For configurations with fewer particles outside of
closed shells, the quadrupole excitations can be approximately described in
terms of vibrations in the neighborhood of the spherical shape. This interpretation is based on the occurrence of multiple excitations with properties that
correspond qualitatively to those expected from a superposition of independent quanta?’
In order to explore the connection between the quadrupole shape oscillations and the nuclear shell structure, we consider the particle excitations
produced by fields resulting from a deformation of the static central potential. For the present qualitative survey, we assume a field proportional to the
quadrupole moment

(6-365)

A

The spectrum of independent-particle excitations produced by this field is
illustrated in Fig. 6-17a, p. 466. The transitions can be approximately
characterized by the change in the harmonic oscillator total quantum number
N , and one obtains a group of low-frequency transitions with A N = O as well
as transitions with AN = 2 and energies of order 2AwW
The occurrence of two distinct characteristic frequencies in the singleparticle quadrupole response function implies the possibility of two different
modes of quadrupole shape oscillation. This feature of the nuclear shape
oscillations, which results from the shell structure, is a quanta1 effect that lies
outside the scope of the liquid-drop model. (In terms of the motion of the
individual particles, the two frequencies can be identified with those
characterizing the oscillation of the quadrupole moment of a particle moving
in a spherical harmonic oscillator potential; the classical orbit described by
the particle is an ellipse, and the frequency 2w, derives from the orbital
period, while the zero frequency reflects the stationarity of the closed orbit.)

UOn the basis of the liquid-drop model, it was anticipated that the quadrupole surface oscillations
would repressnt the fundamental mode of nuclear collective motion (Bohr and Kalckar, 1937). The
experimental evidence for the systematic occurrence of low-frequency quadrupole vibrational excitations in spherical nuclei was collected and interpreted by Scharff-Goldhaber and Weneser (1955).
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The strength of the low-frequency quadrupole excitations depends sensitively on the number of particles outside closed shells, and vanishes for a
closed-shell configuration in a harmonic oscillator potential. (The special
properties of quadrupole oscillations of closed-shell nuclei were emphasized
by Gallone and Salvetti, 1953, and Inglis, 1955.) The collective mode
generated by the transitions within a shell is therefore expected to show
strong variations associated with the shell fillings, as is observed for the
lowest 2 + excitations in nuclei.
The strength of the AN=2 transitions is not sensitive to the degree of
shell filling, and the properties of the high-frequency modes are expected to
vary smoothly with A, as for the dipole mode considered in the previous
examples. There is at present only tentative evidence concerning the highfrequency quadrupole modes.
In the present set of examples, we first consider some of the expected
properties of the high-frequency quadrupole modes, as well as their effect on
the low-frequency excitations through the particle-vibration coupling. The
following examples deal with a variety of properties of the low-frequency
quadrupole mode.

High-frequency modes and effective charges (Tables 6-8 and 6-9)
High-frequency isoscalar mode

The field (6-365) acts symmetrically on neutrons and protons and therefore generates a collective mode with T = O . Since the estimated interaction
effects are rather large, we shall neglect the spread in the unperturbed
excitation energies and consider a response function corresponding to that of
independent-particle motion in a harmonic oscillator potential. The total
one-particle transition strength to the degenerate excitations with w(O)= 2w0
can then be obtained from the oscillator sum rule. The transitions with
A N = O and w(O)=O have no oscillator strength, and hence, for the field
component with p=O, which contributes the fraction (2A+ 1)-' of the oscillator sum (6- 172),
S(F)=2#Iwo(ao
(0)
)2 -- 5 -#I2A ( r 2 )
477 M

(6-366)

corresponding to restoring force and mass parameters for the unperturbed
excitation energies (see Eqs. (6-21) and (6-23)),

(6-367)

A
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The field coupling constant K associated with shape oscillations may be
estimated from the assumption that the eccentricity of the potential is the
same as that of the density, which yields for the harmonic oscillator potential
(see Eq. (6-78))
(6-368)
and we therefore obtain the collective excitation energy (see Eq. (6-27))

a58A-'/3

MeV

( T = O , A=2)

Recently, evidence for the systematic occurrence of a high-frequency
quadrupole mode has become available from the study of inelastic electron
scattering (Pitthan and Walcher, 1971 and 1972, Nagao and Torizuka, 1973)
as well as by scattering of nuclear projectiles (Lewis and Bertrand, 1972,
Moalem et al., 1973). The observed energy corresponds to the estimate
(6-369), and the E 2 strength is found to represent the major part of the
E2:oscillator sum associated with T W O excitations.
The above description of the high-frequency quadrupole mode implies a
zero-point amplitude of order a,-A ' / 3 R corresponding to a deformation
parameter 6 - A -2/3, since a - A R '6. Such deformations are small compared
with the observed static nuclear deformations (6--A - 'I3). The potential
energy is of order +AS2 and hence large compared with the deformation
energy associated with the increase in the surface area, which is of order
b,,,,A 'j3S (see Eqs. (6A- 18) and (6A- 19)). Correspondingly, the frequency
(6-369) is proportional to A - 1/3, while the frequency of the liquid-drop
oscillation is proportional to A - '1'. Thus, the detailed structure of the surface
region is not expected to play a major role for the high-frequency mode; the
same applies to the effect of the Coulomb repulsion, which is of great
importance in the treatment of shape oscillations in heavy nuclei in terms of
the liquid-drop model (see, for example, Eq. (6A-24)).
The high frequency of the shape oscillations that carry the main part of
the oscillator strength is a consequence of the nuclear shell structure, which
implies that the nucleonic excitations involved in building these shape oscillations have energies of the same order of magnitude as those involved in
compressive oscillations. In a more detailed analysis, it may thus be necessary
to consider the coupling between surface and volume oscillations. (See, in this
connection, the discussion in Sec. 6A-3c.)
The coupling of the quadrupole mode to single-particle excitations
implies a renormalization of the one-particle quadrupole operator described

'

'

A

(6-369)
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by the polarizability coefficient (see Eq. (6-216))

(6-370)
Thus, the present estimate implies that in low-frequency quadrupole transitions ( A E X K w ) , the 7=0 quadrupole moment is doubled as a result of the
coupling to the high-frequency mode. (This result can also be obtained by
considering the equilibrium shape for a configuration involving a single
particle outside of closed shells. The equilibrium shape is obtained from the
condition of self-consistency of potential and density; for a harmonic oscillator potential, it is found that the total quadrupole moment is contributed half
by the single-particle and half by the deformation of the closed shells, as can
be seen from Eq. (4-186) by comparing the value of 6 with that obtained for
the same configuration Z, in a spherical harmonic oscillator (0,=coo).)
The collective coordinate a considered as a function of the particle variables and
the collective flow associated with the vibrational motion have an especially simple
character for modes such as the high-frequency quadrupole vibration that exhaust the
strength of the field F. Thus, when acting on a closed-shell configuration, the
quadrupole operator F given by Eq. (6-365) excites only the collective motion of the
mode considered, and in the space of the vibrational states, the operators a and F
have the same matrix elements, in the harmonic approximation (see p. 336). To this
approximation, therefore, the collective coordinate a is identical with the quadrupole
moment F, and the separation of the collective mode may be achieved by a point
transformation from the particle coordinates xk to a new set of coordinates a ( X k ) ,
qi(xk), with qj representing the degrees of freedom orthogonal to a (including the
quadrupole modes with p z 0 ) .
The corresponding transformation of the momenta is given by (Bohr, 1954)
(6-371a)
(6-37 1b)
where the condition (6-371b) on the functions qi(xk) is imposed in order that the
transformed kinetic energy contain no terms bilinear in the collective momentum 77
and the momenta conjugate to qj (condition of separability). The relations (6-37 1)
yield the collective momentum
(6-372a)

A

5

D-‘M=
k

QkF.VkF= - A ( r * )
277

(6-372b)
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where the last relation may be obtained from Eq. (6-171). The quantity D is the mass
parameter for the vibrational mode (as follows from a transformation of the total
kinetic energy by means of Eq. (6-37la)) and is seen to have the value (6-367) derived
above from other considerations.
The collective flow u(r) associated with the vibrational motion can be obtained
from the current density (2M)-'Zk{pk,&(r-rk)) the collective part of which yields

Mp(r)u(r)=

VkFG(r-rk)a= VF(r)ax 8(r-rk)

(6-373a)

k

k

u(r)= M -'VF(r)a

(6-373b)

The velocity field u(r) is irrotational, as expected for a mode that exhausts the
multipole oscillator strength (see p. 405; with this condition, the flow (6-373b) could
have been obtained from the continuity equation p + V-(pou)= O and the expression
for the density variations discussed on p. 356, following Eq. (6-77)).
A velocity dependence of the one-particle potential modifies the analysis of the
collective mode. For the high-frequency quadrupole mode, the resulting effects can be
exhibited in a rather simple form on the basis of the explicit representation of the
collective flow discussed above.
If the velocity dependence in the one-particle potential is expressed in terms of an
effective mass M * , the vibrational mass parameter D(O) is multiplied by the factor
M*/M (see Eq. (6-367)). Such a modification of D(O) affects the oscillator strength of
the collective mode by the factor M/M*, in violation of the classical sum rule. As
discussed on p. 402, this sum rule is expected to be approximately valid as a
consequence of Galilean invariance. The inconsistency is removed by recognizing that
the nucleon velocities entering into the velocity-dependent single-particle potential
V @ ) are to be measured relative to the velocity u of the collective flow (local Galilean
invariance). By a transformation to a coordinate system moving with velocity u, the
particle momenta transform as p+p- Mu (see Eq. (I-16)), and the one-particle
potential becomes, in the effective mass approximation,

1 1
V(p- Mu)= - 7 - - (p- MU)'
2(M

h)

(6-374)

including only the term linear in u, which represents a coupling between the singleparticle and collective motion. With a collective flow given by Eq. (6-373), this
coupling takes the form
(6-375)

A

Summing the energy (6-375) over all the particles (and including a factor 1/2 to take
into account that the coupling (6-375) is a result of two-particle interactions), one
obtains an energy proportional to T' (see Eq. (6-372a)) and a total vibrational mass
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parameter given by

(6-376)
=--5

2s

M

involving the bare mass M rather than the effective mass M*.
While the mass parameter has the classical value (6-376) as a consequence of
local Galilean invariance, the restoring force parameter is modified by an effective
mass term in the one-particle potential. If the oscillator frequency is adjusted so as to
retain the spatial dimensions, as given by ( r 2 ) , this frequency is multiplied by M / M * ;
hence, the restoring force CCo) as well as the coupling constant K and the total
restoring force C are multiplied by the same factor (see Eqs. (6-367) and (6-368)).
Consequently, the frequency of the collective mode is multiplied by the factor
(M/M*)”2.

High-frequency isovector mode
Besides the symmetric 7 = 0 mode, the high-frequency quadrupole excitations can also generate a 7 = 1 mode, in which the neutrons and protons move
in opposite phase. This mode is similar to the dipole mode considered above
and, as in the treatment of the dipole mode (see Eq. (6-3 1 I)), we assume a
field proportional to the isovector. multipole moment
(6-377)
The restoring force and mass parameter for the unperturbed 7 = 1 quadruFole
oscillation are the same as for the 7 = 0 mode given by Eq. (6-367), and the
coupling constant can be obtained from the estimate (6-127)
(6-378)
We thus obtain

e1.8

(6-379)

The numerical value is based on the approximate estimates
(r2)%O.87A2l3 fm2

( r 4 ) w 0 . 9 5 A 4 I 3fm4
(6-380)

V , = 130 MeV

A

where the radial moments are based on the expression (2-65), with the
parameters (2-69) and (2-70) for A-100.

a
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From Eqs. (6-27) and (6-379), the collective excitation energy is found to
be

( c“I”*

Ko=2Kw0 1 +

~ 1 3 5 A - l ’ ~MeV

( r = 1,

X=2)

(6-381)

As for the dipole mode, the estimate based on coherent shell-model excitations is rather close to the estimate of the corresponding eigenfrequency
obtained from the hydrodynamical treatment of polarization modes (see Eq.
(6A-65) and the discussion on pp. 488ff.).
The polarizability coefficient describing the renormalization of the isovector quadrupole moment of a single particle is obtained from Eqs. (6-216)
and (6-379)
(6-382)
where A E is the single-particle transition energy.
The schematic model considered above treats the isoscalar and isovector modes
in terms of fields with the same radial form factor, although the modes are assumed to
be of a rather different character. The isoscalar mode is envisaged as a shape
oscillation with a potential concentrated in the region of the nuclear surface, while the
isovector mode is treated as a volume oscillation, with a density and potential
confined to the interior of the nucleus. The crucial point in the treatment is the
construction of the modes primarily out of the single-particle excitations with AN =2.
The different structure of the modes is reflected in the fact that the ratio of the
effective coupling constants ( K , / K ~ = - 3.6) is much larger than the ratio between the
coefficients in the average potentials in the nucleus ( V,/4 V 0 x - 0.6).
Effects of neutron excess on high-frequency modes

A

In the above discussion of the high-frequency quadrupole modes, we
have assumed N = Z . The frequencies as well as the r = 0 and r = 1 transition
probabilities do not depend on the sign of ( N - Z ) , and the leading-order
corrections to these quantities are, therefore, of order ( N - Z ) ’ / A ’. However,
terms linear in ( N - Z ) are encountered in the interference effects between
r = 1 and r = 0 matrix elements.
The effect of the neutrqm excess on the collective modes involves features
of the average fields that are not determined by considerations of symmetry.
In the following, we shall consider a simple description of the normal modes
based on the assumption that the isospin structure of these modes is
dominated by the strong neutron-proton force in the nucleus.
In the shape oscillations ( T z O ) , the neutron-proton forces will tend to
preserve the local ratio of neutrons to protons, in which case the mode gives
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rise to an isovector moment proportional to the neutron excess,
J7(7=

1 , X=2)x- N - Z 4 7 = 0 , X = 2 )
A

(6-383)

Moreover, since the static nuclear field acts differently on neutrons and
protons (symmetry potential; see Eq. (2-26)), there will be a corresponding
isovector term in the field coupling associated with the shape oscillation
(6-384)

where V , / V o x -2.6 is the ratio of isovector to isoscalar components in the
static nuclear potential (assuming Vox - 50 MeV, V ,x 130 MeV).
For the mode corresponding to oscillations of neutrons with respect to
protons ( T X ~ ) ,we shall consider, as for the dipole mode, a field that acts on
the difference of the isospin from its mean value
(6-385)

For the dipole field, the corresponding form (6-328) was derived on the basis
of translational invariance, but in the present case, an additional assumption
is involved, which is equivalent to the requirement that the field does not act
on the total density at any point. Thus, the form (6-385) ignores possible
couplings to compressive modes of quadrupole symmetry. The field (6-385)
can also be characterized by the fact that such a collective mode is not
excited by a projectile with the same mass to charge ratio as the target. (The
mode can, however, be excited by T=O projectiles, due to the neutron excess
of the target.)
Effective charge for E2 transitions

A

Evidence on the coupling of the particle motion to the high-frequency
quadrupole modes is provided by the E 2 effective charge for low-energy
transitions (see Sec. 3-3a). From the isoscalar and isovector polarizabilities
(6-370) and (6-382), and with inclusion of the linear terms in the neutron
excess discussed above, we obtain the total polarization charge for static
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quadrupole moments
ef:(E2,AE=O)=

Ze
A
-x(T=O,AE=O)
e
2

- -x(T=

l,AE=O)

(6-386a)

A

The first term in Eq. (6-386a) gives the contribution of the T W O mode with
the coupling (6-384) and with a ratio of electric to isoscalar quadrupole
moment of Ze/A, as implied by Eq. (6-383). The second term of Eq. (6-386a)
gives the contribution of the T W 1 mode with the coupling proportional to the
field (6-385) and with a ratio of electric to isovector quadrupole moments of
- e/2, as follows from the assumption that this mode involves no changes in
the total density and thus does not generate a T = 0 moment (see Eq. (6- 123)).
As indicated by the superscript std, the estimate (6-386) is a standard
value, which neglects the possibility of differences in the radial distributions
of the transition moment and the field coupling. In particular, these
differences may be significant for loosely bound orbits with large intensity of
the wave function outside the nuclear surface resulting in very large values of
(r’), and for certain transitions involving a change in the number of radial
nodes, resulting in a partial cancellation in (r’). (Examples of these effects
can be seen in Table 3-2, Vol. I, pp. 341-342.) Such large variations are not
expected for the radial matrix elements of the field coupling (6-69), which is
mainly effective in the surface region, where the wave functions of the
relevant single-particle orbits have similar magnitude (see Fig. 3-4, Vol. I, p.
327). An improved estimate of epolmay therefore be obtained by including
the variation of the radial matrix elements of the multipole moment

(6-387)

A

In a comparison with the empirical data, one must take into account that
the closed-shell nuclei are found to possess T = 0 quadrupole modes with
energies appreciably below the estimate (6-369). Even though the oscillator
strength of these transitions constitutes only a small fraction (510%) of the
total, they contribute significantly to the polarizability, which is inversely
proportional to the energy E of the excited mode. (The configurations
responsible for these low-frequency modes in closed-shell nuclei are considered in the fine print below.) The evidence on these relatively low-energy
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quadrupole excitations in the closed-shell nuclei is collected in Table 6-8, and
the contributions 6epo,to the polarization charge are estimated by assuming
6epolto be proportional to the quantity E-IB(E2; 0-+2), as in Eq. (6-218),
and by normalizing with respect to the value ( Z / A -0.32(N- Z)A-’7,)e for
the high-frequency shape oscillation.

I6O

40Ca

208Pb

6.92
9.85
11.52
(23)
3.90
5.63
6.9 1
(17)
4.07

90
8
70
(600)
3.0X Id
(8 X lo3)

0.1 1
0.003
0.09
(1)

0.62
0.01
0.19
(0.5)

1.32

0.035
0.005
0.05
(1)

0.32
0.02
0.14
(0.5)

0.98

0.15

0.3 1
0.40
(0.34)
(0.44)

0.65 (n)
0.84 (p)

Table 6-8 Contributions of T = O excitations of closed shells to E 2 effective charge. The
experimental data in columns two and three are from: I60(compilation by Ajzenberg-Selove
Nuclear Phys. A166, 1, 1971); ‘%a (J. R. MacDonald, D. H. Wilkinson, and D. E. Alburger,
Phys. Reu. C3, 219, 1971 and references quoted there); 208Pb (J. F. Ziegler and G. A.
Peterson, Phys. Reu. 165, 1337, 1968). The value of the classical oscillator sum S ( h = 2 , ~ = 0 )
employed in column four is obtained from Eq. (6-179), using the values (r2)=7.0 fm2 (I6O),
12.4 fm2(40Ca),and 31 fm2(208Pb);see the review by Collard et al., 1967. The last line for
each nucleus gives the theoretically estimated properties of the high-frequency r = 0
quadrupole mode, in parentheses. For 208Pb,the two values of 6 e , refer to neutrons and
protons, respectively.

v

The empirical evidence on E2-polarization charges for single particles
outside closed shells is shown in Table 6-9 and compared with the estimate
obtained from the expression
(6-388)

A

where the values of Se;$ for the 7=0 excitations are taken from Table 6-8,
while 6eF: for the ~ m mode
l
is taken to have the value 0.327,e (see Eq.

C

170

‘5/2

‘5/2

Sl/2

‘5/2

17F

Sl/2

d5/2

39K
41Ca
41sc

‘3/2

‘3/2

p3/2

‘7/2

p3/2

f7/2

207~1

‘3/2

s1/2

207Pb

‘5/2

P1/2

p3/2

P1/2

‘5/2

g9/2

s1/2
‘9/2

‘5/2
’9/2

209Pb
209Bi

‘

7/2

‘5/2

’9/2
’9/2

11
13
128

0
0.9
0.5

11.5
12.0
13.4

0.4
0.4
0.2

1.o
1.o
0.5

160
264
440

0
1.9
1.7

13.0
13.9
13.9

0.7
1.3
0.7

0.6
1.3
0.7

0.35
0.57
0.89
I .57
0.47
0
0.89
2.81

26
32
37
40
57
35
17
20

0.9
0.9
0.8
0.8
0.4
0.5
2.3
1.6

0.7
0.9
0.8
0.7
0.5
0.5
1.1
1.5

- 4202
800
2442
1100 2
310%
26002
2002
2900 2

20
10
270
15
200
70
1000

Table 6-9 Polarization charges for E2-matrix elements in single-particle configurations. The data are taken from the
references quoted in Table 3-2, Vol. I, p. 341 and the additional more recent measurements: 207Tl(S. Gorodetzky, F. Beck, and
A. Knipper, Nuclear Phys. 82, 275, 1966; A. P. Komar, A. A. Vorobiev, Yu. K. Zalite, and G. A. Korolev, Dokl. Akad. Nauk
SSSR 191,61, 1970); ’07Pb (E. Grosse, M. Dost, K. Haberkant, J. W. Hertel, H. V. Klapdor, H. J. Korner, D. Proetel, and P.
von Brentano, Nuclear Phys. A174, 525, 1971; 0.Hausser, F. C . Khanna, and D. Ward, Nuclear Phys. A194, 113, 1972); ’@Pb
(Hausser et al., loc.cit.);2wBi, quadrupole moment (G. Eisele, I. Koniordos, G. Muller, and R. Winkler, Phys. Letters 28B,256,
1968); 2@Bi,transitions (R. A. Broglia, J. S. Lilley, R. Perazzo, and W. R. Phillips, Phys. Reu. C1, 1508, 1970; J. W. Hertel, D.
G. Fleming, J. P. Schiffer, and H. E. Gove, Phys. Reo. Letters 23, 488, 1969; Hausser et al., locxit.; W. Kratschmer, H. V.
Klapdor, and E. Grosse, Nuclear Phys. A201, 179, 1973).
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(6-387)). The assumed values of the radial matrix elements (j21r21j,) are
given in column six of Table 6-9 and are the same as those employed in Table
3-2. The assumed values of the mean-square radii ( r 2 > = 3 R 2 / 5 are given
in the caption to Table 6-8. In Table 6-9, we have omitted the observed
E2-matrix element for the p3,2--+p1,2 transition in I5N (see Table 3-2); for this
transition, the frequency is 6.3 MeV and therefore so close to the 6.9 MeV
2 + excitation in I6O (see Table 6-8) that a more detailed analysis of the
coupling between the two excitation modes is required.
The data in Table 6-9 agree, in order of magnitude, with the estimated
polarization charges. The main contribution to the polarization charge is
isoscalar on account of the relatively low frequencies of the.7WO modes, but
the data also provide rather definite evidence for effects resulting from
isovector forces. In the quantitative analysis of the isovector polarization
charge, contributions arising from the relatively small differences between the
coupling of neutrons and protons to the isoscalar modes may be of significance. The expression (6-387) includes the effect of the symmetry potential,
but assumes the same radial form factor for neutrons and protons, as may be
suggested by the observed similarity in the radial distribution of protons and
neutrons in heavy nuclei. (The approximate equality of the mean-square radii
for the neutron and proton is inferred from the analysis of the electron
scattering data (which determines the proton distribution), combined with the
Coulomb energy difference between isobaric analog states (which measures
the density distribution of the excess neutrons); this equality contrasts with
the densities obtained for protons and neutrons moving in potentials of equal
radii, since the symmetry potential implies a significant reduction in the
radius of the proton density distribution (Nolen and Schiffer, 1969; see also
the discussion of isotope shifts in Vol. I, p. 163). The analysis of the isovector
interactions that are responsible for restoring the approximate equality of
neutron and proton density radii is an issue that may have important bearings
on the isovector collective modes and their coupling to single-particle motion.)
As regards the detailed comparison in Table 6-9, it may be remarked that
(a) the largest disagreement in the region of 208Pbis associated with the
f,,2+h9,2 transition, which is very weak on account of the spin flip and
therefore sensitive to small spin-dependent components in the potential:
(b) the observed rather small isoscalar polarization charges in the region
of I6O may indicate that the coupling has been overestimated for these light
nuclei.

A

The lowest-energy quadrupole excitations observed in I6O and %a (see Table
6-8) appear to involve large static deformations, as suggested by the evidence for
rotational band structure ( K = O ; I=O,2,4,...) with strongly enhanced E 2 transitions
between the members of the band (shape isomerism; see the references on p. 26).
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These quadrupole excitations involve primarily two-particle, two-hole and fourparticle, four-hole configurations.
In the case of 208Pb,the 2 + mode at 4.07 MeV appears to be primarily associated
with the AN = 0 particle-hole excitations li1312+2g9/2 (neutrons) and lhll/2p2f,/2
(protons), with energies 5.0 MeV and 6.2 MeV, respectively (see Fig. 3-3, Vol. I, p. 325,
and the estimate (6-454) for the Coulomb interaction in the (proton, proton-hole)
configuration). The quadrupole couplings will produce linear combinations of these
two excitations, of which the lower will be predominantly isoscalar and the higher
mainly isovector. One may thus attempt to interpret the 4.07 MeV state as the
isoscalar combination, which implies a T =0 oscillator strength associated with these
transitions of 1.6 (1 + x(AN = 2, T = 0))’X 104 fm4 MeV (see Eqs. (3C-34) and (6-304);
the radial matrix elements of r2 have been taken to be the 3 R 2 / 5 with R = 1.2A ‘I3
fm). Using Eq. (6-370) for the T = 0 polarizability, we obtain a resulting T = 0 oscillator
strength of about 8 X 104 fm4 MeV. From the empirical B(E2) value for excitation of
the 4.07 MeV level in 208Pb (see Table 6 4 , one obtains the estimate A ~ B ( T = O ,
X = 2 ) % ( A / Z e ) ’ l i i w B ( E 2 ) ~ 7 . 8X 104 fm4 MeV, in agreement with the above interpretation in terms of the i13/2and hlIl2 excitations.
A further test of the interpretation of the 2 + excitation in 208Pb is obtained by
comparing the observed energy with that implied by the quadrupole field couplings.
Since the energy shifts are comparable with the separation between the unperturbed
configurations, an approximate analysis may be obtained in terms of a purely isoscalar
coupling acting in degenerate particle-hole configurations with l i ~ ( ~ ) % 5MeV,
. 6 corresponding to the mean value of the proton and neutron excitation energies. If we
express the coupling in the form (6-68), the amplitudes X i and Yi associated with the
particle-hole configurations i = j ; ti2 are given by (see Eq. (6-253))

(6-389)

where the zero-point amplitude a. can be determined from the measured B(E2) value
-I

a o = ( &ZeR’)

(B(E2; 2+0))1’2%0.025

(6-390)

The summation of the matrix elements of k ( r ) Y 2 , over the two particle-hole configurations referred to above yields

%0.64(k ) 2

A

(6-391)

where (k) is the mean value of the radial matrix elements for the two configurations
ih)2g9/2and hi!2f712. From the normalization condition C i ( X : - Y:)= 1, one finally
obtains ( k ) w 7 5 MeV for the radial coupling matrix element needed to account for
the observed frequency liw=4.1 MeV. This value of (k) is about 50% larger than the
radial matrix elements of Roa V / a r for the configurations considered (assuming a
Woods-Saxon potential with standard parameters). Thus, a significant part of the
observed interaction effect in this state is not accounted for in terms of the couplings
considered.
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A more detailed analysis of the A N = O quadrupole excitations in 208Pbwould
involve a treatment of the many different effects that are associated with the neutron
excess. Thus, the energies of the neutron and proton excitations differ by an amount
comparable with the interaction energies, and hence the normal modes involve a
combination of isovector and isoscalar fields. However, a treatment based on the
couplings given in the preceding does not alter the main conciusions obtained from
the simplified analysis involving a pure 7 = 0 coupling.

Qualitative analysis of low-frequency mode. Instability effect (Fig. 6-2 7)
The low-frequency quadrupole mode is characterized by a frequency that
decreases as particles are added in unfilled shells. For sufficiently many
particles, the spherical shape becomes unstable, and the mode develops into
the rotational excitation. In the transition region, one must expect large
anharmonicities in the vibrational motion.
The instability phenomenon and the associated anharmonicity may be
seen as a n effect of the quadrupole field coupling acting among the particles
in the partially filled shells. A quantitative treatment of the low-frequency
quadrupole mode is sensitive to the detailed features of the nuclear shell
structure and will not be attempted in the present context. It is possible,
however, to illustrate many of the qualitative relations on the basis of simple
considerations concerning the effect of the field coupling in the presence of
pair c o r r e ~ a t i o n s . ~ ~
Vibrational frequency. Approach to instability

In the pair-correlated system, the particle excitations produced by the
quadrupole field correspond to the creation of two quasiparticles. Since the
pairing energy is comparable with, or somewhat larger than, the one-particle
energies for transitions within a major shell (compare Fig. 6-17a with Eq.
(2-94)), the excitation energies are approximately equal to 2A,
hw(O)=2Aw25A - ' I 2

MeV

(6-392)

If one assumes complete degeneracy of the orbits within a single major
oscillator shell with total quantum number N , the unperturbed zero-point
amplitude of the quadrupole field is given by

2

N ( N + l ) ( N + 2 ) ( N + 3 ) f ( l -f)

A

)+
n

(6-393)

( a - )

P

Z3Vibrational motion associated with the competition between the pair correlations and the
quadrupole field coupling acting among the particles in an unfilled shell was considered by Belyaev
(1959) and Kisslinger and Sorenson (1960).
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involving a sum of contributions from neutrons and protons. The derivation
of this expression will be given in the small print below (see Eq. (6-41 1)). The
shell-filling parameter f represents the number of particles outside closed
shells measured in units of the total degeneracy 2Q of a major oscillator shell
(see Eq. (2-151)),
(6-394)
Q=i(N+l)(N+2)
The factors in Eq. (6-393) involving the filling parameter f are seen to
represent the product of the probability u2=f that a given particle orbit is
occupied in the initial state times the probability uz=(l -f> that the final
orbit is empty. The subshell structure is expected to somewhat reduce the
value of
as compared with estimate (6-393). Thus, in the example
shown in Fig. 6-17a, the filled lg,,, orbits contribute very little to the AN=O
strength, and the neutron contribution to (aAo))*is about a factor of 2 smaller
than the value (6-393).
While the A G O excitations are the basic degrees of freedom for
generating the low-frequency quadrupole mode, the properties of this mode
are modified to a significant extent by the coupling to the AN = 2 excitations
that are responsible for the high-frequency quadrupole mode. The coupling to
the A N = 2 excitations can be taken into account by a renormalization of the
A N = O degrees of freedom. Thus, the quadrupole moment of the lowfrequency transitions is increased by the factor (1 x(AN = 2))x2, where
x(AN=2) is the contribution of the AN=2 excitations to the isoscalar
polarizability in the static limit (see Eq. (6-370) with AEwO). The same
renormalization applies to the quadrupole field acting in the low-frequency
mode, and the effective coupling constant that describes the interactions
within the AN = 0 configurations is therefore K~~~ = K ( 1 x(AN = 2)), where K is
the unrenormalized coupling constant, an estimate of which is given by Eq.
(6-368).
The effect of the field coupling on the collective frequency depends on
the ratio between K~~~ and the restoring force parameter C(O) (see Eq. (6-27)).
From the relation (6-23) for C'O), together with Eqs. (6-392) and (6-393), we
therefore obtain, assuming comparable contribution to a$') from neutrons
and protons and employing the value (2-157) for (r 2 ) (with N,,,w N - 1/ 2 ) ,

+

+

---- A (1 +
Keff

'00

C'O'

x(AN = 4)f(1 -f )
(6-395)

f(l -f>

-_
-

fcnt(

1 -fed

with

fcriI(l

A

-fcrit)=

-(IA
'%

+~(AN=2))-~=0..15A

(6-396)
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The expression (6-395), together with the relation (6-27) for the collective
frequency, yields the expression

(6-397)
which describes the decrease of w as particles are added in the unfilled shell
and implies instability of the spherical shape when f reaches the value f,,,,.
The estimate (6-396), which assumes complete degeneracy in the major shell,
gives a value of about 0.05-0.1 for fcnt, but the subshell effects somewhat
reduce the value of aAo) and hence increase the value of fcnt. A decrease of
(aA0))*by a factor of 2 (see p. 521) leads to a value of fcrIt=O.2, which
approximately corresponds to the observed number of particles needed to
produce a stable deformation in the nuclear shape (see Fig. 4-3, p. 27). In
the above estimate, we have assumed f to have the same value for neutrons
and protons; more generally, in an ( N , Z ) diagram such as Fig. 4-3, the loci
of instability become ellipses centered on the points representing half-filled
shells of neutrons as well as protons. For fcrlt=0.2, the ellipses do not
intersect the lines representing closed shells of neutrons and protons, and
instability does not occur for nuclei that have closed shells of neutrons or
protons.
One should emphasize the qualitative nature of the above estimates.
Apart from the subshell effects already referred to, it would appear more
realistic, for the low-frequency shape oscillations, to consider a coupling more
strongly concentrated in the surface region than the simple multipole field
(6-365). (Such a field of the type (6-69) will be employed in the more
quantitative analysis in the following examples.) Moreover, if the numbers of
neutrons and protons outside closed shells are very different, the lowfrequency mode may involve a significant coupling to the T = 1 quadrupole
field; thus, in the extreme case of configurations with only one type of
particles outside closed shells, the effective coupling constant for the lowfrequency mode is ~ , = ~ ( l + x ( A N = 27 ,= 0 ) ) + ~ , = , ( 1+x(AN=2, ~ = 1 ) ) ,for
which the above estimates yield a value of about a third of the T = 0 coupling
(see Eqs. (6-368), (6-370), (6-379), and (6-382)).
It can be seen from Eq. (6-396) that the instability phenomenon is a
direct consequence of the fact that the binding energy of the pairs is small
compared with the energy separation between the shells. Thus, the instability
of the spherical shape appears as a general phenomenon for systems in which
the residual interactions are not sufficiently strong to destroy the shell
structure.
Oscillator strength

A

The oscillator strength in the low-frequency mode is not affected by the
field coupling acting within the degenerate AN = 0 excitations and is therefore

a
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given by
2

2

huB(7=0, X = 2 ) x 2 A ( 2 X + !)(a?)) (1 + x ( A N = 2 , 7=0; A E x O ) )

(6-398)

where we have included the renormalization of the quadrupole moment due
to the coupling to the A N = 2 transitions. Expressing (a$,'))* in terms of the
quantity C(O)and using Eqs. (6-368) and (6-395) with K , =
~ K
~ ( 1 + x(AN = 2)),
the oscillator strength in units of the classical oscillator sum (6-179) can be
written in the form

(6-399)
This estimate implies that, for A x 1 0 0 , the oscillator strength of the lowfrequency quadrupole mode becomes of the order of 10% of the sum rule unit
for configurations approaching instability, f x fcrit.
Static quadrupole moment

With the approach to instability in the spherical shape, one expects large
anharmonicities in the vibrational motion. A measure of the anharmonicity is
provided by the static quadrupole moment of the vibrational excitation
relative to the transition moment. In the estimate of the static moment, we
first consider the contribution Q , from the two-quasiparticle states i , out of
which the phonon state is built
Qi = -

E X(i)X(j)(jI Q Ii>
ij

( j l Q l i ) = ( v = 2j13z2 - r2)v= 2, i )

(6-400)

where the amplitude X ( i ) is given by (see Eq. (6-36))
X(i)= -

A

K e f f ( n= 1Ialn = O)(v=

2 8 - h~

2,ilFlv=O)

(6-401)

In Eq. (6-400), the minus sign results from the fact that Q , corresponds to the
standard definition of a quadrupole moment representing the matrix element
in the state with I = M , while the states i and j have been generated with the
M = 0 field; for 1 = 2, the expectation values of the quadrupole operator in tne
M=O and M = 2 states have the ratio - 1.
The transition matrix element of a occurring in Eq. (6-401) can be
related to the zero-point amplitude a$') of the quasiparticle excitations (see
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Eq. (6-28))
2

2A

( n = IIaIn=0)2=(ap) ylw

and for

(6-402)

we may employ the relation (see Eqs. (6-23), (6-26), and (6-27))

K , ~ ~

Keff(ap)

2

= ( C - C‘O))(a 0‘ 0 ) )

=-

*(

1-

(

2

$)2)

(6-403)

Using the relations (6-393) and (6-394), and the sum over the quadrupole
moments in the two-quasiparticle states evaluated below (see Eq. (6-4 13)), we
obtain from Eqs. (6-400) to (6-403)

(6-404)
where the transition quadrupole moment is given by (see Eq. (3-30))
(n=lIQIn=O)=

(1y)1/2(n=
l[a,n=O)

(6-405)

We have assumed equal values off for neutrons and protons.
The contribution Q, to the static moment is illustrated by diagram (i) in
Fig. 6-27a. To the same order in the particle-vibration coupling, one must
include five other terms, which are illustrated by diagrams (iiHvi) in Fig.
6-27a. All six contributions involve the same vertices and differ only in the
energy denominators. We therefore obtain

1-$(h~/2A)~

=6Q,

A

(1

+ hiw/2A)’

(6-406)

The evaluation of the static moment is similar to the analysis of the coupling
between states of one and two phonons considered in Sec. 6-5g; see Fig. 6-12,
p. 434.

a
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(iv)

Diagrams contributing to the static quadrupole moment of a phonon. The lines
represent quasiparticles. The six diagrams in (a) give the leading-order contributions produced by the bare moments of the quasiparticles, while the four diagrams in @) represent
the renormalization of diagram (i) in (a) that results from the coupling to the quadrupole
mode itself.
Figure 6-27

v

In the above estimate, we have included only the quadrupole moment of
the bare particles, but this moment is amplified by the coupling to the
quadrupole mode itself, which leads to an increase of static moments by the
factor (see Eqs. (6-216) and (6-26))
(6-407)
The polarizability x appearing in Eq. (6-407) represents the effect of the
coupling to the low-frequency mode ( A N = 0). The polarization effect is
illustrated by diagrams (i)-(iv) in Fig. 6-27b, which are all associated with
diagram (i) in Fig. 6-27a. The diagrams in Fig. 6-27b can be seen to yield a
contribution equal to x(AE = 0) multiplied by the contribution of diagram (i)
in Fig. 6-27a.
The final result for the static moment, obtained from Eqs. (6-404),
(6-406), and (6-407), can be expressed in the form

A
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In the present discussion of the static quadrupole moments, we have not
included the renormalization of the quadrupole matrix elements arising from
the coupling to the AN=2 excitations. (Thus, the matrix elements of Q and a
in expressions such as (6-401) and (6-405) represent the A N = O part of the
quadrupole operator.) This renormalization multiplies all the quadrupole
matrix elements by the factor (1 +x(AN=2)) and thus does not affect ratios
of matrix elements such as the expression (6-408).
For sufficiently few particles outside of closed shells (f<<jcriJ,
the collective excitation energy remains of the order of 2A (see Eq. (6-397)), and the
ratio (6-408) is of order (fQ)-'/'. Thus, for two particles, the static moment
and the transition moment are comparable. With increasing number of
particles, the static moment remains equal to that of the two-particle configuration, but the transition moment increases as f'/*(see, for example, Eq.
(6-305)). For f>>Q-', the vibrations may therefore be approximately harmonic, but as f approaches fcrit, the collective frequency decreases (see Eq.
(6-397)), and the last factor in Eq. (6-408) increases strongly, mainly as a
result of the polarizability associated with the self-coupling (see Eq. (6-407)).
The condition that the static moment remains small compared with the
transition moments restricts the harmonic description to a region in which
A u / ~ A > > Q - ' / ~ ; thus, for shells of the dimensions encountered in nuclei, the
static moment is never appreciably smaller than the transition moment. This
conclusion ignores the factor (1 - 2f) in Eq. (6-408), which expresses the
antisymmetry of the quadrupole moment with respect to the interchange of
particles and holes, and which becomes small in the middle of the shell.
However, in situations where the static moment would have been large except
for this symmetry, one must expect higher-order anharmonic effects to be
important.
Sums over two-quasiparticle excitations within a harmonic-oscillator shell, such
as are employed in the above discussion, can be conveniently evaluated by expressing
the particle quadrupole moment in terms of the operators CL and c,,, that create and
annihilate a quantum of oscillation with angular momentum component m. Thus, the
p = 2 component of the quadrupole moment takes the form

-(

r2Y2,= 1 -15
)'/2(x+
4 2a

iy)2

(6-409)

(We have here used the same phase relations as for the cylindrical representation
(5-24) employed in the analysis of intrinsic motion in deformed nuclei; in the limit of
spherical symmetry, the operators c ; , c\, and c t are equal to the operators c c , , cto,
c t I employed in the present discussion.) The moment (6-409) induces AN = O transitions of the type (n, I , no, n- ,)-+(n+ + I , no, n- I - I), where n, is the number of
quanta of type m, and the transition probability has the value

A
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These individual transitions only contribute if the initial orbit is filled and the final
orbit empty. In the paired coupling scheme, each orbit has the same probability of
occupancy, u2 =f, and for the total transition strength we therefore obtain, considering
only one type of particles (neutrons or protons),
(O)

2-4E(L);(l-f)
- 877 M u o
=

c

N

N-no

no=O

n+,=O

2

(n+,+l)n-,

-(1677
5 L ) ’ N ( N + I)(N+2)(N+3)f(l
Ma0

-f)

(6-41 1)

The factor 4 in the first line of Eq. (6-411) results partly from the spin degeneracy,
which gives a factor 2; the additional factor 2 is associated with the fact that each
excited state i , specified by two quasiparticles in the orbits 1 and 2, can be produced
by two different particle transitions TL2 and 2-1, where the bar denotes time
reversal. (In terms of the pairing coefficients u, u, the matrix element ( v = 2,ilFlv=O)
involves the factor 2uu (see Eq. (6-610b)), while the sum over i is restricted to sets of
quasiparticles with 1 < 2.)
In the ( n + 1, no,n - ,) representation, the AN = 0 matrix elements of the quadrupole
operator are diagonal, and the static moments of the two-quasiparticle states are given
by
(jlQli)=(v=2,j13z2-r21v=2,i)

2ti

= -(3n0 - N)( 1 - 2f)

S( i , j )

(6-4 12)

Ma0

where the factor (1 - 2f) results from the fact that the quasiparticle is particle-like with
probability 1 -f, and hole-like, with opposite Q, with probability f (see the factor
( u 2 - u2) in Eq. (6-610a)). The sum involved in the evaluation of the static moment of
the quadrupole excitation is therefore

2i ( ~ = 2 , i I r ~ Y ~ ~ l v = O ) ~ ( i =l Q-l i ) ( ( ~ = 2 , i l r ~ Y ~ , l v = O ) ~ ( i ~ Q ~ i ) )
I

l)(N+;)(N+2)(N+3)

(6-413)

Systematics of restoring force and mass parameter for low-frequency
quadrupole mode (Figs. 6-28 and 6-29)

+

A

T h e low-frequency 2
mode is strongly excited in electromagnetic
processes as well as in the inelastic scattering of nuclear projectiles (see, for
example, Fig. 6-2, p. 353). T h e comparison between the cross sections for
these different processes confirms that the mode is predominantly isoscalar
(TxO), as expected for a shape oscillation (see Table 6-2, p. 354). T h e
assumption that the local neutron-proton ratio remains constant leads to a n
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isovector moment proportional to ( N - Z ) / A , but the available data are not
sufficiently accurate to test this rather small effect. (Somewhat larger isovector moments may be expected in the low-frequency quadrupole modes, when
the numbers of neutrons and protons outside closed shells are very different.)
An especially direct measurement of the T = 1 moment of a vibrational mode
could be obtained from a charge exchange excitation of the isobaric analog
IT= 2 + state with M,= To- 1; only the isovector field contributes to this
excitation (since pT= - l), and the ratio of the isovector multipole matrix
elements leading to the two different components of the isobaric multiplet is
equal to the ratio of the vector addition coefficients (see Eq. (6-132)).
Experiments of this type have been reported (see, for example, Rudolph and
McGrath, 1973), but the interpretation in terms of the isovector moments of
the vibrational excitations remains uncertain due to the difficulty in a
quantitative estimate of the contributions from two-step processes.
The most precise information on the transition amplitude is provided by
the measured B (E2) values (see Fig. 4-5, p. 48), and we therefore employ the
normalization (6-63) for the vibrational amplitude in terms of the E 2
moment. From the frequencies and B(E2) values, one can determine the
restoring force parameters C , and the mass parameters D , (see Eq. (6-65))

(6-414)

D , = w l ,C2

A

The restoring force parameters C , obtained from Eq. (6-414) are shown
in Fig. 6-28. The figure also gives the values of C , derived from the
liquid-drop model (see Eq. (6A-24)); the observed values exhibit variations by
more than a factor of 10 both above and below the liquid-drop estimate and
thus reveal the profound importance of the nuclear shell structure for the
low-frequency quadrupole mode. The main trends in C , can be understood in
terms of the approach to instability as particles are added to the closed shells
(see the discussion in the previous example).
The interpretation of the quantity C , in Fig. 6-28 as the restoring force
assumes harmonic vibrations. More generally, the quantity plotted can be
related to the contribution of the excitation mode to the static polarizability
for a weak external field acting on the quadrupole moment. (This interpretation also applies to the rotational excitations, which have therefore been
included in Fig. 6-28.) The polarizability coefficient x is given by the ratio of
K and C , (see Eq. (6-216), where the amplitude of the vibration is normalized
to the quadrupole field ( a = ( r 2 Y 2 J ) ) .From the estimate (6-368) for K , we
obtain, taking into account the changed normalization of the amplitude
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pole mode. The quantity C, is calculated by means of Eq. (6-414) with R = 1.2A ' I 3fm. The
frequencies h q and the B ( E 3 values are taken from the compilation by Stelson and
Grodzins (1965); see also Fig. 2-17, Vol. I, pp. 196-197, and Fig. 4-5, p. 48. Additional data
on lighter nuclei are taken from Table 4-15, p. 134, and from the compilation by Skorka
et al., 1967. The interpretation of the quantity plotted in terms of a restoring force is only
appropriate for harmonic vibrations about a spherical equilibrium. More generally, the
quantity represents the quadrupole polarizability contributed by the lowest 2 + excitation
mode, as given by the right-hand scale.
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employed in the present definition (6-414) of C,,
3 AM~;R,
477
c,

X( T = 0, X = 2; AE = 0) = -

(6-415)
where we have assumed ( r 2 )= 3 R ' / 5 with R = 1.2A ' I 3fm. The polarizability
values resulting from Eq. (6-415) can be read from the right-hand scale in Fig.
6-28. Since the relation (6-414) determines C, from the E2-transition moment,
the expression (6-415) assumes a constant charge to mass ratio in the nuclear
deformation (see Eq. (6-61)). In most cases, the contribution to the polarizability from the low-frequency mode considerably exceeds the contribution
from the excitations of the closed shells (see Table 6-8), and thus dominates
the total quadrupole polarizability.
The mass parameters obtained from Eq. (6-414) are given in Fig. 6-29, in
units of the mass parameter D,(irrot) for irrotational flow (see Eq. (6-181)).
While the interpretation of the quantity plotted in Fig. 6-29 as a mass
parameter assumes harmonic vibrations, one can more generally recognize
this quantity as the fraction of the classical oscillator sum S ( T = 0, A = 2)class
carried by the observed 2 + excitation (see Eq. (6-183)). It is seen that the
values of D, are large compared with the mass parameter for irrotational
flow, corresponding to the fact that the main oscillator strength is associated
with the high-frequency quadrupole mode. The oscillator strength in the
low-frequency mode increases as particles are added in unfilled shells and
reaches values of the order of 10% of the sum rule unit for configurations in
the neighborhood of the transition to nonspherical equilibrium shapes. This
value of the oscillator strength is comparable to that estimated in the previous
example; see Eq. (6-399). (For the deformed nuclei, the quantity plotted in
Fig. 6-29 represents the oscillator strength carried by the rotational excitation; in terms of the rotational mass parameter D,,,defined by Eq. (6-188),
the oscillator strength in Fig. 6-29 equals 2D2(irrot)/5D,,,; see Eq. (6-187).)

Superposition of elementary excitations (Figs. 6-30 to 6-37; Tables 6-10
to 6-13)
A rather extensive body of data is available concerning the superposition
of quadrupole quanta giving rise to higher excitations in the even-even nuclei,
and regarding the superposition of quadrupole quanta and quasiparticles in
the spectra of odd-A nuclei. For even-even nuclei, it is found that the n = 1,
la = 2 state is connected with large E2-matrix elements to higher states that
can approximately be interpreted as n = 2 excitations. In many cases, all the
members of the expected triplet (171= 0 , 2 , 4 ) have been identified; in
other cases, only some of the members of the triplet are known, but the

+

+ + +

A
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Figure 6-29 Systematics of the mass parameter D , for the low-frequency quadrupole mode.
The quantity D , is calculated from Eq. (6-414) on the basis of the data referred to in the
caption to Fig. 6-28.
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remaining states may have been missed in the experimental studies so far
reported. Examples of n = 2 states are shown in Figs. 6-30, 6-3 1, and 6-32. As
regards states with n > 2, the information is very incomplete, but the yrast
states of the vibrational band ( I = 2n), with rather large values of n , have been
found in many nuclei by means of (heavy iron, m y ) reactions; see Fig. 6-33.
In odd-A nuclei, one quite generally observes E 2 transitions with
strengths and frequencies comparable to those in neighboring even-even
nuclei (see, for example, Fig. 6-30). In many cases, the pattern of these
excitations can be qualitatively interpreted in terms of the superposition of a
quasiparticle with spin I o = j and a quadrupole quantum giving a multiplet of
states with I = IIo- 21,. . .,Io+ 2.
In both the odd-A and even-even spectra, rather large deviations from
the approximation of independent elementary excitations are revealed by the
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Figure 6-30 Spectra of Cd isotopes. The numbers appearing on the transition arrows give
the B(E2) values in units of the single-particle moment B,(E2)= 32e2fm4 appropriate for
these nuclei. For the transition of the 2 + state into itself, the B(E2) value is obtained from
the static quadrupole moment Q in terms of the relation B(E2;2+2)=(35/32r)Q2. The
matrix elements B(M1) are in units of ( e f i / 2 M ~ )and
~ m(EO), for the decay of the 1.13
MeV state in '14Cd, in units of e fm2. The energies are in MeV.
The data are taken from the compilation by Lederer et al. (1967), with additional
information from: "'Cd (J. McDonald and D. Porter, Nuckar Phys. AlW, 529, 1968); '12Cd
and 'I4Cd (F. K. McGowan, R. L. Robinson, P. H. Stelson, and J. L. C. Ford Jr., Nuclear
Phys. 66,97, 1965; W. T. Milner, F. K. McGowan, P. H. Stelson, R. L. Robinson, and R. 0.
Sayer, Nuclear Phys. A129, 687, 1969; see also the compilation by Groshev et al., 1968). The
quadrupole moment of the 2 state in 'I4Cd ( Q = - 60 fm2) is taken from the review by de
Boer and Eichler (1968), but there remain unresolved discrepancies between different
experimental determinations of this quantity (see, for example, Berant et al., 1972). The
value of B(E2; 2+2) for 'I2Cd is obtained from the ratio of the '14Cd to 'I2Cd moments
measured by S. G. Steadman, A. M. Kleinfeld, G. G. Seaman, J. de Boer, and D. Ward,
Nuckar Phys. A155, 1 (1970).
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energies as well as by the E2-matrix elements (see the evidence in Figs. 6-30
to 6-33). The occurrence of such rather large anharmonicity effects is to be
expected on the basis of the analysis of the field coupling acting among the
particles in the unfilled shells, as discussed above (pp. 523ff).
In the following sections of the present example, we shall explore the
extent to which the observed anharmonicity phenomena can be described in
terms of the leading-order effects of the particle-vibration coupling. In
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favorable cases, such an approach should provide a rather quantitative
description, but in many cases, the anharmonicities encountered are so large
that a quantitative analysis would require the inclusion of higher-order terms.
Eflective charge

A

A rather direct manifestation of the particle-vibration coupling is the
effective charge for quadrupole moments and E 2 transitions involving oneparticle configurations. Table 6- 10 gives examples of such E2-matrix elements
for configurations with a single particle or hole with respect to the closedshell configuration 2 = 50. In these spectra, it appears that the ground state of
In (ZT = 9/2 +) and the low-lying ZT = 5/2 + and 7/2 + states of Sb can be
rather well described as single-hole (g;j2) and single-particle (d5,2 and g7,3
states, respectively. (See, for example, the evidence on the one-particle
transfer processes on Sn targets, Barnes et a f . , 1966.) The effective charges in
Table 6-10 are obtained by dividing the observed moments in column two by
the single-particle estimate (see Eqs. (3-27) and (3-32)); the radial matrix
element (j21r21j , ) appearing in the single-particle moments is given in column
three and has been obtained from wave functions in a Woods-Saxon potential
with standard parameters (see Vol. I, pp. 239 and 326). The coupling matrix
element (j21k(r)lj , ) in column four is obtained from the expression (6-213),
with the same wave functions and potentials. The polarization charge resulting from the coupling to the low-frequency quadrupole vibrations has been
estimated from Eq. (6-218), on the basis of the frequency (h2=
1.17 MeV)
and B(E2) value (2.0X lo' e2fm4) observed for lzoSn (Stelson et a f . , 1970).
The polarization charge resulting from the coupling to the high-frequency

Matrix element
e fm2

Nucleus
1151n
12'Sb
"'Sb
1(87/211

Q<G,3=83
Q(d5/2) = - 53
Q(g712) = -68
4 W l I d 5 / 2 ) l = 19

(j21r21jl> (j21kIjl)

fm2

MeV

26
24
23
14

68
58
58
47

ecff,/e
Obs. CaIc.
4.4
3.9
4.4
4.5

5.4
5.0
5.2
6.7

Table 6-10 Effective E 2 charges in In and Sb. The experimental data in column two
are taken from the compilation of nuclear moments by Fuller and Cohen (1969) and
from the Coulomb excitation measurements in 123Sbby P. D. Barnes, C. Ellegaard, B.
Herskind, and M. C. Joshi, Phys. Letters UB, 266 (1966). The quadrupole moments of
the Sb isotopes are those obtained from the measurements of atomic spectra; atomic
beam measurements have given values about a factor of 2 smaller (Fuller and Cohen,
/oc.cit.). For the quadrupole moment of "'In, see also Lee et al. (1969).
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modes is taken from the estimate (6-386). The total estimated effective charge
in the last column includes the charge of the bare particle. The comparison
between observed and calculated effective charges in Table 6- 10 indicates
that the assumed coupling is approximately of the right magnitude; however,
there appears to be considerable uncertainty in the experimental data. It
should also be noted that the coupling is rather strong; the dimensionless
coupling constant given by Eq. (6-212) has the value f2=0.8 for (k)=60
MeV. Thus, the first-order perturbation treatment may somewhat overestimate the induced quadrupole moment.
The examples considered in Table 6-10 are somewhat special in that the
proton configuration involves a single particle in addition to closed shells.
When the odd-particle configuration involves several particles outside closed
shells, the single-particle degrees of freedom are expressed in terms of the
quasiparticle states. The E2-matrix elements between states of a single
quasiparticle may be strongly reduced as compared with the one-particle
value, corresponding to the fact that quasiparticles are combinations of
particles and holes, which have opposite sign for the E 2 moment (see the
factor uIuz- u102in Eq. (6-610a)). In such a situation, the estimate of the E 2
moment for low-lying states may depend sensitively on the details of the
one-particle spectrum.

Figure 6-31 Spectra of even-parity states in even-even Sm isotopes (for odd-parity levels,
see Fig. 6-44, p. 577). The numbers appearing on the transition arrows give the B (E2) values
in units of the single-particle moment B,(E2) =48e2fm4 appropriate for these nuclei. The
values of B(E2; 2-2) are obtained from the static quadrupole moments (see the caption to
Fig. 6-30); the sign of the moment is found to be negative in IS2Smas well as in IS0Sm. All
energies are in keV.
The spectra of lS2Smand '"Sm can be described rather well in terms of rotational band
sequences corresponding to an axially symmetric deformation, and the levels associated with
different bands are displaced horizontally with respect to each other.
The experimental data are taken from the compilation by Sakai (1970) and from: "%m
(J. Kownacki, H. Ryde, V. 0. Sergejev, and Z . Sujkowski, Nuclear Phys. Al%, 498, 1972;
14*Sm(B. Harmatz and T. H. Handley, Nuclear Phys. A121,481, 1968; D. J. Buss and R.K.
Smithers, Phys. Rev., C2, 1513, 1970); (a2n) reactions leading to '52Sm and '"Sm (H.
Morinaga, Nuclear Phys. 75, 385, 1966; 0. Lansjo and G. B. Hagemann, Nuclear Phys. 88,
624, 1966); (tp) reaction on '"Sm (S. Hinds, J. H. Bjerregaard, 0. Hansen, and 0. Nathan,
Phys. Letters 14, 48, 1965); (tp) reaction on lS2Sm(J. H. Bjerregaard, 0. Hansen, 0. Nathan,
and S. Hinds, Nuclear Phys. 86, 145, 1966); (pt) studies (Y. Ishizaki, Y. Yoshida, Y. Saji, T.
Ishimatsu, K. Yagi, M. Matoba, C. Y. Huang, and Y. Nakajima, Contributions to International Conference on Nuclear Structure (Tokyo), p. 133, 1967); Coulomb excitation studies (J.
J. Simpson, D. Eccleshall, M. J. L. Yates, and N. J. Freeman, Nuclear Phys. A!M, 177, 1967;
I. A. Fraser, J. S. Greenberg, S. H. Sie, R. G. Stokstad, and D. A. Bromley, Contributions to
Iniernational Conference on Properties of Nuclear States (Montreal), pp. 13 and 14, 1969; G.
B. Hagemann, B. Herskind, M. C. Olesen, and B. Elbek ibid. p. 29); lifetime measurements
in IS2Sm(R. M. Diamond, F. S. Stephens, R. Nordhagen, and K. Nakai ibid., p. 7); (nu)
studies of ImSm (review by Groshev et al., 1968).
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Figure 632 Quadrupole vibrational spectra of even-even nuclei in the region A = 190. The
numbers appearing on the transition arrows give the B(E2) values in units of the singleparticle value B,(E2)= 65e2fm4appropriate to these nuclei. The B(M 1) values are given in
units of (eii/2Mc)’. The data are taken from the compilation by Lederer et al. (1967) and
from: spectrum of “‘Pt (B. R. Erdal, M. Finger, R. Foucher, J. P. Husson, J. Jastrzebski, A.
Johnson, N. Perrin, R. Henck, R. Regal, P. Siffert, G. Astner, A. Kjelberg, P. Patzelt, A.
Hoglund, and S. Malmskog, International Conference on Properties of Nuclei Far from the
Region of Beta-Stabilify, p. 1031, CERN 70-30, Geneva 1970); quadrupole moment in ‘%Pt
(J. E. Glenn, R. J. Pryor, and J. X. Saladin, Phys. Rev. 188, 1905, 1969); Coulomb excitation
of Pt isotopes (W. T. Milner, F. K. McGowan, R. L. Robinson, P. H. Stelson, and R. 0.
Sayer, Nuclear Phys. A177, 1, 1971); Coulomb excitation of 0 s isotopes (R. F. Casten, J. S.
Greenberg, S. H. Sie, G. A. Burginyon, and D. A. Bromley, Phys. Rev. 187, 1532, 1969);
quadrupole moments of 0 s isotopes (S. A. Lane and J. X. Saladin, Phys. Rev. C6,613, 1972).

v

A

One-particle transfer leading to vibrational excitations

Another test of the particle-vibration coupling is provided by the oneparticle transfer processes with excitation of a vibrational quantum. For the
transfer to an odd-A target leading to the 2+ vibrational state in the
even-even final nucleus, there are two amplitudes, as illustrated in Fig. 6-34;
the evaluation of these amplitudes is similar to that of the transfer amplitudes
considered in Sec. 6-5c. With the inclusion of the effect of the pair correla-

El

QUADRUPOLE MODES

537

2E(U '

IE(2)

/

4 -

"Ow,

E ( 2 ) = 1OL keV

3 -

/
/
/
2 -

' ~ O S E, ( 2 ) = 187 keV

E L P t , E ( 2 ) = 162 keV
1YZ

'"pt, E ( 2 ) = 256 keV
P t , E ( 2 ) = 316 keV

1 -

0

2

4

6

8

10

12

I

Yrast spectra for even-even nuclei in the region 1805,45190. The experimental data are taken from the compilations by Sakai (1970) and Saethre et a[. (1973).

Figure 6-33

v

tions (see Eqs. (6-599) and (6-610)), one obtains the parentage factor

A

If the target is in its ground state, the relative sign of the two amplitudes is
positive if u(j1)u(j2)- v(j,)u(j,) >0, corresponding to a particle-like transition between the statesj, andj,.

(4

(b)

Amplitudes for one-particle transfer leading to a vibrational excitation. The
factors appearing beside the vertices represent the effect of the pair correlations.
Figure 6-34
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As an example of the application of Eq. (6-416), we consider the (dp)
intensity populating the n2= 1 states of '12Cd (see the spectrum of the Cd
isotopes in Fig. 6-30). The one-particle spectrum assumed in the analysis and
the associated quasiparticle energies (see Eq. (6-602)) and pairing coefficients
(see Eq. (6-601)) are given in Table 6-1 1. The pairing parameter A is taken
from the empirical odd-even mass difference (see Fig. 2-5, Vol. I, p. 170) and
the chemical potential h is adjusted so that the total number of neutrons in
the ground state is N = 6 3 (see Eq. (6-611)). The one-particle spectrum
employed is based on the systematics of the odd-A spectra in the region
Nx60-70 and is of a somewhat tentative character.

Orbit
ds/2
g7/2
Sl/2

hl I / 2
d3/2

E

(MeV)
0.2
0.8
2.2
2.8
4.6

E (MeV)

U

2)

1.73
1.39
1.48
1.88
3.44

0.39
0.53
0.88
0.93
0.98

0.92
0.85
0.48
0.36
0.19

Table 6-1 1 Pairing parameters for neutron configurations in 'IICd.
The quasiparticle energies E and occupation parameters u and u are
calculated for the chemical potential, A = 1.4 MeV, and gap parameter, A = 1.25 MeV.

v

The estimate (6-416) of the parentage factor is compared in Table 6-12
with the empirical value deduced from the (dp) cross sections. The radial
matrix element (j21k(r)lj,) in column two is obtained from the standard
Woods-Saxon potential (see Vol. I, pp. 239 and 326) and the vibrational
amplitude ( ( Z ~ W ~ / ~ C , )8' x/ ~lo-,)
=
is derived from the data in Fig. 6-30. The
amplitudes in columns three and four correspond to the two diagrams in Fig.
6-34. The agreement to within a factor of 2 between the calculated and
observed transfer intensities is as close as could be expected, in view of the
uncertainties in the parameters E, u, u and in the analysis of the observed
cross section to obtain the reduced matrix element of at(j,). The observed
cross section does not distinguish between d312 and d5/, transfer, but the
theoretical estimates imply a dominance of d3/2 transfer.
E2-matrix elements with An = 0 and An = 2

A

In the harmonic approximation, the E2-matrix elements in the vibrational spectrum are governed by the selection rule An = 1 (see p. 349). The
forbiddenness of the An = 2 transition n = 2, I = 2+n = 0 is a systematic fea-
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d3,2

45

- 0.3 1

d5/2

45

- 0.40

-0.12

0.18
0.36

0.25

0.02

One-particle transfer leading to 2 + vibrational state of '12Cd
from ground state of "'Cd (jl=sI,z). The observed parentage factor is
obtained from the experimental cross sections for ICd (dp)"'Cd and
their analysis given by P. D. Barnes, J. R. Comfort, and C. K. Bockelman,
Phys. Reo. 155, 1319 (1967). These authors have also given an interpretation of this cross section based on the particle-vibration coupling with
results essentially the same as those obtained in the present analysis.

Table 6-12

V

A

ture of the empirical data (see the examples in Figs. 6-30, 6-31, and 6-32).24
Evidence on the An=O matrix element that gives the static quadrupole
moment of the first excited 2 + state has become available as a result of the
development of tools for the study of multiple Coulomb excitation (de Boer et
al., 1965). It is found that these matrix elements are usually of a similar
magnitude as the An= 1 transition moments and thus represent a major
violation of the leading-order selection rule (see Figs. 6-30 to 6-32).
The occurrence of static moments comparable in magnitude to the
transition moments has already been discussed as a characteristic feature of
the low-frequency quadrupole mode associated with the trend toward instability of the spherical shape, when particles are added in unfilled shells (see
pp. 523 ff.). The different behavior of the An = 2 moments can be qualitatively
interpreted in terms of the effect of the leading-order anharmonic term in the
vibrational potential energy, proportional to ( o L ~ o L ~ owhich
L ~ ) ~ ,gives the ratio
- 3 f i for the reduced matrix elements ( n = 1,1=211 .M(E2)/1n= 1,1=2)
and (n=2,1=211 Y(V(E2)lln=O) (see Eq. (6-425)), corresponding to a factor
of 18, for the ratio of the reduced transition probabilities. A rather large value
for the ratio of the matrix elements can be understood in terms of the
frequency dependence of the quadrupole polarizability associated with the
low-frequency mode itself; for the static moment, the appropriate polarizability is x ( A E = O ) (see the discussion on p. 525), while for the A n = 2 transition,
the polarizability coefficient is x ( A E = 2 h , ) = - f x ( A E = O ) , see Eq. (6-216);

2qhis selection rule was recognized at an early stage of nuclear spectroscopy as a striking feature
of the spectra of even-even nuclei (Kraushaar and Goldhaber, 1953).
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the additional factor fi results from the counting of the diagrams and the
inclusion of the boson factor (see Fig. 6-37a).
Particle-phonon interaction. Special favoring of states with Z=j - I

A

In the odd-A spectra, the states involving a vibrational quantum are
usually found to have energies and transition probabilities differing significantly from those of noninteracting excitations (see examples in Fig. 6-30).
The particle-phonon interaction resulting from the particle-vibration coupling
acting in second order gives rise to rather large energy shifts, but the
anharmonicity in the vibrational motion itself may lead to additional effects
of comparable magnitude, which appear as higher-order terms in the particlevibration coupling. Thus, if the phonon possesses a static quadrupole moment
comparable to the transition moment, one must take into account the
interaction between this moment and that of the quasiparticle (see the
analysis on p. 576 of the corresponding term for an octupole phonon).
Despite the complexity of the quadrupole spectra of the odd-A nuclei, it
is possible to identify a rather striking feature, which receives a simple
qualitative interpretation in terms of the particle-vibration coupling. One
finds quite regularly that, in odd-N (or odd-Z) nuclei with several neutrons
(or protons) outside of closed shells, there occur very low-lying states with
I = j - 1, wherej ( 2 5/2) is the angular momentum of a quasiparticle close to
the Fermi surface. (See, for example, the Z1~=7/2+ states in Fig. 2-24, Vol. I,
p. 225, for nuclei with N or Z equal to 43, 45, and 47, for which the g9,2 shell
is being filled.25)
The leading order of particle-phonon interaction is illustrated by the
diagrams in Fig. 6- 10, p. 427. For j l =j , =j , the diagrams in Figs. 6- 10a and b
are always repulsive and act only in the Z = j state (see Eq. (6-224)). Figures
6-1Oc and d give rise to the same pattern of splitting within the particlephonon multiplet, but have opposite sign. From Eq. (6-224) and the quasi-

Z5Thesystematic occurrence of these “anomalous” states for configurations with several equivalent
particles was recognized by Goldhaber and Sunyar (1951) as a part of the elucidation of the “islands of
isomerism.” The interpretation of the states played a significant role in the early discussion of nuclear
coupling schemes, since it was recognized that for (j)” configurations, short-range attractive forces favor
the single state with I = j (Mayer, 1950a), characterized by the seniority v = 1 (Racah, 1950). It was
found that for ( j ) 3configurations with j > 5/2, the I = j - 1 state can occur very close to or even below
the I = jstate for forces of sufficiently long range (Kurath, 1950). An alternative interpretation could be
given in terms of the coupling to the quadrupole deformations; for spherical nuclei, these couplings give
rise to an enhancement of the quadrupole component of the effective nuclear forces, which favors the
I =j - 1 state; for deformed nuclei, the lowest state of (j)’ also has I (= K)=j- 1 (Bohr and Mottelson,
1953, pp. 34ff.; see also the erratum quoted in footnote 11 of Bohr and Mottelson, 1955a). The
possibility of basing the argument on the quasiparticle-phonon coupling was recognized by Sherwood
and Goswami (1966).

QUADRUPOLE MODES

V

particle factors given by Eq. (6-207), one obtains

where E ( j ) is the quasiparticle energy.
The first and third terms in Eq. (6-417), corresponding to the diagrams
(a) and (c) in Fig. 6-10, have the form of a coupling between a single particle
and the nuclear deformation and favor the state Z = j + 1, which develops into
the first rotational excitation for sufficiently strong coupling. (In the special
case of j = 5/2, the second-order interaction energy (c) is equally large for
I = j - 2 = 1/2 and Z = j 1 = 7 / 2 . ) The fact that the vibrational excitation is
built out of the same degrees of freedom as the particle motion is reflected in
the second and fourth terms in Eq. (6-417) (corresponding to the diagrams in
Figs. 6-lob and d), which favor the state with Z = j - 1. For j 2 5/2, the 6j
symbol has a positive value only for Z=j- 1.) The diagrams (b) and (d) in
Fig. 6-10 are specific to configurations with several equivalent particles. For
sufficiently many particles (and holes) in the j shell, these terms dominate
over the interactions (a) and (c), and the particle-vibration coupling then
favors the state I = j - 1.

+

Interaction of phonons and correction to E2-intensity relations

The leading-order anharmonic terms in the vibrational energy spectrum
can be described in terms of an interaction between pairs of phonons (see
Eqs. (6-269)). In this approximation, the energies of the states with n 2 3 can
be calculated from the observed energies of the n = 1 and n = 2 excitations.
The relationship is especially simple for the states with I = 2 n (see Eqs.
(6-272))
E ( n ,I = 2 n ) = nE(n = 1)

+ in(.

- I ) ( E ( n= 2,1 = 4) - 2E(n = 1))

= Z(E(n = 1) - f E ( n = 2,1= 4))

+ g12(E(n= 2,1=4) - 2 E ( n = 1))
(6-4 18)

A

The available data on such sequences of states agree rather well with the
expression (6-418); see the examples in Fig. 6-33, where the relation (6-418)
corresponds to a straight line. (The possibility of representing this sequence of
states by an expression involving linear and quadratic terms in I was
discussed by Nathan and Nilsson, 1965.)

VIBRATIONAL SPECTRA

542

v

Ch. 6

For other states with n > 3 , there is only little evidence to test the
corresponding relations. A few examples are provided by observed IT= 3
states. If interpreted as n = 3 excitations, the energy can be obtained from Eq.
(6-271) and the parentage coefficients in Table 6B-1, p. 691,

+

E ( n = 3,1= 3) = 3E(n = 1) +(YE(. = 2, I = 2)

+ $ E ( n = 2, I =4) - 6E(n = 1))
(6-419)

A

The energies of 1 ~ = 3 +states in isotopes of Sm, Os, and Pt are collected in
Table 6-13, and it is seen that the relation (6-419) is not well satisfied. If the
n = 3 assignment for these states is confirmed by the observation of large
E2-matrix elements connecting the states with the n = 2 excitations, it would
appear that the three-phonon interaction is of rather large magnitude.

Nucleus

1=2

1=2

1=4

n=3,1=3
Calc.
Obs.

'"Sm
lS2sm
lg8Os

0.334
0.122
0.155
0.206
0.316
0.356

1.047
0.81 1
0.633
0.489
0.6 12
0.689

0.777
0.366
0.478
0.580
0.785
0.878

1.91
1.69
1.30
0.93
1.04
1.16

n=l

1920~

'92Pt
196Pt

n=2

Table 6-13 Analysis of energies of

1S O
1.23
0.79
0.69
0.92
1.oo

+

IT = 3 , n = 3 states. The data are taken from
the compilation by Sakai (1972); see also Figs. 6-31 and 6-32. The energies are in
MeV.

v

A similar analysis of the E2-matrix elements leads to an expansion of the
effective E 2 operator in powers of c$ and c2 (see Eq. (6-273)). Thus, to
leading order, the A n = O and An=2 matrix elements each involve a single
parameter (ml I and rn,,), while the corrections to the An = 1 matrix elements
involve three parameters (m21,R).The relation between the An = 0 matrix
elements can be tested by the ratio between the E2-matrix element for the
An = 0 transition n = 2, I = 2+n = 2, I = 0 and the static quadrupole moment
of the n = 1 state in '14Cd. From the reduced matrix elements in Table 6-3, p.
450, one obtains

B( E2; n = 2, I = 2+n

4
5

= 2, I = 0) = - B ( E2; n = 1, I = 2+n = 1, I = 2)

= -7
(Q(n=
877

1)) 2

(6-420)

.

R
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The experimental data for '14Cd in Fig. 6-30 are seen to be consistent with
this relation. (A search for the n=2,Z=4 to n=2,Z=2 transitions in losPd
and I3,Ba has yielded upper limits for the E2-transition probability, which are
an order of magnitude smaller than expected on the basis of the static
quadrupole moments of these nuclei (Stelson et al., 1973)).
Another way of viewing the anharmonicity effects is in terms of an
expansion of the vibrational Hamiltonian in powers of the vibrational amplitudes and their time derivatives. In the adiabatic situation (hw<<2A), the
anharmonic terms in the potential energy are expected to be especially large
(see p. 451). With inclusion of cubic and quartic terms in the potential energy,
the anharmonic part of the Hamiltonian is given by
H'

= k3(aZaZa2)0+

(6-42 1)

k4(a2aZ)0(aZa2)0

(The occurrence of only a single term in third and fourth order is equivalent
to the fact that the spectrum of quadrupole phonons contains a single Z = O
state for n = 3, as well as for n = 4; see Table 6-1, p. 347. The invariants that
occur in Eq. (6-421) are expressed in terms of the intrinsic deformation
parameters j3 and y in Eq. (6B-3).) The leading-order effects of the anharmonicity (6-421) on the energy and the E2 moments are evaluated in the small
print below.
Since the anharmonicity (6-421) involves only two parameters, there are
restrictions on the pattern of energy shifts within the n = 2 triplet (see Eqs.
(6-426) and (6-428)),
E ( n =2,Z=O) -2E(n= 1) = ;(E(n=2,+4)
E ( n = 2, Z = 2) > E ( n =2,Z=4)

A

- 2E(n = 1))

(6-422)

As can be seen from Figs. 6-30, 6-31, and 6-32, the relations (6-422) are often
violated.
The contribution of the cubic and quartic potential energy terms to the
E2-matrix elements is given by Eq. (6-429). A number of these matrix
elements have been determined for lL4Cd(see Fig. 6-30) and are analyzed,
together with the energies of the n = 2 states, in Fig. 6-35. Each of the
quantities considered is a linear function of k: and k,, and the empirical value
therefore defines a straight line in the k i , k, plane. In a consistent interpretation, all the lines would intersect at a single point. In addition to the
discrepancies among the energies already noted (see Eq. (6-422)), the E2matrix elements among themselves and in comparison with the energies
provide further evidence for the shortcomings of the analysis based on the
leading-order effects of the potential energy terms. (More detailed
phenomenological studies of anharmonicity effects in I 14Cd,including higherorder effects of the cubic terms in the Hamiltonian, confirm that it is not
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Figure 6-35 Anharmonic effects in the quadrupole spectrum of 'I4Cd. The empirical data
are taken from Fig. 6-30. The E2-matrix elements describing the transitions n = 2+n = 1
receive contributions from the leading-order (harmonic) as well as from the anharmonic
terms, and it has been assumed that the sign of the total matrix element is the same as that
of the leading-order term; the assumption of the opposite phase would have led to values of
(k;,k4) lying considerably outside the region illustrated in the figure.

V

A

possible on this basis to account for the observed energies and E2-matrix
elements (Smensen, 1966; Bes and Dussel, 1969).) At present, it is not clear to
what extent these discrepancies result from further anharmonic terms in the
quadrupole mode or are to be attributed to the neglect of additional degrees
of freedom and interactions that might play a role in the low-energy excitation spectra.
As an alternative approach to the analysis of the higher states in the
vibrational spectra, one may attempt to identify rotational trajectories. The
separation between rotational and intrinsic vibrational motion is expected as
a general feature of the yrast region (see the discussion in Sec. 6B-3). Thus,
the leading trajectory with Z=2n can be viewed as a rotational sequence
associated with a triaxial rotor with an equilibrium deformation changing
smoothly with I . This circumstance may account for the especially regular
behavior of this sequence of states, as illustrated in Fig. 6-33. Further
evidence testing the expected simple pattern of the spectrum in the yrast
region would be very valuable.
It is also possible that, for a large class of nuclei, the potential energy
surfaces represent situations intermediate between those of harmonic vibrations ( F
z
' 4 CP ') and those of nuclei with stable equilibrium deformations. In

I
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such a situation, one may obtain qualitative insight from an interpolation
between these two limiting coupling schemes (Sheline, 1960; Sakai, 1967;
Davydov, 1967). The classification of the transition spectra may depend
sensitively on the shape and stability of the equilibrium form toward which
the system is developing. Thus, for example, for a transition toward an axially
symmetric deformation, the second I = 0 and Z = 2 states will be members of
the same ns = 1, K=O rotational band, if the deformed shape is softer with
respect to variations in p than in y, while these states belong to different
bands (ns = 1, K = 0 and n,. = 1, K = 2) with the Z = 2 state lower in energy , if
the deformed shape is especially soft with respect to variations in y. It
appears that these two possibilities are illustrated by the sequences of observed spectra in Figs. 6-31 and 6-32, respectively. (For investigations of the
different types of spectra that can occur in connection with such transitions
between vibrational and rotational coupling schemes, see, for example, Kumar, 1967; Dussel and Bes, 1970; Gneuss and Greiner, 1971.)
It should be borne in mind that the mass parameters for the p- and
y-vibrational motion in the deformed nuclei are found to be appreciably
larger than those associated with the rotational motion (see the discussion on
pp. 552 and 550); thus, variations of the mass parameters with p and y may
have a significant influence on the structure of the transition spectra.
The leading-order anharmonic term in the potential energy is given by the cubic
coupling
k3(a2a2a2)0

= -k

3 a ~ ( ( c ~ c ~ c ~ 0 + 3 ( c ~ conj.)
c~~~)o+H.

(6-423)

where a. is the zero-point amplitude (see Eqs. (6-51) and (6-52)). The basic interactions produced by the coupling (6-423) are illustrated in Fig. 6-36a. The identity of the
three phonons involved in the coupling implies a factor ( n ! ) ' 1 2 for an initial or final
state with n phonons; each diagram represents a sum of terms corresponding to the
permutation of phonons that have distinguishable roles, such as the distinction
between phonons entering or leaving the vertex. On this account, the second diagram
in Fig. 6-36a gives a factor of 3, as for the coefficient of the ( C \ C $ T ~ ) term
~
in Eq.
(6-423). The last factor (5)-'12 for this diagram is associated with the angular
momentum coupling in the expression (6-423).
In first order, the coupling (6-423) gives rise to A n = O and An = 2 terms in the E 2
moment illustrated by the diagrams in Fig. 6-37a, and the corresponding coefficients
in the effective operator (6-273) have the values

(6-424)

A

where m l o is the E2-matrix element for the creation of a phonon. In the diagrams in
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Figure 6-36 Diagrams representing interaction effects associated with cubic anharmonic

term in the quadrupole mode.

V

Fig. 6-37a, the phonon that is created or annihilated by the E2 moment is distinguishable from the other phonons; hence, the matrix element involves the permutation
factors 6 for the An = 0 diagrams and 3 for the An = 2 diagrams.
The A n = O term produced by the cubic coupling has a considerably larger
coefficient than the A n = 2 term; thus, for example (see Table 6-3, p. 450, and Eq.
(6-274))
( n = 1,1=211 M(E2)11n= 1,1=2)
= -3v3
(n = 2, I = 211 M(E2)11 n = 0, I = 0 )

A

(6-425)

A large static quadrupole moment for the n = 1 state combined with a weak n = 2+
n = O crossover transition is in fact a characteristic feature of the observed spectra (see
p. 539).
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Figure 6-37 Diagrams representing contributions to E2-matrix elements resulting from
cubic anharmonicity in the quadrupole mode.

v

In second order, the coupling (6-423) gives rise to phonon-phonon interactions
(see Fig. 6-36b), which can be expressed in the form (6-269) with

(6-426)
-21
CR={

+8
-6

R=O
R=2
R=4

The cubic coupling acting in second order also gives rise to a renormalization of the
phonon energy and of the vacuum state, as illustrated by the diagrams in Fig. 6-36c.
The indistinguishable roles of the phonons in the closed loops imply the boson factors
2, 2, and 6 for the three diagrams of Fig. 6-36c, and these factors have been included
in the values given in the figure. (The self-energy and interaction effects are separated
by evaluating only linked diagrams, as in the treatment of the particle-vibration
coupling; see pp. 427ff.)
The quartic coupling

54aM
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contributes in first order to the phonon-phonon interaction

7
2
2

.R=(

(6-428)

R=O
R=2
R=4

The first factor 2 is the product of the boson factors for initial and final states. Of the
six permutations of the distinguishable phonons, two give a factor 6(R,O), while
the other four involve the recoupling (2R + 1j-'/2((AlAz)0, (A3A4)O; OI(AlA3)R,
(A2A4)R; 0)= 1/5 for all values of R. (The factor 1/5 corresponds to the fact that an
ingoing and an outgoing phonon are coupled to total angular momentum zero; hence,
there is no correlation between the angular momenta of the two incoming (or
outgoing) quanta.)
The quartic coupling acting in first order and the cubic coupling in second order
give rise to modifications in the E 2 intensities for the An = 1 transitions characterized
by the coefficients (see Eq. (6-273))

m21,R

j2( 2 R +

=-

+( + ( 2 R + 1))

1/2

(e)
k

a3

mlo( - ?6(R,2)+36

[

))

(6-429)

The term proportional to k , can be obtained by the same procedure as in the
derivation of the energy contribution (6-428). The terms of second order in k3 in Eq.
(6-429) are illustrated by the diagrams in Fig. 6-37b. For each of the first two diagrams
there are three others, differing only in the energy denominators. The third diagram is
associated with the renormalization of the wave function of the final state (with two
phonons) that arises as a second-order effect of the coupling to the intermediate state
(with five phonons); the amplitude of the final state is renormalized by the factor
(1 - (c~)')'/~= 1- :(ci)', where ci is the first-order amplitude of the admixed fivephonon state. The contribution of the diagram is therefore obtained by including a
factor - 1/2 and setting both of the energy denominators equal to the virtual
excitation energy (- 3Aw) of the intermediate state. There are three additional
diagrams associated with wave-function renormalization of the final state; one of
these is proportional to 6(R, 2j, while the two others involve the same recoupling
coefficient as in the second diagram of Fig. 6-37.

Features of Quadruple Oscillations in Deformed Nuclei

A

In a spheroidal nucleus, the low-frequency quadrupole shape oscillations
give rise to two modes with u = O and u = 2 (see Fig. 6-3, p. 363). Low-lying
bands with Kr=O+ and Kr=2+ have been identified in many even-even
nuclei, and the properties of these bands are compared, in the following
examples, with those expected for small-amplitude shape oscillations. The
high-frequency ( A N = 2) quadrupole modes are expected to separate into
modes with v = 0, 1, and 2, in analogy to the separation between the u = 0 and
u = 1 components of the dipole mode discussed o n pp. 490ff.
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Gamma vibrations (Fig. 6-38)

A

The occurrence of a rather low-lying K r = 2 + band (y vibration) is a
systematic feature in the spectra of the even-even deformed nuclei. A detailed
discussion of this excitation is given for the case of 166Eron pp. 164ff.; other
examples are illustrated in Fig. 4-7, p. 63 (16'Er), Fig. 6-31, p. 534 (I5'Sm,
'54Sm),and Fig. 6-32, p. 536 (18sOs).The evidence on the excitation energy of
this mode is collected in Fig. 6-38.
I

I

1

1

I

A

p- and y- vibrational frequencies for 150 < A < 192. The figure
shows the energies of the lowest Km = 0 , Z = 0, and Km =2 + , Z = 2 intrinsic excitations. The
data are taken from the compilation by Sakai (1970) and from: '76Hf (F. M. Bernthal, J. 0.
Rasmussen, and J. M. Hollander in Radioactivity in Nuclear Spectroscopy, p. 337, eds. J. H.
Hamilton and J. C. Manthuruthil, Gordon and Breach, New York, 1972); 182*1847186W
(C.
Giinther, P. Kleinheinz, R. F. Casten, and B. Elbek, Nuclear Phys. A172, 273, 1971).
Figure 6-38 Systematics of

V

A

+

The y-vibrational bands are excited in inelastic processes with enhanced
matrix elements. For an E 2 excitation K = 0, I = O+ K = 2, I = 2, the
appropriate single-particle unit for the transition probability is 2 B W ( E 2 ) .(See
Eq. (3C-38) for the definition of B,(E2) and Eq. (4-92) for matrix elements
in the rotational coupling scheme.) Values of the observed E2-transition
probabilities are given in the examples referred to above, and are seen to be
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an order of magnitude larger than this single-particle unit. Similar enhancements have been observed for the excitation of this mode in inelastic
deuteron scattering (Elbek et al., 1968). This evidence supports the interpretation in terms of a 7 x 0 , a z 0 collective mode, as for a shape oscillation.
Further evidence for these symmetry quantum numbers is provided by the
measured g factors for the excitation, which are rather close to those of the
collective rotational motion. The values of g, - g,, as determined from M 1
transitions within the y-vibrational band, are found to be of the order of kO.1
(see, for example, the evidence for l'Er quoted on p. 163).
The observed B(E2) values for the excitation of the y vibrations give a
measure of the amplitude of the oscillations away from axial symmetry, and
one finds values for (y2) in the range from 0.02 to 0.1 (see, for example, Eq.
(4-248)).
The main trends in the frequencies of the y vibrations, as illustrated in
Fig. 6-38, can be interpreted in terms of the one-particle orbits in the
deformed potentials. The approximate validity of the asymptotic quantum
numbers Nn,AC defined in Chapter 5, p. 217, provides selection rules for the
operators r2Y2-,2=const(x, ? ixJ2 associated with the y-vibrational field.
Thus, for the A N = 0 transitions, which are responsible for the low-frequency
quadrupole mode, we have An3 =0, AA = 2, AX = 0. Since the deformation
tends to order the levels according to the quantum number n3. one obtains
significant subshell effects for the transitions with An3 =O. For example, it can
be seen from Figs. 5-2, p. 222, and 5-3, p. 223. that in the region of Z=66 and
N = 98, the neutron subshell with N = 5. f i s = 2 and proton subshell with N = 4,
n 3 = 1 are about half filled; this feature of the shell structure accounts for the
relatively low energy and large strength of the y vibrations observed in this
region. The filling of the subshells is responsible for the higher energy of the y
excitations for nuclei in the region of Z=70, N = 102. With increasing
numbers of nucleons, the subshells N = 5, n3 = 1 as well as N = 5, n3= 0 for the
neutrons, and N = 4 , n 3 = 0 for the protons, become partially filled and
account for the low-energy y vibrations in the region of Z=76, N = 112.
The oscillator strength carried by the y vibrations is 2 to 4 times smaller
than for the rotations (see the examples in Figs. 4-30, p. 160 ('66Er), 6-31, p.
534 (IS2Sm),and 6-32, p. 536 ('880s)).In units of the oscillator sum S ( T = O ,
X=2)class,the y-vibrational strength, ha, B (E2; 0-n, = l ) ( A /eZ)2. is about
2% (see, for comparison, the oscillator strengths for rotations and for vibrations in spherical nuclei given in Fig. 6-29, p. 531).
The oscillator strength is a measure of the collective mass parameters,
and the above relationships imply D , ~ 3 D , , , ~ 1 . 5 D 2where
,
D , is the mass
parameter for vibrations in spherical nuclei with many particles outside
closed shells (see Eqs. (6-180) and (6-187)). If the effect of the deformation on
the intrinsic motion could be treated as a small perturbation, the collective
kinetic energy would be of the form $ D 2 C p & ~ p &(see
2 p Eqs. (6-44) and (6-45)),
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corresponding to D, = D,,, (= D,) (see Eq. (6B-17)). The large difference in
the observed values of these parameters reflects a major change in the
nucleonic coupling scheme associated with the nuclear deformation. The
value of D, can be qualitatively estimated in a manner similar to the analysis
of the oscillator strength for quadrupole vibrations in spherical nuclei (see Eq.
(6-399)). Such a n estimate yields a mass parameter inversely proportional to
the number of particles effectively participating in the collective motion. For
a deformed nucleus with half-filled subshells (neutrons with N = 5, n3 = 2;
protons with N = 4 , n3= l), the number of particles participating in a y
vibration is about 8, which is about half the corresponding number for
quadrupole vibrations in spherical nuclei that are close to instability with
respect to the onset of static deformations. (See Fig. 4-3, p. 27, as well as the
theoretical estimate on p. 522 of the critical particle number for instability.
For a discussion of the mass parameter for rotation, see p. 408.)
The measured energies and B ( E 2 ) values for the vibrations make possible an estimate of the contribution of this mode to the u = A K = 2 electric
quadrupole polarizability. Employing the same approximations as in Eq.
(6-415), we obtain

6e,,,( E2, AK = 2, A E = 0 ) x “zx(
A

7

= 0, X = 2, A K = 2, AE = 0)

(6-430)

=e

142
&,(MeV)

B(E2;n,=O+n,=

( -&ZeR

1)

2

2,

for the static polarizability. The observed frequencies and B(E2) values for y
vibrations in the rare-earth region imply contributions to the effective charge
of the order of 3e.

Beta vibrations (Fig.6-38)
In many nuclei, low-lying KT = 0 + intrinsic excitations have been found
with properties approximately corresponding to those of the expected
quadrupole shape oscillations with v = 0 ( ,B vibrations). The systematics of the
lowest observed Kn=O+ excitations is illustrated in Fig. 6-38; see also the
examples in Fig. 6-3 1. The Kv = 0 band in 174Hfis discussed in more detail
in connection with Fig. 4-31, p. 168. In these examples, the E2-transition
probabilities B( E 2; np = 0, I = O+np = I , 1 = 2) are about ten times the singleparticle unit (which is taken to be B,(E2), as is appropriate for a K=O,
I=O-+K=O, 1 = 2 transition in a deformed nucleus). A transition moment of

+
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this magnitude implies a vibrational amplitude (na = 11 /3- /lolnB= 0 ) ~ 0 . 1 2 / 3 ~
-0.04 (see Eq. (4-263)). Since the energy of the p vibration is about ten times
larger than the rotational excitation energy, the oscillator strength carried by
the /3 vibration is about one fifth of that associated with the rotation,
corresponding to the mass parameter D,+3 Drat% D, (see Eqs. (6- 187)).
One may attempt to obtain a qualitative understanding of the effect of
the shell structure on the @vibrational mode by considering the one-particle
excitations induced by the field r2Y20= const.(2xf - x f - xi). In terms of the
asymptotic quantum numbers (see Chapter 5, p. 233), all the nondiagonal
matrix elements of this field have A N = 2 and are thus associated with the
high-frequency quadrupole mode (see p. 507). However, when the pair
correlations are included, the quadrupole field can give rise to excitation of
states (v=2,vF). (The single-particle label v represents a set of quantum
numbers, such as N n , h Z , and F is the time reverse of v.)
This effect of the pair correlations can be illustrated by considering
two-particle configurations involving two different pairs of single-particle
orbits (v,F,) and (v2F2). From these pairs of orbits, one can form two
orthogonal linear combinations,
10) = (u2+ b2)- I/’( a I v Fl )

+ b I v2F2))
(6-43 1)

10,) = (u2+ b2)-

- bl I,PI)

+ a I v2F2))

The quadrupole matrix element connecting these two states is

A

Thus, the possibility of low-frequency quadrupole fluctuations depends on the
occurrence of near-lying single-particle orbits with different quadrupole
moments. (Quite generally, it can be seen that if all the contributing singleparticle states have the same quadrupole moment, the quadrupole operator
becomes proportional to the number operator and thus does not contribute to
transition matrix elements.)
One may expect especially large fluctuations in the r2Y20field, when
orbits from different major shells cross each other near the Fermi level. In the
region illustrated in Fig. 6-38, this situation occurs for N z 9 0 and again in the
latter part of this deformed region (see Figs. 5-2 and 5-3, pp. 222 and 223).
A collective excitation mode with m = O + may also be generated by the
monopole pair addition and removal fields; in the superfluid system, the
nucleon transfer quantum number a is not in general a constant of the
motion for the internal excitations, and thus a given mode may carry
enhanced a = 2 2 moments as well as a = 0 moments (see the discussion on p.
394 of the breaking of gauge symmetry in the “intrinsic” coordinate system).
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Indeed, the observed low-lying KT = 0 excitations that are characterized by
enhanced E 2 moments (a= 0) are also found to be selectively populated in a
decay (Bjarnholm et af., 1963) and in (pt) reactions (Maher et af., 1972). In
the example illustrated in Fig. 6-39 (238Pu+234U a), the hindrance factor Fa
for the a branch to the P-vibrational excitation is F , M ~ ;this intensity
represents a considerable enhancement in comparison with transitions to
two-quasiparticle states, which are expected to be of order 10’- lo3, as for the
unfavored transitions in odd-A nuclei. (The hindrance factors F, express the
reduced a-transition lifetimes relative to those for the ground-state transitions
in even-even nuclei (see pp. 115 ff.); for a discussion of the effect of the pair
correlations on the a-decay transition probabilities, see pp. 270 ff .) The
possibility of studying the &vibrational excitations in the variety of twoparticle transfer processes involving addition and removal of pairs of
neutrons and of protons provides the opportunity for a detailed analysis of
the interplay between the a = -+ 2 and a = 0 degrees of freedom, as well as the
combination of the different multipole orders X that may contribute to a v = 0
mode.
Rather strong E 0 transitions have been observed as a characteristic
feature of the decay of the P-vibrational excitations (see, for example, Table
4-21, p. 171 (174Hf)and Fig. 6-39, p. 555 (234U)).In discussing monopole
matrix elements for low-energy transitions, there is no generally valid oneparticle transition strength with which to compare, since there are no transitions within a single major shell. Low-energy EO transitions occur as a result
of the pair correlations, and thus one may compare with the matrix elements
for transitions between two proton states of the type (6-431),

+

(6-433)
Assuming a= b in Eq. (6-433) and taking for the difference in r’ the value
corresponding to two successive shells in the harmonic oscillator potential
(see Eq. (2-153)), we obtain an effective single-particle unit for the EO-matrix
element,

x I .OA ‘ I 3e fm2

A

(6-434)

using the estimate hw,=41A
MeV. The observed EO-matrix elements for
the P-vibrational excitations referred to above are seen to be somewhat
greater than the unit (6-434).
It is also instructive to compare the observed monopole matrix elements
with those evaluated for a shape deformation with volume conservation (see
Eq. (4-264)). The values of m ( E 0 ) obtained from this model agree rather well
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Low-energy excitation spectrum of 234U.The identified intrinsic excitations are
shown in (a) together with tentative assignments for the quasiparticle quantum numbers
(only a single configuration with two proton quasiparticles has been identified so far); the
intrinsic excitations below 1.3 MeV are interpreted as collective modes. More detailed
information on the rotational band structure of the low-lying even-parity bands is given in
(b). The indicated E 2 and EO transitions represent the main decay modes of the corresponding bands, and the values of Fa give the observed hindrance factors for population by a
decay of *?'Pu (for definition of the hindrance factors, see p. 115). The data are taken from:
one-particle transfer (S. Bjarnholm, J. Dubois, and B. Elbek, Nuclear Phys. A118, 241, 1968);
p decay of 234Pa(S. Bjarnholm, J. Borggreen, D. Davies, N. J. S. Hansen, J. Pedersen, and
H. L. Nielsen, Nuclear Phys. A118, 261, 1968); a decay of 238Pu(C. M. Lederer, F. Asaro,
and I. Perlman, quoted in Nuclear Data B4, 652, 1970).
Figure 6-39

v

with those observed, but deviations in the quantitative comparison would not
be surprising in view of the assumption of incompressibility underlying the
estimate (4-264).

Evidence for additional collective modes with K.ir=O+ and 2 + (Fig.
6-39)

A

T h e properties of the p a n d y vibrations discussed above appear to
correspond approximately with the pattern expected for small-amplitude
quadrupole shape oscillations. I n some of the spectra, however, features have
been encountered that would not have been expected in such a description.
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Figure 6-39 continued
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Especially significant in this connection is the observation in a number
of deformed nuclei of additional intrinsic excitations with Kn=O+ and 2 +
and with energies well below the threshold for two-quasiparticle excitations.
An example is illustrated in Fig. 6-39. In some cases, as in Fig. 6-39, the
additional excitations are found to decay predominantly to the lower-lying
intrinsic excitations rather than to the ground-state band, suggesting appreciable couplings to the p and y modes. Thus, the interpretation of the
additional Kr=O+ and 2 + excitations is crucial to the understanding of the
/3 and y vibrations. At present, there is no definite evidence as to the degrees
of freedom involved, though one may speculate on the possibility of additional vibrational modes involving, for example, the different pair fields, or
the occurrence of secondary equilibrium deformations, possibly with triaxial
symmetry. The additional degrees of freedom may also be of significance in
connection with the interpretation of the rather large second-order rotational
couplings observed for the p and y vibrations (see p. 463).
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Features of Octupole Modes
The occurrence of rather low-lying I.rr=3- excitations with E3transition probabilities an order of magnitude larger than the single-particle
estimate is found to be a systematic feature of the spectra of even-even nuclei
(see Fig. 6-40; illustrative values of the E 3-matrix elements for these modes
are given in Table 6- 14).26The excitations have been extensively studied by
inelastic scattering processes, and the cross sections can be accounted for by
assuming an octupole deformation of the nuclear potential of the same
magnitude as the deformation of the density, as determined from E3transition matrix elements (see the example in Table 6-2, p. 354, and the
review by Bernstein, 1969). This comparison between E 3 moments and the
transition amplitudes in (pp’) and ((ua’) scattering provides support to the
assignment of the quantum numbers 7x0,awO, as expected for a shape
oscillation. (A rather sensitive test for the presence of a a w l component is
provided by the evidence on the coupling between the octupole excitation and
single-particle motion in 2wBi; see p. 566.)

Structure of octupole modes in spherical nuclei (Fig. 6-40 and Table 6-14)
Shell-structure effects for harmonic oscillator potential
The qualitative effects of the shell structure on the nuclear octupole
modes may be studied in terms of a simplified model in which the particle
motion is described by a harmonic oscillator potential, while the octupole
field is taken to be proportional to the multipole moment

(6-435)
The particle excitations produced by such a field are governed by the
selection rule AN= 1 or 3 and have the energies hao and 3hw0. For a single
completed shell with total quantum number N , the transition strength is given
by (see the derivation of the corresponding equation (6-41 1) for X = 2)

(6-436)

*’%ese states were first observed as “anomalous inelastic peaks” in (pp’) scattering (Cohen, 1957).
A number of different interpretations were considered. The evidence in favor of octupole vibrations was
systematically presented by Lane and Pendlebury (1960).
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where vN represents the quantum numbers needed to specify the singleparticle states in the shell N . The expression (6-436) includes a factor 4 for the
spin-isospin degeneracy. Since the three last shells contribute to the total
AN = 3 strength, one obtains, for large quantum numbers, approximately
equal values for the single-particle transition strengths with frequencies uo
and 3u0. Expressing these transition strengths in terms of the classical
oscillator sum (6-179), we obtain for the 7 = 0 transition probabilities
B'O'(

7=

0, A = 3 ; A N = 1 ) x B'O)( 7 = 0, A = 3; A N = 3)

The octupole density fluctuations give rise to an octupole field with a
coupling parameter that can be estimated from the general expression (6-78)
for shape oscillations,
4m Mu;
K ( ~ = O , A = ~ ) = - -7 A(r4)

(6-438)

This interaction partly couples the single-particle transitions with A N = 1 and
A N = 3 among themselves and partly provides a coupling between the two
octupole frequencies. The resulting normal modes can be obtained from the
general expression (6-244), which applies to any given single-particle response
function. We here give a more elementary derivation, which is an extension of
the treatment in Sec. 6-2c to the case of two coupled oscillators.
For the uncoupled octupole oscillators, the restoring force and mass
parameters have the values (see Eq. (6-23) and note that the transition strength
in this equation refers to a single value of p and is therefore a seventh of the
B values in Eq. (6-437))

(6-439)

where the subscripts 1 and 3 refer to the value of A N . The potential energy
(6-24) of the field interaction involves the total deformation, which is the sum
of the amplitudes a Iand aj for the separate oscillators,
H ' = $.(a,

+ a3)2

(6-440)

The normal modes of octupole oscillation are represented by amplitudes of
the form

A

a =c,al

+ cjaj

(6-441)
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where c , and cj are constants, which can be determined from the condition
~= -to

Z

(6-442)

The eigenfrequencies w are the roots of the secular equation

and one obtains

(6-444)
The corresponding oscillator strength is obtained from the mass parameters
characterizing the normal modes

(6-445)
in units of the oscillator sum in Eq. (6-437).
The occurrence of an eigenmode with zero frequency (see Eq. (6-444))
implies that the system is on the verge of instability with respect to static
octupole deformations. However, this result was obtained in the limit of very
large systems (N>>l). For finite values of A , the terms of relative order N - ’
in Eq. (6-436) imply that the fraction of the oscillator strength on the AN = 1
transitions is always less than the limiting value corresponding to Eq. (6-437);
in fact, for the N = 0 shell (a particle), there are no A N = 1 transitions. Thus,
the model remains stable with respect to octupole deformations, but with a
collective frequency a,which decreases faster with increasing A than does the
oscillator frequency (toaA -’/’; w o a A -‘I3). Such a behavior is characteristic
of a surface mode; see, for example, the liquid-drop estimate in Sec. 6A-1,
which in the absence of Coulomb forces yields a frequency proportional to
A -I”.
However, the present model cannot be expected to predict correctly
the magnitude of the low-frequency mode, since many other effects, including
contributions to the surface energy as well as the more detailed features of the
shell structure, must be expected to give contributions to the restoring force
of order A -‘/3C(o).
The r = 1 octupole modes can be analyzed in a manner similar to the
r = 0 modes, by considering the field
F=

2 (r3Y307,)k

(6-446)

k

A

The C and D parameters of the uncoupled independent-particle excitations
are the same as for the r=O modes (see Eq. (6-439)), and the coupling
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constant (6-127) leads to the frequencies
w ( ~ =l,A=3)=

1.55wo

(6-447)

4.76 wo
and the oscillator strengths
hwB(7 = 1,A= 3; n =O+n

= 1) = S ( T =

l,A=3),,,,,

0.032

w=

1.55~~

0.968 w=4.76w0
(6-448)
with S ( T = l,A=3),,,,

given by Eq. (6-179).

Systematics of low-frequency mode

A

The observed low-energy octupole excitations (see Fig. 6-40) correspond
qualitatively to the 7 = 0 mode associated with the A N = 1 particle excitations.
However, the deviation of the single-particle excitation spectrum from the
schematic form assumed above leads to significant variations in the properties
of this mode during the filling of the major shells.
For closed-shell nuclei, the subshell structure implies that the A N = 1
particle excitations have a spread in energy that is comparable to hao. (For
example, in "'Pb, the A X = I excitation energies for transitions without spin
flip ( A j = A l ) range from about 4 to 9 MeV; see Fig. 3-3, Vol. I, p. 325).
Hence, one expects that only a fraction of the low-frequency oscillator
strength will be found in the observed collective mode. From the data in
Table 6-14 and the assumption B ( T = O , A = ~ ) ~ ( A / Z ~ ) ' B (itEfollows
~ ) , that
the observed T = O oscillator strength amounts to 1076, 1376, and 21% of the
T = O sum rule unit, for I6O, 40Ca, and "'Pb, respectively. The schematic
~ ~the lowmodel considered above implies about 40% of S ( T = O ) ~ , ,in
frequency mode, but this number should be corrected for the finite value of N
(see Eq. (6-436)), which leads to the estimates 25%, 33%, and 39% for l60,
40Ca, and "'Pb, respectively. Thus, in all three cases, about half of the
expected low-frequency oscillator strength is concentrated in the observed
collective mode, which is consistent with the fact that the observed octupole
frequencies are displaced with respect to the I N = 1 single-particle excitation
frequencies by an amount of similar magnitude as the spread in the A N = 1
frequencies.
For configurations with particles in unfilled shells, the spin-orbit interaction implies that for A 2 6 0 , there may occur strong octupole transitions
between orbits within a major shell (2p3/,+lg9/2 for the shell 28-50;
2d5/2+1h,1/2 for the shell 5CL82; 2f7/2+1i,312 for the shell 82-126, and
2 & ~ 2 - + 1 J 1 5for
~ 2 the shell above 126; a n example of the octupole response
function, corresponding to Z = 46, N = 60, is illustrated in Fig. 6- 17b, p. 467).
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Figure 6-40 Systematics of collective octupole vibrational energies. The figure gives the
observed excitation energies of the low-energy collective IT = 3 - states. Solid circles
indicate nuclei in which higher-energy octupole excitations have been identified with a
strength not less than half the strength of the excitation that is plotted. The data are from the
compilations by Lederer et al. (1967) and Bernstein (1970).
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The occurrence of these strong low-frequency octupole transitions can be
seen as a systematic feature of single-particle motion in a potential with a
well-defined surface; these transitions are associated with the occurrence of
classical periodic orbits with triangular symmetry (see the discussion on pp.
591 ff.). The observed variation in the octupole frequencies in Fig. 6-40 can be
qualitatively understood in terms of this feature of the nuclear shell structure.
Thus, for example, in the region from Zr to Ba, the frequency as a function of
neutron number decreases as one adds particles in the dSl2 orbit at the
beginning of the shell, and then increases as the hl,/2 orbit becomes filled at
the end of the shell; the same transition, d5/2+h11/2for the protons, accounts
for the decrease of the octupole frequency with increasing Z in the region
beyond Sn. For neutron numbers N > 82, the filling of the f,/2 orbit is seen to
imply a strong decrease in the octupole frequency for Ce and Sm isotopes.
For spherical shape, a minimum in the octupole frequencies would be
expected for 2-64 and N between 90 and 100 (see, for example, the level

OCTUPOLE MODES

l60
40Ca
“’Cd
Is2Sm

208Pb
238U

6.13
3.73
4.05
1.97
1.04(v=O)
1.58(v= 1)
2.61
0.73(v=O)
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1 . 5 103
~
1.7 x 104
2.8 x 104
L O X 105
1.2X lo5
0.7X lo5
7 xi05
5 X lo5

14
26
19
20
12
7
39
21

0.28
0.15
0.09
0.057
0.087
0.047
0.045
0.078

0.05
0.06
0.06
0.03
0.01 1
0.009
0.08
0.013

Table 6-14 Transition strength of collective octupole excitations. The listed matrix elements
have been obtained from E3-transition probabilities except for I5’Sm, for which the value
has been derived from an analysis of the cross section for inelastic deuteron scattering. The
observed B(E3) values are compared in column four with the single-particle unit B,,(E3)
(= 7Bw(E3)) = (7/ 16r)e’R = 0.42A2ezfm6.Column five gives the amplitude of the octupole
oscillation (with the normalization (6-63)), as deduced from the B(E3) values (see Eq. (6-65)
for spherical nuclei and Eq. (6-91) for deformed nuclei). Column six gives the observed
oscillator strength in units of the classical E3-oscillator sum rule (Eq. (6-177)); in the sum
rule, the value of (r4) has been estimated for a density distribution of the form (2-62) with
the parameters (2-69) and (2-70). The data are from: I6O (T. K. Alexander and K. W. Allen,
Can. J. Phys. 43, 1563, 1965); 40Ca (compilation by Skorka ei al., 1967); %i (M. A.
Duguay, C . K. Bockelman, T. H. Curtis, and R. A. Eisenstein, Phys. Rev. 163, 1259, 1967);
“’Cd (F. K. McGowan, R. L. Robinson, P. H. Stelson, and J. L. C. Ford, Nuclear i‘hys. 66,
97, 1965); I5’Srn (E. Veje, B. Elbek, B. Herskind, and M. C. Olesen, Nuclear Phys. A109, 489,
1968); *08Pb (J. F. Ziegler and G. A. Peterson, Phys. Rev. 165, 1337, 1968); 238U (Th. W,
Elze and J. R. Huizenga, Nuclear Phys. A187, 545, 1972).

V

A

schemes in Figs. 5-2 and 5-3, pp. 222 and 223); in this region, the spherical
shape may become unstable with respect to octupole deformations. However,
the onset of static quadrupole deformations at N = 90 prevents the direct
observation of this instability. In the region beyond *08Pb, the addition of
neutrons in the ggI2 orbit may be expected to strongly reduce the octupole
frequency, possibly leading to instability of the spherical shape. The relevant
configurations around N w 130 are rather difficult to study due to the short
a-decay lifetimes in this region, but evidence for the expected strong octupole
effects is provided by the low frequency of the odd-parity excitations at the
beginning of the deformed region (A2222; see Fig. 6-40)’’ and by the strong

”These K r = O - excitations with remarkably low frequency were the first octupole modes to be
identified in the nuclear spectra. They were discovered as a systematic feature in the a-decay iine
structure (Stephens et. al., 1955), and the interpretation as octupole modes was given by R. F. Christy
(private communication, 1954).

562

VIBRATIONAL SPECTRA

Ch. 6

coupling of the extra neutron to the octupole vibrations in 2wPb (see the
discussion on p. 564).
As indicated in Fig. 6-40, the low-frequency octupole strength is observed in a number of cases to be divided between two or more excitations
with comparable intensity. Such a multiplicity of octupole modes may arise as
a result of the coupling to quadrupole deformations (see pp. 577ff.), and can
also occur in the nuclei that exhibit an especially low-frequency component
in the single-particle octupole response. (See, for example, the occurrence of
the strong octupole excitations in the spectrum of '"Pb (Ellegaard et af.,
1971), reflecting the strong coupling of the octupole mode to the g9/2+j,5/2
single-particle excitation, as discussed in connection with the spectrum of
209Pbon p. 564.)
One-particle transfer to octupole excitation in 208Pb
Evidence on the structure of the octupole vibrations in terms of the
particle-hole excitations can be obtained from the study of one-particle
transfer reactions or isobaric analog resonances. For example, the 2wBi
(d 3He) reaction is found to populate the Zn=3- state in 208Pb with an
intensity of 4.5 x lop2 of that observed for the 208Pb(d3He) reaction leading
to the d3/\ configuration of 'Ti (McClatchie et al., 1970). Assuming that the
process involves pickup of a d3/2 proton, we obtain the reduced matrix
element for the particle annihilation operator ~ ( 8(see
~ Eq.
~ (3E-9))
~ )

= -(31

40

Ila(a,/2)llh9/2)2~0.045

(6-449)

A theoretical estimate of this matrix element can be obtained from the

particle-vibration coupling, in analogy to the amplitude described by the first
diagram in Fig. 6-34, p. 537. (In the absence of pair correlations, the second
diagram in Fig. 6-34 does not contribute, if we neglect the small contribution
from the d3/2 states in higher shells.) Thus, we obtain (see Eqs. (6-210) and
(6-21 1))
(6-450)
where the matrix element h for the particle-vibration coupling is given by Eq.
(6-209). With the radial matrix element

A
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as obtained from wave functions in a Woods-Saxon potential with the
parameters used in Fig. 3-3, Vol. I, p. 325, and the zero-point amplitude

(2)
1 /2

=0.045

(6-452)

as obtained from the B(E3; 0+3) value in Table 6-14 together with Eq.
(6-65), one finds

h (hgI2,d 3 / 2 3 ) z- 0.75 MeV

(6-453)

The energy E(d$ h9/2) in Eq. (6-450) is that of the particle-hole excitation,
which according to the observed binding energies in Fig. 3-3, Vol. I, p. 325
would be estimated as ~ ( h ~-/~~( d) ~ / ~ ) = 4MeV.
. 6 This energy, however, is
somewhat reduced by the Coulomb interaction, since the hole energies refer
to the separation of a proton from the nucleus Z = 8 2 , while the particle
energies refer to separation from the nucleus Z=83. Hence, in the proton
particle-hole interaction, one must include an attractive Coulomb force; the
resulting energy shift is approximately independent of the particle configuration and may be estimated by assuming constant charge distributions (see Eq.
(2- 19))
6 e2
GEc,,~(ph)= - - - x - 1.4A -'I3

5 R

MeV

(6-454)

which amounts to -0.2 MeV for 'O'Pb. With E(d,/:h9/,)=4.4
MeV and
Aw,=2.6 MeV (see Table 6-14), one obtains from Eqs. (6-450) and (6-453)
(3- Il4d3,2)1lh9/2)= - 1.3

(6-455)

in agreement with the observed value (see Eq. (6-449)).
The reduced matrix element (6-455) can be viewed as expressing the
amplitude for the particle-hole component (d;,: h9/2) in the phonon wave
function (see the diagram in Fig. 6-13: p. 442 and Eqs. (6-210) and (6-211)),

z - 0.50

A

(6-456)

The 2wBi (d 3He) reaction can also populate the octupole state in 208Pbby
pickup of a d5/2or g,/2 proton, though these cross sections are expected to be
appreciably smaller than for d3/2. With an estimate similar to that given by
Eq. (6-456), one obtains X(dg: h9/2)=0. 1 1 and X(g,: h9/2)= - 0.17.
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Effective charges (Table 6-15)
The low frequency of the collective octupole mode, as compared with the
characteristic frequencies of the constituent particle-hole excitations, implies
a rather large value of the isoscalar octupole polarizability. Experimental
evidence concerning the effective charge for single-particle octupole transitions is available for nuclei in the region of ,08Pb and is listed in Table 6-15.
The empirical values of eeff are obtained by dividing the observed matrix
element with the single-particle value (3C-33), employing the radial matrix
elements listed in column four. The 2.61 MeV octupole state of ,08Pb
contributes the major part of the effective charge; the value listed in column
seven has been obtained from Eq. (6-218) with the value of B(E3; 0+3) in
Table 6-14 and the coupling matrix element ( j 2 1 k ( r ) l j l ) ,listed in column six.
The radial matrix elements of r3 and k(r)=RodV/ar are based on wave
functions in a Woods-Saxon potential with standard parameters (see Vol. I,
pp. 239 and 326). Additional contributions to the polarization charge arise
from the coupling to higher-lying isovector as well as isoscalar octupole
excitations; these terms, each amounting to a few tenths of a unit, are
discussed in the fine print below, and their combined contribution is given in
column eight. In the approximation considered, based on the first-order
perturbation treatment of the particle-vibration coupling, the total effective
charge is the sum of the bare charge and the contributions to the polarization
charge in columns seven and eight.
For some of the low-lying single-particle configurations in ,09Pb and
2wBi,the coupling to the octupole mode is so strong that significant contributions to the polarization charge may arise from higher-order effects of the
particle-vibration coupling. Thus, for 2wPb, the coupling matrix element
between the j,5/2and (g9/,3 -) configurations, as obtained from Eq. (6-209)
together with the radial matrix element ( j 2 1 k l j l ) in Table 6-15 and the
zero-point amplitude (6-452), has the value h(jlSl2,&,,3 -) = - 0.88 MeV,
which is comparable with the energy difference between the two configurations. A diagonalization of the coupling in the space of the particle and
particle plus phonon states yields the renormalized single-particle states
1&/2>

= 0.971&/,) + OWJ,,/,3 - )9/2)

(6-457)
17,5/2>

A

=o . ~ ~ I J +
~ 0.521(&/,3
~ / ~ )
-~

2

)

In obtaining the states (6-457), the energy difference between the unperturbed
j15/* and h,,,energies has been taken as AE = 1.7 MeV, so as to yield the
observed difference of 1.4 MeV for the renormalized states. The value of eeff
in the last column of Table 6-15 is calculated from the states (6-457), with the
single-particle charge Gepol(high freq.) and with the vibrational E 3-matrix
element in Table 6-14. This value of eeffis seen to be reduced by about 3096,
in comparison with the first-order perturbation result.

2wpb

2wBi

J15/2+g9/2
(A E = 1.42 MeV)
i13/2+h9,2
( A E = 1.61 MeV)

752

254

2.8? 0.5

53

3.3

0.6

2.8

1.5 2 0.5

238

621

68

5.0

0.2

5.6

Effective octupole charges in 209Pband 209Bi.The experimental B ( E 3 ) values in column three are from: 209Pb
(C. Ellegaard, J. Kantele, and P. Vedelsby, Phys. Letters 25B,512, 1967); 209Bi(J. W. Hertel, D. G. Fleming, J. P. Schiffer
and H. E. Gove, Phys. Rev. Letters 23, 488, 1969, and R. A. Broglia, J. S. Lilley, R. Perazzo, and W. R. Phillips, Phys. Rev.
C1, 1508, 1970). In the latter case, the listed value represents a weighted average of the two experiments, each corrected by
a factor adjusted so that the observed total E3-excitation probability for the (h9,23 -) septuplet agrees with the assumed
value 7 x 105e2fm6for the 3 - excitation of 20sPb.
Table 6-15

5 6 6 @
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In 209Bi,the coupling between the two configurations in Table 6-15 is
much weaker (h(i13/2,h9/23-)= -0.25 MeV) on account of the spin flip in
the single-particle transition, and the higher-order effects of this coupling may
be neglected. Somewhat larger corrections to the E3-matrix element in 209Bi
arise from the coupling of the i,,/, state to the (f,,,3 -) configuration, which
has the large matrix element h(i13/2,f7,23-)= - 1.1 MeV. A diagonalization
of this coupling in analogy to the treatment for 209Pbgives the renormalized
i,3/2 state
(6-458)
The value of (eeff)th
for 209Biin Table 6-15 has been obtained by multiplying
the perturbation value of 6.2 by the factor 0.91, which represents the amplitude of the i,,/, component in the renormalized state (6-458).
The rather good agreement between the observed and estimated E3matrix elements in Table 6-15 lends support to the assumed coupling of the
single-particle motion to the 2.61 MeV octupole excitation in 208Pb.In the
case of the i13/2+h9/2transition in 2wBi,the coupling matrix element is rather
small and therefore sensitive to the possible occurrence of spin-dependent
fields associated with the octupole excitation; the empirical value of eeffmay
therefore suggest that the spin-dependent fields are rather weak.
The high-frequency contributions to the effective octupole charge may be expressed in terms of the isoscalar and isovector polarizability coefficients by a relation
analogous to Eq. (6-386), which refers to the E 2 effective charge. The high-frequency
excitations that are expected to contribute involve:
(a) the A N = 3 mode with T = O . Using the expression (6-216) for x together with
the estimate (6-438) for the coupling strength and the value of the restoring force
derived from Eqs. (6-444) and (6-445), we obtain

(6-459)
(b) the additional A N = 1, r=O modes implied by the fact that the 2.6 MeV state
in '"Pb accounts for only about half of the expected A N = 1, T = O oscillator strength
(see p. 559). Since the remainder of this oscillator strength is expected in the region of
iiw0%7 MeV, the resulting polarizability, which is inversely proportional to the
square of the frequency for constant oscillator strength, will be about an order of
magnitude smaller than that contributed by the 2.6 MeV mode. A more detailed
estimate may be obtained from the expression (6-243) for the response function. Using
the unperturbed single-particle energies in Fig. 3-2f and a coupling constant K that
gives a lowest collective mode with hw=2.6 MeV, one finds
6 e z z (0.5 - 0.1~ , ) e

(6-460)

(c) the T = 1 modes with AN= 1 and 3. From the estimates (6-127), (6-447), and
(6-448), we obtain

A

6e%z0.4( T~ - "-")e
A

(6-461)
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For "'Pb, the sum of these three contributions gives 6 e g $ ~ ( 0 . 5+ 0.37,)e. This
result is a standard value based on average radial matrix elements for the one-particle
states. The values of 6epolin column eight of Table 6-15 include the additional factor
iR 3(j2)r31
j,)-'; see the analogous equation (6-387).

Anharmonic effects (Fig. 6-41)
Although, at present, there is only little evidence concerning anharmonic
effects in the octupole mode, these effects are potentially of considerable
interest. In contrast to the situation for the low-frequency quadrupole mode,
the anharmonic effects in the low-frequency octupole mode are in many cases
expected to be rather small and thus amenable to a perturbation expansion
starting from the harmonic approximation.
Phonon interaction arising from octupole coupling

A

The lowest-order anharmonic terms in the octupole energy spectrum are
the phonon-phonon interactions, represented by fourth-order diagrams like
those in Fig. 6-41. As a first step, we consider diagram (a) in Fig. 6-41 for
particle motion in a harmonic oscillator potential. For the case in which all
four octupole phonons are in the state M = 3, each of the four vertices must
involve the same particle-hole pair (associated with a particle excitation with
An = 2, An - = - 1, and An, = 0), if we consider only the AN = 1 excitations.
+

,

(b)

(4
Figure 6-41

v

Diagrams illustrating phonon-phonon interaction in the octupole mode.

The diagram, therefore, gives an energy shift X?(hu,-hu), where Xi is the
amplitude of the configuration i in the octupole mode, whose magnitude can
be estimated from the normalization condition (see Eqs. (6-249a) and (6-253))

E (X?I

A

Y;)=

h O Q

Ex;= 1

(6-462)

(uo+u) i

Summing over the different configurations, we obtain a contribution to the
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fourth-order energy shift of order
(6-463)

where C2 is the number of particles in the last filled shell, corresponding to the
number of configurations i in the sum (6-462).
The interaction (6-463) can be seen to reflect the role of the exclusion
principle in preventing the second phonon from exploiting the configurations
that appear simultaneously in the microscopic structure of the first phonon.
The interaction energy (hw-hw0) in the phonon is therefore reduced by a
term of relative order C2-l. The last factor in Eq. (6-463) is connected with the
ground-state correlations, which imply that the zero-point amplitude ( as)o
increases in proportion to
in the adiabatic limit, w<<oo, the o dependence of the expression (6-463) is contained in the factor (a,):, as is
characteristic of a fourth-order interaction.
The quantity Q- which governs the magnitude of the anharmonicity,
may also be recognized as characterizing the corrections to the boson commutation relations for the operators c(O) and (c('))+ associated with the
unperturbed motion (see in this connection the discussion on p. 335). The
resulting anharmonicity. which is of relative order A -2/3, is large compared
with the value for the liquid-drop model; in a macroscopic description of a
shape oscillation, the anharmonic terms in the Hamiltonian are of relative
order (a,);, assuming an amplitude with the normalization (6A- 1) (or (6-63)),
and hence of relative order A -4/3 for the mode considered (see, for example,
Eq. (6-437)). Thus, the anharmonicity (6-463) is a quanta1 effect associated
with the microscopic structure of the collective motion.
In a quantitative estimate of the phonon-phonon interactions, one must
include the contributions from a number of additional diagrams, partly
resulting from different time orderings of the vertices, partly from different
ways of joining the phonon lines to the vertices, and partly from diagrams in
which particle-hole creation (or annihilation) has been replaced by scattering
of a particle or a hole, as in diagram (b) of Fig. 6-41. The latter diagram gives
a contribution of the same order of magnitude as (6-463), but of opposite
sign.
As regards order of magnitude, the total phonon-phonon interaction
energy is expected to remain as given by Eq. (6-463). For '08Pb, with Q2x75,
Kw=2.6 MeV, and h O x 7 MeV, this estimate implies SE(4)-0.1 MeV. (A
corresponding estimate for the low-frequency quadrupole mode in spherical
nuclei yields appreciably larger values, partly as a result of the smaller
number of particles involved in the quadrupole mode, and partly as a result
of the smallness of the quadrupole frequency, as compared with that of the
unperturbed motion (w<o(O)).)

',
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An evaluation of the fourth-order interaction for particle motion in a harmonic
oscillator potential leads to a cancellation between the different diagrams enumerated
above, so that the resulting anharmonicity becomes of order Q - ' relative to the term
(6-463) and thus comparable to the liquid-drop value. The very small anharmonicity
for the harmonic oscillator model is connected with the fact that the single-particle
response function does not depend on the degree of filling of the shells, but varies
smoothly with A . However, the octupole mode in the nucleus exhibits a considerable
dependence on the shell structure (which can be connected with the triangular
single-particle orbits, see p. 591), and therefore the magnitude of the anharmonicity is
expected to remain of the order of the estimate (6-463).

Quadrupole moment of octupole phonon
The static moment of the n3= 1 state is illustrated by third-order
diagrams similar to those considered in the evaluation of the quadrupole
moment for the n2= 1 state (see Fig. 6-27, p. 525). For particle motion in a
harmonic oscillator potential, the term corresponding to diagram (i) in Fig.
6-27a can be simply evaluated, since each of the particle-hole states i, with
M = 3 (and A n , ] =2, A n - l = - I), has the value - h / ( M w o ) for the T = O
quadrupole moment. Thus, from Eqs. (6-400) and (6-462), we obtain
(6-464)

A

The terms corresponding to the additional diagrams in Fig. 6-27a imply
contributions that increase the quadrupole moment by less than a factor of 2
(the diagrams corresponding to those in Fig. 6-27a, (iii) to (vi), involve the
A N = 2 matrix elements of the quadrupole operator and are reduced by the
resulting large energy denominators). The bare isoscalar quadrupole moment
of the particles in the octupole excitation is enhanced by the polarization
effect (see the diagrams in Fig. 6-27b) by a factor (1 + X ( T =O,A=2,AE= 0)),
which for *08Pb is about 3 (see Table 6-8, p. 516); multiplying by a factor
Z / A to obtain the electric quadrupole moment, one thus finds Qel- - 10 fm2
for the 3 - state of '08Pb.
The estimated magnitude of the quadrupole moment in the n 3 = 1 state
is only of order A -1/3Qsp, due to the near cancellation of the contributions
from particles and holes in the collective state. The estimated value is comparable to the quadrupole moment that arises in the liquid-drop model as a
second-order effect in the amplitude of the octupole deformation yielding
Q- -(a3)$4 R:- - A -1/3Qsp,for a state with one octupole phonon.
Experimental evidence for a quadrupole moment of order - 100 fm2 for
the 2.6 MeV octupole excitation in '08Pb has been reported (Barnett and
Phillips, 1969). Such a large value would appear difficult to understand in
terms of the microscopic structure of the octupole mode underlying the
present discussion; see also the discussion on pp. 570 and 576 of the
interaction effects that would be implied by the large reported moment.
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Quadrupole interaction of octupole phonons
A large static quadrupole moment of the 3- state would imply major
contributions to the effective interaction between octupole phonons
(Blomqvist, 1970). If we normalize the amplitude azp of the quadrupole
deformation to the total quadrupole moment of all the particles in the nucleus
( a 2 ,= (2r2Y2,)), the quadrupole interaction between two octupole phonons
can be expressed in the form 5'/'~(a~F~)~,
where K is given by Eq. (6-368),
while a2* is the quadrupole deformation associated with the first phonon, and
F2r=r2Y2pthe bare moment of the particles involved in the second phonon.
This bare moment is smaller than aZpby the factor (1 +x), where x is the
A = 2 static isoscalar polarizability. The expectation value of a2, in the
phonon state is related to the quadrupole moment by

g)
I /'

Q,,o(n3= I ) = (

(3320133)(n3= llla211n3= 1)
(6-465)

and the contribution of the quadrupole coupling to the phonon-phonon
interaction is therefore

x - 1.6( e e l (n3 = 1))

keVfmP4

(6-466)

for A = 208, Z = 82, x x 2 . An electric quadrupole moment of Id fm2 for the
3- state of 'O'Pb would imply energy splittings of several MeV, within the
n3= 2 multiplet.
The estimate of Q (n3= 1) given on p. 569 refers to the closed-shell
nucleus "*Pb, but considerably larger values may be expected for nuclei with
a number of particles outside closed shells, for which the quadrupole polarizability may become an order of magnitude larger (see Fig. 6-28, p. 529). For
deformed nuclei, the low-frequency octupole mode is modified in an essential
manner as a result of the quadrupole-octupole interaction (see pp. 577ff.).

The (h9/2 3 - ) septuplet in 209Bi (Figs. 6-42 and 6-43; Table 6-16)

A

The addition of an octupole quantum to the h912 ground state of 209Biis
expected to give rise to a septuplet of states (h9/23-)I with 1 = 3 / 2 ,
5 / 2 , . ..,15/2. High-resolution studies of inelastic scattering and the resulting
y-decay spectra have resolved seven close-lying states that can be identified
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with the expected multiplet on the basis of their large cross sections for
octupole excitation (see, for example, Fig. 6-42, which compares the spectrum
of inelastically scattered deuterons from '08Pb and zwBi).28
The observed small splitting of the multiplet components implies a weak
coupling between the odd proton and the octupole quantum; thus, one
expects that the transition probabilities for exciting the individual components are approximately proportional to the statistical weights (see Eq.
(6-86))
2z+ 1
B(E3; nx=o+nx= 1)
B ( E 3 ; n,=O,j+(n,=
I,j)Z)=
(2h+ 1)(2j+ 1)
(6-467)
and a similar relation for the cross sections for inelastic scattering reactions.
A comparison of experimental cross sections with the weak coupling relation
is shown in Table 6-16. It is seen that the agreement is rather good, except for
the weak Z=3/2 level, which receives only about two thirds of the estimated
intensity. (The 2.958 MeV level in Table 6-16 arises from the proton-hole,
proton-pair configuration (d,/:O
)3/2 ; see the discussion below.)
A number of different coupling effects give rise to small deviations from
the description in terms of independent modes of excitation; major effects
may arise from couplings to near-lying configurations. Of near-lying oneparticle configurations, only the i,,,,, state has an appropriate spin and parity
for coupling to a state of the (h9/,3 -) septuplet. However, the matrix element
for this coupling is strongly reduced by the spin flip (h(i,3/z,h9/,3 - ) = -0.25
MeV; see p. 566; thus, the admixture of the i,3/2 and (h9/,3-)13/2 states is
only about 6%, and the associated energy shift of the (h9/23-)13/2 state is
z + 60 keV. (Experimental evidence for this admixture is provided by the
one-particle transfer process '08Pb('He d), which leads to an excitation at 2.60
MeV with an intensity that is about 10% of that leading to the i13/2 level at 1.6
MeV (Ellegaard and Vedelsby, 1968); however, the 2.60 MeV excitation
represents the unresolved I = 11/2 and I = 13/2 components of the multiplet,
and the distribution of the one-particle transfer intensity between these two
components has not been established.)
Additional low-lying configurations arise from the superposition of a
proton hole and a pair quantum (a= 2) involving two protons corresponding

+

A

+

28The Occurrence of a weak coupling (h9,23-) multiplet in 209Bi could be inferred from the
observation of an octupole excitation of strength and energy similar to that of 208Pb(see Alster, 1966).
High-resolution @p') studies resolved the multiplet and led to spin assignments on the basis of the
(21+ 1) rule (Hafele and Woods, 1966). The discovery of the weak-coupling multiplet stimulated
theoretical developments concerning the coupling between particle and octupole motion as well as
couplings involving other elementary modes of excitation of the 208Pbcore (Hamamoto, 1969 and 1970;
Bts and Broglia, 1971; Broglia et al., 1971; see also Mottelson, 1968, for a discussion of the subject as
treated in earlier versions of the present volume).
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6-42 Excitation of octupole mode in 20EPband 2wBi by inelastic scattering of
deuterons. The figure is based on experimental data by J. Ungrin, R. M. Diamond, P. 0.
Tjom, and B. Elbek, Mat. Fys. Medd. Dan. Vid. Selsk. 38, no. 8, 1971.
Figure
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3/2 +
9/2 +
7/2+

2.494
2.566
2.585
2.598
2.600
2.6 18
2.744

0.036
0.120
0.107

0.63
0.84
0.94

0.325

0.87

5)2
15/2+

+'

0.079
0.206

0.92
0.90

2.958

3/2

+

0.010

0.18
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Table 6-16 Cross sections for inelastic deuteron scattering
populating states in the (h9/23-) multiplet in 209Bi.The table
gives the ratio between 209Bi(dd)cross sections for the processes
h9/2-+(h9/23-)Z77
in ""Bi and the 208Pb(dd)cross section for
exciting the 3 - octupole excitation at 2.614 MeV with deuterons
of 13 MeV. The last column gives the observed cross sections
relative to those expected in the weak-coupling approximation
(ow,= a(0+3 -)(2Z+ 1)/70; see Eq. (6-467)); no corrections
have been made for differences in Q values arising from energy
shifts in the multiplet; the Q-value effect on the cross sections is
estimated to be about 7% per 100 keV of excitation. The experimental data in the table are from J. Ungrin, R. M. Diamond,
, B. Elbek, Mat. Fys. Medd. Dan. Vid. Selsk. 38,
P. 0. T j ~ m and
no. 8 (1971), except for the energies of the resolved 11/2+ and
13/2+ states, which are taken from R. A. Broglia, J. S. Lilley,
R. Perazzo, and W. R. Phillips, Phys. Reu. C1, 1508 (1970).

V

to the low-lying states in 210Po.The lowest of these configurations that can
+)3/2. This configuration is
couple to the (h,,,3 -) multiplet is (d2:;0
characterized by a strong intensity in the proton pickup reaction 2'0Po(tcu),
and it is found that the strength is distributed between a 3/2+ level at 2.958
MeV, which receives 55% of the intensity, and the 2.494 MeV 3/2+ member
of the (h9/23-) septuplet, which receives 45% of the intensity (Barnes er al.,
1972). This evidence for strong mixing of the (h9/,3-)3/2 and (d,/kO+)3/2
configurations fits in well with the reduction in the strength of the inelastic
excitation observed for the (h9/23 -)3/2 state at 2.494 MeV (see Table 6-16);
the (d,/\O+)3/2 level at 2.958 MeV is also excited with significant strength in
the inelastic scattering (see Table 6-16), though the intensity is somewhat less
than might have been inferred from the relative one-particle transfer intensities to the two I n = 3/2 states.
The coupling between the configurations (h9,,3 -)3/2 and (d,/\O +)3/2
is illustrated by the perturbation diagram in Fig. 6-43. However, perturbation

+

A
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theory is inadequate to describe the strong mixing of states encountered in
the present example, and we shall treat the problem in terms of a diagonalization of the effective coupling between the two states. Such a treatment ignores
terms of relative magnitude corresponding to the energy separation of the two
states divided by the excitation energy of the three-quasiparticle intermediate
states shown in Fig. 6-43. (Compare the similar condition for the treatment of
second-order rotational perturbations in terms of an effective A K = 2 coupling, as discussed on p. 149.)

3-

Diagram representing coupling between configurations involving a particle
with a shape-vibrational quantum and a hole with a quantum of the pair mode.
Figure 6-43

V

A

The effective second-order coupling matrix element obtained from Fig.
6-43 is

where E, is the energy of the initial (or final) states. In Eq. (6-468), the factor
- ( 10/7)1/2h(h9I2,d,,,3) represents the coupling matrix element for the transition of the octupole phonon into the (dg; h9/2) particle-hole configuration
(see Eq. (6-21 l)), and the estimated value of h is given by Eq. (6-453). The
quantity (10)'I2 G M in Eq. (6-468) represents the matrix element of the pair
field coupling (6-148) for the transition of the O + pair boson into the
configuration with two h9/2 particles, which play distinguishable roles (as also
indicated by the necessity of distinguishing the two j = 9/2 angular momenta
in the recoupling coefficient). The amplitude M = ( a 2 ) , for the creation of the
pair boson and the pair coupling constant G can be obtained from an analysis
similar to that discussed on pp. 641 f f . for the 206Pb ground state. The
observed energy of the 210Poground state, relative to the h;/2 configuration, is
E(O+)-2e(h9,2)= - 1.2 MeV; the pair binding energy is larger than this

H
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value by the Coulomb repulsion between the two protons, which we take to
be 6Ecou,(pp)x 0.2 MeV (compare Eq. (6-454)). Using the one-particle
spectrum from Fig. 3-2f, Vol. I, p. 324, one obtains from Eqs. (6-590), (6-592),
and (6-593) the values G x 0 . 1 4 MeV and M e -3.8. It may be noted that the
corresponding amplitude of the (h;/,)O
configuration in the 2'oPo ground
state is (see Eq. (6-592))

+

+

(6-469)
The matrix element for creation of the (h;,2)0 configuration ((5)'/,GM
=2-'l2(2J+ 1)'/2GM includes the factor 2-'12, expressing the effect of the
indistinguishability of the two h9/, particles in the structure of the boson.
The energy denominator in Eq. (6-468) represents the excitation energy
of the intermediate two-particle one-hole state, which in the approximation
considered may be measured from either the (h9/,3 - ) or the (d,/!O + ) level;
using the mean value for these two levels gives Eo- E(d,/\ h;/,)x - 1.7 MeV
(including a Coulomb interaction of - 0.2 MeV for the two-particle one-hole
state relative to the (h9/,3 -) state). With the above estimates of the parameters in Eq. (6-468) and with the value -(7/40)'12 for the recoupling
coefficient, we obtain a coupling matrix element H (,)x370 keV. A coupling
of this magnitude together with the observed energy separation between the
two In = 3/2 + states implies that the eigenstates are approximately equal
mixtures of the (d$O+) and (h9/,3-) configurations, as indicated by the
proton pickup intensities. However, one should not attach too much significance to the quantitative comparison in view of the approximations involved
in the treatment in terms of an effective coupling.
The energy separations within the (h,/,3 - ) septuplet are shown in Table
6-16; while most of the levels are shifted by less than 50 keV, the I = 3 / 2 level
is shifted by - 120 keV and the I = 15/2 level is shifted by
130 keV. The
downward shift of the 1 = 3 / 2 level appears to reflect the coupling to the
(d;i2 0 +) configuration discussed above. The estimate of the effective coupling H ( * ) is about a factor of 2 larger than that indicated by the observed
position of the I = 3/2 levels. It is not clear at the present time whether this
discrepancy is to be attributed to a somewhat weaker particle-vibration
coupling than that employed or whether it reflects couplings to other degrees
of freedom.
A relatively large upward shift of the I = 15/2 level can be understood in
terms of the particle-phonon coupling through the octupole field. The largest
energy shifts are associated with the intermediate states involving the d3/:
configuration, which is the closest particle configuration that can couple to
the (h9,,3 - ) multiplet (aside from the i,,/, one-particle state discussed
above). This interaction is described by diagram (d) in Fig. 6-10, p. 427, and

+
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is given by Eq. (6-224),

where, in the last line, we have employed the value of h(h9/,,d3/,3) given by
Eq. (6-453) and the energy denominator - 1.8 MeV, as discussed on p. 563. It
is seen that the energy shift (6-470) has its largest value for I = 15/2 and is
positive for this state; the magnitude, however, exceeds the observed shift of
the I = 15/2 state by about a factor of 2.
In a more quantitative analysis of the energy separations within the
(h,/,3 -) septuplet, one must take into account the contributions from the
many different more distant intermediate states in the second-order particlevibration coupling, as illustrated by the four diagrams in Fig. 6-10. Thus, each
member of the multiplet receives a large number of contributions, some of
which are as large as 50 to 100 keV (Hamamoto, 1969). Additional terms may
arise from interactions involving other moments of the octupole phonon.
Thus, for example, the static quadrupole moment of the phonon gives rise to
an interaction with the quadrupole moment of the h9,2 particle that can be
estimated in analogy to the phonon-phonon interaction effect given by Eq.
(6-466).
6E((h9/23)z)

[

= 1.4Q,,(n3= 1)Qel(h9/,)(- 1)I+'l2 9;2

A

9(2

i]

keV fm-4

(6-471)

where we have used the estimate (6-368) for K and the value eFlx0.5e (see
Table 6-8, p. 516, and Eq. (6-386) for the isovector contributions). Thus, a
phonon electric quadrupole moment of - 10 fm2, corresponding to the order
of magnitude estimate on p. 569, together with the observed Qel(h9/2)% - 40
fm2 (see Table 3-2, Vol. I, p. 341), would imply a contribution to the energy
splitting of the order of 100 keV. (The estimate (6-471) together with the
observed energy separations in the (h9/,3 - ) septuplet makes it unlikely that
the phonon quadrupole moment could be as large as the tentative experimental value, referred to on p. 569.)
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Octupole modes in deformed nuclei (Fig. 6-44)

A

7810

In the deformed nuclei, the octupole shape oscillations are expected to
give rise to modes with v = O , 1, 2, and 3. A considerable body of evidence
exhibits the occurrence of enhanced octupole excitations in deformed nuclei
with energies of the order of 1 MeV. (See Table 6-14, p. 561, and the
systematic evidence obtained from (dd') studies (Elbek et al., 1968).) The
oscillator strength associated with these excitations is only a small fraction of
the total expected octupole strength for A N = 1 transitions; thus, the proper-
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Figure 6-44
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ties of the states may depend rather sensitively on the occurrence of low-lying
two-quasiparticle excitations with the appropriate quantum numbers.
The transition from spherical to deformed nuclei is illustrated by the
sequence of Sm isotopes shown in Fig. 6-44. For these nuclei, one sees the
gradual change of the pattern of the odd-parity excitations, starting from
spherical nuclei with n,= = 1 ;IT = 3 - lowest, followed by n3 = 1, n2 = 1 ;
IT = 1 - , 2 - ,. . ., 5 - , to the deformed nuclei, in which the sequence is
n x = 3 , u = o = 1; I T = 1 - , 3 - , 5 -;.
. followed by n31= 1; IT= 1 - , 2 - ,3-; . . .
The octupole excitations with different values of v are expected to be
rather strongly coupled by the Coriolis interaction, due to the large intrinsic
angular momentum involved in the octupole vibrations (see the qualitative
estimate (6-294)). The large moments of inertia observed as a systematic
feature of the lowest octupole bands in deformed nuclei (see, for example,
Fig. 6-44) can be interpreted as a result of the Coriolis coupling. Thus, for
example, in IS4Sm,the n h = 3 , u = 0 =1 band has the rotational energy parameter
4i2/2./=8.9 keV, compared with the value 13.7 keV for the ground-state
band (see Fig. 6-31, p. 534). If the difference between these two values is
attributed to the Coriolis coupling between the n30= 1 (4iw3,=922 keV) and
n 3 ,= 1 (RwJI= 1474 keV) bands, the magnitude of the coupling matrix element is found to be 51(Z(I+ 1))’/’ keV, while the estimate (6-294) yields the
value ( H ’ ) = - 67(Z(1+ 1))1/2keV.
Additional evidence for strong Coriolis matrix elements between the
low-lying octupole excitations has been obtained from the analysis of the
relative magnitude of the E3-transition strengths to bands with different
values of Y ; this pattern is an especially sensitive probe, since the Coriolis
coupling leads to first-order effects tending to concentrate the octupole
strength onto the lowest octupole transition (Elbek, 1969; Neergird and
Vogel, 1970). This effect can be seen as a partial transition to the coupling
scheme appropriate to spherical nuclei, in which the low-frequency octupole
strength is associated with a single IT = 3 - excitation.

Structure of Shells in Single-Particle Spectra

A

The problem of characterizing shell structure in the strongly deformed
shapes associated with the fission process requires a more systematic analysis
of the conditions for occurrence of shells in the single-particle spectrum than
that presented in Chapter 2. Concepts involved in such an analysis are
introduced in the following example, as a basis for order of magnitude
estimates of shell-structure effects in different potentials. Applications to
spherical and strongly deformed nuclei are considered in the two subsequent
examples.

SHELL STRUCTURE
1
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Characterization of shell structure29(Figs.6-4.5 and 6-46; Table 6-1 7)
Spherical potentials
The central concepts involved in the analysis of shell-structure effects in
one-particle spectra can be illustrated by a treatment of the familiar case of
potentials with spherical symmetry. For such a potential, the motion
separates into radial and angular components, and the one-particle energies
depend on the two quantum numbers I and n, where I is the orbital angular
momentum, while the radial quantum number n orders the levels with given 1.
(With the conventional notation, n is greater by one unit than the number of
radial nodes, n = 1,2,3,. ...) Each level (n,1 ) has a degeneracy of 21 + 1, as a
consequence of the rotational invariance, which implies that the energy is
independent of the azimuthal quantum number m.(In the present section, the
spin degree of freedom and the spin-orbit coupling are omitted, since these
features do not affect the qualitative results of the discussion.)
Shell structure occurs if the one-particle energy ~ ( nI ,) is approximately
stationary with respect to certain variations of the quantum numbers. The
)
conditions for stationarity can be simply exhibited if the function ~ ( n , lcan
be expanded around a given point (no,lo)in the ( n , l ) plane,

( 3o

($lo

& ( n , l ) = & ( n o , l o )+ ( n - n o ) - + ( l - l o ) -

(6-472)

A

where the subscript 0 indicates that the derivatives are evaluated at the point
(no,lo).(Such an analysis of ~ ( n , las
) a function of continuous variables ( n , l )
is a generalization of the definition of Regge trajectories, which is obtained
from a study of ~ ( n , lconsidered
)
as an analytic function of I for fixed n ; see,
for example, De Alfaro and Regge, 1965.) While it appears appropriate to
employ the expansion (6-472) for potentials of the type encountered in the
nucleus, the mathematical characterization of the conditions for such a
representation remains to be explored. An example of a situation, where the
expansion (6-472) may be of limited usefulness, is provided by a potential

29The evaluation of shell-structure effects in the single-particle level density, on the basis of an
asymptotic expansion of the single-particle Green function, has been considered by Balian and Bloch
(1971). This analysis brought into focus the intimate relationship between shell structure and the
occurrence of closed classical orbits. The significance of the commensurability of the radizl and angular
frequencies in the classical motion has also been discussed by Wheeler (1971) and Swiatecki (private
communication, 1971).
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with two radial minima separated by a finite barrier; in such a potential, the
radial motion changes its character when the energy is in the neighborhood of
the barrier (see, for example, the comments concerning the atomic potential
on p. 584).
Series of approximately degenerate levels occur in the spectrum (6-472) if
the first derivatives of E are in the ratio of two (small) integers a and b,
(6-473)

A

When this relation is fulfilled, the levels with constant value of an+ bf differ
in energy only by terms involving the second and higher derivatives of E .
n

t
1)

*-I

v.0

0

.

.

const.

Characterization of shells in spherical potentials. The figure illustrates the
definition of the shells and the associated trajectories in the (n,l) plane. The shells
considered correspond to a ratio of 3: 1 for the first derivatives of the energy with respect to
n and 1. The lines of constant N,, that connect approximately degenerate levels are tangent
to the curves of constant energy at the point of intersection with the shell trajectory. The
point labeled v = O has the quantum numbers [no],[lo],while the intersection of the shell
trajectory (thick curve) with the line of constant Nsh is labeled YO and has the coordinates
no=[no]- vob, 10=[10]+ Y O U .

Figure 6-45

V

The locus of points (no,Zo)that satisfy the relation (6-473) define a “shell
trajectory” in the (n,Z)plane (see Fig. 6-45). The successive shells associated
with a trajectory with a given value of a : b can be labeled by the quantum
number
Nsh= a ( n - 1) + bf
(6-474)
(With this choice of origin, the shell quantum number N,h equals the
oscillator quantum number N for the harmonic oscillator potential ( a :b
= 2 : 1; see p. 583).) The shells with different values of N,, occur with a
periodicity in energy of

A

(6-475)

I
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The states within a shell, characterized by a constant value of N,, can be
labeled by a quantum number v,

I = [I0] + vu

v=o, 2 1, 5 2 , ...

(6-476)

n=[n,]-~b

where ([no],[IO])
denotes the state in the shell nearest to the point of intersection with the shell trajectory (see Fig. 6-45). For the states (6-476), the
energies are approximately of the form

(6-478)

A

Examples of shell trajectories are shown in Fig. 6-46, which describes the
energy surface ~ ( nI ), for the infinite square-well potential. The detailed
characterization of the analytic function e ( n , l ) for this model is discussed in
the fine print below (pp. 587 ff.). The trajectory with u :b = 2 : 1 coincides with
the vertical line I = - 1/2 in Fig. 6-46. The shell structure associated with this
trajectory becomes relatively unimportant for large quantum numbers, due to
the low (21+ 1) degeneracy of the levels in the corresponding shells.
The order of magnitude of the shell-structure effects associated with a
given trajectory can be estimated by noting that, for a system with a large
number of particles A , the quantum numbers n and I are typically of order
A l l 3 . The first and second derivatives of E occurring in Eqs. (6-475) and
(6-478) are therefore expected to be of order
and
-2/3, respectively, where E~ is the Fermi energy. Hence, the spacing of the shells is
h i w , , - ~ ~ A - ' / ~and
, the number of levels ( n , l ) in a shell occurring within an
/ ~ . total
energy interval of about ho,, is of order ( f l - ' h ~ ~ , J ' / ~ - A 'The
number 52 of single-particle states in the shell involves the additional (21+ 1)
degeneracy and is therefore Q-A1/2 (since I-A 'I3), except in the special
case of trajectories with I. of order unity, for which the shells contain a total
number of levels 52-A'/3. It should be noted that the individual shells with
specified u : b and N,, contain only a small fraction of the total number of
single-particle levels in the energy interval hush;this number is of order A 2 l 3 ,
since the total single-particle level density is go-A / E ~ .Asymptotically, the
shells represent a modulation of the single-particle level density, with a
relative amplitude A - ' I 6 (or A -'/3).
A special situation occurs if the function ~ ( n , ldepends
)
only on a single
linear combination of the two quantum numbers, such as for the harmonic
oscillator potential ( E = hioo(2n+ I - 1/2)) and the Coulomb potential
( E = - Ry(n+ I ) - 2 ) . In these cases, Eq. (6-473) is fulfilled for all values of n
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Figure 6-46 Energy surface in the ( n , l ) diagram for the infinite square well. The physical
states correspond to a square lattice in the region n > 1, I > 0. The lightly drawn curves
correspond to contour lines of equal energy and are labeled by the value of KR. For large
values of I, they approach asymptotically the line n = 0. The heavy lines represent shell
trajectories labeled by the values of a :b and by the geometrical figure that corresponds to
the classical orbit. The trajectory with a :b = 2 : 1, corresponding to the pendulating orbits,
remains slightly outside the physical region (I= - 1/2).

V

and I , and the shells contain fully degenerate sets of levels with IvI ranging up
to values of order A l l 3 , corresponding to a total number of orbits in each
shell of order !d-A2I3. In such a situation, all the single-particle states belong
to a single sequence of shells.
Relation to periodic classical orbits

A

The occurrence of shell structure is intimately connected with features of
the classical orbits. The derivatives & / a n and & / a 1 are recognized as giving
the radial and angular frequencies of the orbits, and the stationarity criterion
(6-473) therefore corresponds to the condition that the classical orbits close
upon themselves after a radial and b angular oscillations. The frequency of
the motion in the closed orbit is w,,,. given by Eq. (6-475). (The quantum
numbers ( n , l , r n ) represent the action variables for the orbits, in units of
Pianck's constant. The energy considered as a function of the quantum
numbers, therefore, corresponds to the Hamiltonian expressed in terms of the
action variables. Such an analysis of the classical orbits provided the basis for
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the treatment of multiply periodic systems in the early quanta1 theory
(Sommerfeld, 1915; see also Bohr, 1918, and Sommerfeld, 1922)).
Some of the characteristic features of the shell trajectories follow directly
from simple properties of the classical orbits. Thus, for any potential that is
not singular at the origin, the orbits with vanishing angular momentum
correspond to a pendulating motion that passes through the center of the
potential, executing two radial oscillations for each angular period (ur: up,
= 2 : 1). In such potentials, therefore, the a : b = 2 : 1 trajectory coincides
approximately with the 1=0 axis. (The arguments for the use of ( I + 1/2)2 as
the coefficient of the centrifugal term in the WKB approximation (see, for
example, Froman and Froman, 1965) may suggest that the 2: 1 trajectory
passes along the I = - 1/2 axis, as in Fig. 6-46.)
Another simple property of the energy surface is obtained by considering
the circular orbits (riel). For such an orbit, with radius rlr the angular
frequency q,,is given by
(6-479)

For small radial oscillations with respect to the circular orbit, the period ur
can be determined by expanding the total radial potential, including the
centrifugal term, in powers of ( r - r l ) , and one finds

=w,'(2+p)

for

V = W

(6-480)

For the harmonic oscillator potential ( p = 2), we obtain the familiar result
w, = 2op, that holds for all orbits in this potential, corresponding to motion in

A

ellipses centered on the origin. A steeper increase of the potential ( p >2)
leads to values of w , : q + , that increase with I and thus to lines of constant
energy that are concave upward in the ( n , l ) plane, as in Fig. 6-46.
In the limit of a potential with a sharp boundary, the classical expression
(6-480) implies that the ratio w, : up,increases indefinitely as one approaches
the circular orbit, corresponding to the fact that the slope of lines of constant
energy in Fig. 6-46 vanishes in the limit of large I and n x l . For finite I , the
value of the slope at n = 1 is of order
(as can be seen from Eq. (6-490)
or Eq. (6-495)).
For the Newtonian (Coulomb) potential with its r - l singularity, all
orbits have equal angular and radial frequencies ( a = b = 1): the center of
force is at the focus of the Kepler ellipse, and the radial motion therefore
executes only a single oscillation for each angular period. In atoms, the
screening of the nuclear field by the electrons implies that the average
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potential varies more rapidly than r - I , except in the region of the origin; in
such a situation, the angular frequency becomes larger than the radial
frequency (see Eq. (6-480)).
In the characterization of the atomic shell structure by the present methods, one
must take into account that, except for the s and p orbits, the radial potential, with
inclusion of the centrifugal term, has two minima separated by a rather large potential
barrier (Mayer, 1941). For large distances, the Coulomb field of the ion, together with
the centrifugal potential, gives rise to a minimum outside the screening cloud; as the
electron penetrates into the atom, the electrostatic attraction may, for a while, increase
more rapidly than the centrifugal potential, with the result that a second minimum
occurs inside the screening cloud. In such a situation, the analytic structure of ~ ( n , l )
acquires new features associated with the occurrence of two distinct types of classical
orbits for given E and I .

Separable potentials of more general type

The characterization of shell structure considered above for spherical
potentials can be extended to any potential that permits a separation of the
motion in the three different dimensions. Familiar examples of potentials that
lead to separation of the motion in Cartesian coordinates are provided by the
anisotropic harmonic oscillator and the rectangular box with infinite walls.
The two-center Newtonian potential and the ellipsoidal box with infinite
walls permit separation in ellipsoidal coordinates. (For the systematic enumeration of the coordinate systems that may be employed in order to
separate variables and a discussion of the wave equation in these coordinates,
see, for example, Morse and Feshbach, 1953 (pp. 494ff.). For a discussion of
classical orbits in separable potentials, see, for example, Born, 1925, and Pars,
1965.)
The separability implies that the eigenstates for the one-particle motion
can be characterized by three quantum numbers ( n l n 2 n 3 ) . An expansion of
the energy around a particular point (n,n2nJ0, in analogy to Eq. (6-472),
exhibits the occurrence of shells of maximal degeneracy, when the first
derivatives of the energy with respect to all three quantum numbers are in
rational ratios
(6-48 1)
where a , b , and c are (small) integers, or zero, and where the subscript 0
implies that the derivatives are evaluated at the point (nln2n3)o.When the
condition (6-48 1) is satisfied, the energy is stationary with respect to two
linear combinations u , and u2 of the three quantum numbers. The levels in a
shell, specified by v , and u2, have the same value of the quantum number
Nsh=an,

+ bn,+

cng

(6-482)

which labels the number of the shell, and the energy spacing between the
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shells is given by
(6-483)
corresponding to the period of the classical orbit.
Since each of the quantum numbers is typically of order A l l 3 , the energy tiashis of order
- 'I3. The energy of the levels in the shell depends
quadratically on v , and v2 with coefficients that are given by the second
derivatives of E with respect to n,, n2, and n3 and therefore typically of order
Hence, each shell comprises a set of levels, with lvll and lvzl
independently ranging up to values of order A l l 6 , and the total number of
orbits in the shell is Q - A ' / 3 . Degeneracies of higher order occur if the energy
is independent of v 1 or v 2 (or a linear combination of v 1 and V J , such as in the
spherical potential, where E is independent of m.
Among the nonspherical potentials, the anisotropic harmonic oscillator
Tf=

tM(a:x:+W;X;+WfXf)

(6-484)

occupies a special position, since the energy in this potential is a linear
function of all three quantum numbers

Hence, if the frequencies are in the ratios of integers, the energy depends only
on the quantum number Nsh, given by Eq. (6-482), and each shell has a
degeneracy of the same order of magnitude (Q2--A2/3) as in the spherical
oscillator potential. If the ratios of the frequencies in the harmonic oscillator
potential are irrational, there are no shells in the limit of large quantum
numbers.
Survey of degeneracies

A

The order of magnitude of the shell structure in the single-particle
spectrum can be associated with the degeneracy of the closed classical orbits.
In the neighborhood of a closed trajectory, the classical orbits can be
characterized by six parameters. Two of these may be taken to be the energy
and the epoch (origin of the time coordinate), while the remaining four are
associated with displacements and momenta transverse to the selected orbit.
For a separable potential, a displacement in either of the two transverse
directions affects only the relative phase of the motion in the three different
coordinates and therefore again results in a closed orbit. Further degeneracies
of the closed orbits may occur for potentials with additional symmetry. Thus,
in a spherical potential, the classical orbits are confined to a plane perpendicular to the angular momentum, and an increment of momentum perpendicular to the orbital plane only leads to a tipping of this plane. Hence, the
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periodic orbits in a spherical potential have a threefold degeneracy, which
corresponds to the fact that three angular variables (the Euler angles) are
needed to specify the orientation of a planar figure. The pendulating orbits
represent a special case, since the angular momentum vanishes; these orbits
d o not exhibit degeneracy with respect to increments in the transverse
momenta. In a harmonic oscillator potential (either spherical or with integer
frequency ratios), as well as in a Newtonian potential, all classical trajectories
form closed orbits, corresponding to a fourfold degeneracy in the transverse
coordinates.
The above results are summarized in Table 6-17, which includes degeneracies for motion in two as well as in three dimensions. The degeneracy
of the classical orbits with respect to transverse displacements and momenta
is characterized by the degeneracy indices sq and s, respectively. The order of
magnitude of the degeneracies 9 can be expressed in the form
92-(A)s/2d

A

Ch. 6

(s = sq

+ s,)

(6-486)

where d is the number of spatial dimensions. The result (6-486) reflects the
fact that the total phase space has 2d dimensions; each degree of degeneracy
in the transverse coordinates thus contributes a factor ( A ) ' / 2 d to the degeneracy of the shells. One can also recognize G? as the number of linearly
independent wave packets that can be associated with the classical closed
trajectories having an energy lying within an interval of order hash.

Symmetry of
potential
Two dimensions

elliptical
rectangular
circular
harmonic osc.

Three dimensions

ellipsoidal
rectangular
spherical
harmonic osc.
Newtonian

Orbital
degeneracy
sq

sP

Shell
degeneracy
G?

Degeneracy of shells in separable potentials. The table gives the maximum degeneracy occurring in a number of different types of separable potentials. Thz
quantities sq and sp give the numbers of dimensions in the transverse motion with
respect to which the closed classical orbits are degenerate.
Table 6-17
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Mathematical tools for analyzing the degree of regularity in the eigenvalue spectrum for arbitrary potentials d o not seem to be available; however,
it appears likely that the connection between the classical closed orbits and
the degeneracies of the quanta1 shells will apply under rather general conditions. For an arbitrary potential, closed classical orbits can occur for any
given energy, since the number of parameters in the initial conditions is equal
to the number of conditions to be satisfied for periodicity; however, if the
potential has no special symmetry, the closed orbits will not, in general, be
members of degenerate families (see, for example, Whittaker, 1937, p. 396).
The relation (6-486) therefore suggests a very uniform single-particle level
density with local variations that are smaller than any (positive) power of A .
(The consequences of a distribution of one-particle levels corresponding to
the eigenvalues of a random matrix (see Appendix 2C) have been considered
in connection with the electronic properties of small metallic particles;
Gor'kov and Eliashberg, 1965.)
In the intermediate case of partial separability, such as for an axially
symmetric potential, the closed classical orbits have a onefold degeneracy
(sq = 1) corresponding to a--A 'I6.For nonseparable (or partially separable)
motion, the question arises whether the closed classical orbits can be
associated with definite stationary quantum states as for the fully separable
motion or whether the correspondence involves a strength function. I t has
been suggested that the answer to this question depends on whether the
classical orbits are stable or unstable with respect to small perturbations in
the transverse coordinates (Gutzwiller, 1971).
The analytic function E(n, I) for spherical infinite square-well potential
The energy ~ ( n , las) an analytic function of I may be obtained from a solution of
the radial wave equation, in which I is treated as a continuous variable. For the
square-well potential, a continuation in n may be obtained by generalizing the
boundary condition for the radial wave function 9 at the origin (r=O),
9n,(
r ) = c ( j , ( Kr) cos n a +y,( Kr) sin na)
r+O

(6-487)

where c is a constant and K ( E ) the inside wave number, while j , and yl are the
spherical Bessel and Neumann functions, considered as functions of the argument Kr
as well as of the continuously varying order 1. The condition (6-487), together with the
usual boundary condition a t infinity, provides the desired relation between the energy
and the variables n and 1.
For the infinite square-well potential, the boundary condition at the radius R of
the potential implies
j,( K R ) cosnn +y,( K R )sin nn = 0

A

(6-488)

It may be noted that the quantum number n defined by Eq. (6-488) is equivalent to
the phase shift & ( K R ) for scattering from a n infinitely repulsive sphere of radius R
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(see Eq. (3F-38))30,

&(KR)= - - n n ( l , K R )

(6-489)

For I > 1, one can employ the asymptotic expressions for Bessel functions of large
order (Debye expansions; see, for example, Abramowitz and Stegun, 1964, p. 366),
which yield for the relation (6-488)
( n - :)-n = K R (sinq - qcosq)

(6-490)

where the angle rp is defined by

I+

= KRcosq

(6-49 1)

The asymptotic relation (6-490) is found to apply with a rather high accuracy over the
entire physical region (n > 1, 1 > 0).
The shell trajectories correspond to rational ratios a : b between the derivatives of
E (or K ) with respect to n and I . In the approximation (6-490), one obtains
b
q = --n
U

(6-492)

corresponding to straight lines in the ( n , l ) diagram. The periodicity of the shells is
given by Eq. (6-475), and from Eq. (6-490), one finds
ti2
-n
M R 2 asin(m(b/a))

=KR -

(6-493)

Within each shell, the ieading-order energy separations have the dependence (6-477)
on the quantum number v, with the second-order coefficient (6-478) given by (in the
approximation (6-490))
(6-494)
The asymptotic relations employed above are equivalent to the WKB approximation for the quantization condition

(6-495)

A

The evaluation of the integral is seen to yield the relation (6-490). In the classical limit,
the angle 2 q defined by Eq. (6-491) represents the angular interval between consecutive reflections, and the condition (6-492) follows from the fact that this section of the
orbit represents a full radial period.

’OThe spherical Neumann function n, occurring in Eq. (3F-31) is equal to the negative of the
function y,, which is employed in the present context and which is characterized by the asymptotic
behaviory,(x)%x--’sin(x-(I+ 1)7r/2), for large x .
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Shell structure in spherical nuclei (Fig.6-47)
In a spherical nucleus, the central part of the one-particle nuclear
potential can be approximately represented by the function (Woods-Saxon
potential)
(6-496)
where Vo and a are approximately independent of the particle number A ,
while R increases as A l l 3 . The spectrum of bound states in such a potential
with the parameters
Vo=-50 MeV
(6-497)
a=0.67 fm

A

is illustrated in Fig. 6-47. (The effects of the Coulomb and spin-orbit
potentials are considered below.) The quantity plotted in the figure is the
value of the radius R for which the given orbit ( n , l ) has a binding energy of 7
MeV. Small differences in the ordinates in Fig. 6-47 can be converted to
energy differences by means of the derivative & / a R . This derivative is of
order VoR - I , and numerical values can be obtained from the coefficients
given in the insert to Fig. 6-47. Thus, the present figure can be viewed as a
representation of the ~ ( nI ), energy surface that focuses attention on the shell
structure at the Fermi level as a function of particle number (or radius),
rather than as a function of energy for a particular nucleus.
The most important shell-structure effects in the spectrum of Fig. 6-47
can be associated with the ratios 2: 1 and 3 : 1 for the angular and radial
frequencies; the figure shows the corresponding trajectories as well as examples of the approximately parabolic functions (6-477) that describe the
energy levels within each shell. (The trajectories have been obtained by
numerical interpolation between the eigenvalues for integer n and I; for the
infinite square-well potential, the results of this procedure agree with those
given in Fig. 6-46 obtained on the basis of the analytic function (6-488).)
The gross features of the spectrum of the Woods-Saxon potential resemble rather closely those of the infinite square-well potential, since the
penetration into the classically forbidden regions and the effect of the
diffuseness of the surface can only produce shifts in the quantum number n,
for fixed E and I, amounting to a fraction of a unit. The less abrupt reflection
at the surface of the Woods-Saxon potential implies that the ratio of radial to
angular frequencies (for fixed energy) increases less rapidly with 1 than for the
infinite square-well potential (see Eq. (6-480)).
Thus, in Fig. 6-47, the 2 : 1 shells (harmonic oscillator shell structure)
have higher degeneracies than in the infinite square-well potential, while the
3 : 1 trajectory enters the physical region at a later point than in Fig. 6-46.
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R(n,l 1 for E = - 7 MeV

R (fm)

0

(Woods-Saxon potential V0=-50 MeV, a.0.67ft-n)
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Figure 4-47 Single-particle spectrum in Woods-Saxon potential. The figure gives the value
of the radius R for which the orbit (n,Z) has a binding energy of 7 MeV. We wish to thank I.
Hamamoto for help in the preparation of the figure.

V

(The latter figure can be converted into the representation corresponding to
Fig. 6-47 by assigning to the Fermi wave number the value K = 1.44 fm-',
which is equivalent to a kinetic energy of 43 MeV.)
For protons, the Coulomb barrier implies a considerable reduction in the
penetration into the classically forbidden region, and thus the shell structure
more nearly resembles that of the infinite square well than is the case for
neutrons. For 50525100, the 3: 1 trajectory for the proton potential is
rather close to that of the infinite square well.
The effect of the spin-orbit coupling on the energy spectrum can be
approximately described by adding to the energy E (n, I) a term proportional
to 1 s (see, for example, Eq. (6-299)),

-

A

where Kw, is the harmonic oscillator energy spacing, which provides a
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convenient unit of energy, while ulS is a (negative) coefficient whose
approximate magnitude is given in Table 5-1. The expression (6-498) implies
that the angular frequency
a e / a l of particles withj= I+ 1/2 is decreased
by the amount flulslwo, while for j = 1- 1/2, the angular frequency is increased by the same amount. This effect leads to a corresponding splitting of
the shell trajectories in such a manner that the j = I+ 1/2 branches of the
trajectories in Fig. 6-47 are shifted to the left and the j = I - 1/2 branches to
the right by a few units in 1. As a result, the degeneracy of the 2: 1 shells is
increased for j = I - 1/2; for j = I 1/2, the 2 : 1 degeneracy is decreased,
while the 3: 1 trajectory enters the physical region for lower quantum numbers. Indeed, in the spectra around 208Pb,the j = I+ 1/2 orbits 2f,/,, li13/2(for
protons) and 2&,,, 1jl5/, (for neutrons) are separated by only 0.7 MeV and
1.4 MeV, respectively (see Fig. 3-2f, Vol. I, p. 324). Thus, the large shellstructure effects in the region of 208Pbappear as a constructive interplay of
the 2 : 1 shell trajectory for j = I - 1/2 and the 3 : 1 trajectory for j = I+ 1 /2.
The characterization of the shell structure in terms of the periodic
classical orbits has immediate consequences for the deformations that occur
for configurations with many particles outside closed shells. The maximal
spatial localization that can be achieved by a superposition of the approximately degenerate one-particle states within a shell corresponds to wave
packets that resemble the classical orbits. Attractive forces between nucleons
imply that a deformation with this geometry will be especially favored. The
shells associated with the 2 : 1 trajectory involve states with A1 = 2, 4, 6 , . ..,
from which one can build density distributions with large quadrupole
moments (and higher multipole moments of even order). The importance of
the spheroidal nuclear equilibrium deformations can thus be attributed to the
significance of the 2: 1 shell structure.
The orbits associated with the 3 : 1 trajectory have the symmetry of an
equilateral triangle and involve a superposition of states with A1 = 3, 6, 9,. .. .
The increasing importance of this type of shell structure in heavy nuclei is
reflected in the approach to octupole instability in the nuclei in the region
beyond "'Pb (see the discussion on p. 561).

+

Nuclear shell structure for very large deformations (Figs.6-48 to 6-50)

A

The occurrence of shape isomers in the fission process provides striking
evidence for shell structure in nuclear potentials with much larger deformations than those encountered in the ground states of heavy nuclei. In the
present example, we consider the characterization of the shells that appear to
be responsible for this effect.
The discussion on p. 584ff. suggests that for large deformations, the
shell-structure effects are of smaller magnitude than for spherical shape,
except for potentials that resemble the harmonic oscillator. This special type
of potential gives rise to degeneracies that are of the same magnitude
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) the spherical shape, when the axes are in the ratios of small
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integers (Geilikman, 1960; see also Wong, 1970).
The single-particle spectrum for axially symmetric oscillator potentials is
illustrated in Fig. 6-48. The deformation parameter tio,, employed in the
figure is defined by Eq. (5-ll), and the eigenvalues, characterized by the
quantum numbers n3 and n, , are given in units of the mean frequency 5 (see
Eq. (5-13)). For prolate deformations, the ordering of the orbits of a spherical
oscillator shell corresponds to increasing values of n, ( = 0, 1,2,. ..,N). The
eigenvaluesfor an axially symmetric oscillator have a degeneracy of 2(n,+ l),
due to the nucleon spin and the degeneracy in the perpendicular motion.

n
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The figure gives the total particle number corresponding to completed shells
in the spherical potential as well as in the deformed potentials with frequency
ratio w1 : w j equal to 2 : 1 (prolate) and 1 : 2 (oblate).
The nuclear potential with its rather well-defined surface implies deviations from the degeneracies in the harmonic oscillator potential. For the
spherical shape, the effect of the surface can be approximately represented by
a term in the energy that varies as 1(1+ 1) for the levels belonging to the same
oscillator shell,

&(n, I) = v,Kw,jf( I

A
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+ 1) - f ( 2 n + f - f)2 )

(6-499)

This expression corresponds to the term employed in the Hamiltonian (5- 10)
except for the replacement of N ( N + 3 ) by ( 1 V + 3 / 2 ) ~ The
.
subtraction of a
term depending on the total oscillator quantum number N = 2(n - 1) + I
ensures that the average distance between the oscillator shells is unaffected by
the perturbation (6-499). (It may be noted that in a given region of the
spectrum, the N-dependent term merely affects the energy scale and is thus
equivalent to a renormalization of the oscillator frequency w,,.)
The coefficient v" can be determined from the spectrum for the WoodsSaxon potential plotted in Fig. 6-47, and the values in Fig. 6-49 are determined so as to reproduce the separation between the members of the oscillator shell with maximum and minimum values of I. For comparison, Fig.

-V,,(X102)

A
6 -

5 L -

3 2 1 -

'

0

5

10

Figure 6-49 Deviations from oscillator degeneracy for a potential of Woods-Saxon shape.
The values of ql for the Woods-Saxon potential are obtained from the spectra shown in Fig.
6-47 and for the infinite square well from Fig. 6-46.
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6-49 also gives the values of vlf appropriate to an infinite square-well potential. For protons, the values of vffare appreciably larger than for neutrons
and, for 4 4 N < 6, approach rather closely those f6r the infinite square-well
potential (see the discussion on p. 590). The values of offin Table 5-1, which
have been obtained from a fitting of the empirical single-particle levels in
deformed nuclei, are seen to be in qualitative agreement with the results of
the present analysis.
The anisotropic harmonic oscillator can be obtained from the isotropic
oscillator by a scaling of the spatial coordinates (see Eq. (5-5))
(6-500)
while the momentum operators are unaffected. A simple treatment of the
deviations from the oscillator potential is obtained by applying the same
scaling to the l2 operator in the perturbation (6-499); the expectation value for
the scaled perturbation in the state with quantum numbers n3 n, A is given by

.(n,

+ l ) ~ , 2) -UW:A~+C+,,)

(6-501)

+

The scaling of the term in Eq. (6-499) proportional to (2n I - 1/2)2, which is
included in Eq. (6-501), follows directly from the fact that Ytw0(2n+ I - 1/2) is
the unperturbed energy, which becomes Aw,(n, + 1/2) Kw, (nl + 1) for the
deformed system. (For small deformations, one must include the additional
effects of the nondiagonal matrix elements with An, = -An, = 4 2, in order
to recover the result (6-499) in the spherical limit; for large deformations,
however, these effects are relatively small, and their inclusion would go
beyond the accuracy of the description (6-499) of the deviations from the
oscillator potential.)
The splitting of the oscillator shell produced by the perturbation (6-499)
can also be viewed as resulting from a term in the potential proportional to r4,

+

(nIlr41nI)=

A

(

2

/wo)

( t ( 2 n + I-

f)2 - )1(1+

1) + $)

(6-502)

and the result (6-501) for the deformed potential can be obtained by scaling
the spherical potential with inclusion of the r4 term, according to Eq. (6-500).
In such a deformed potential, the equipotential surfaces are spheriods, all
having the same eccentricity. (The scaling of the spherical potential gives an
especially simple description of the deviations from the deformed oscillator
potential, but may fail to reproduce finer details in the one-particle spectrum.
In particular, this treatment of the potential leads to an angular dependence
of the surface steepness and hence to small systematic differences from the
results obtained from the leptodermous model (see Eq. (4-188)).)

I
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In a deformed axially symmetric oscillator potential with a rational ratio
a : b between the frequencies wL and a,, the shells correspond to a constant
value of the shell quantum number (see Eq. (6-482))

N,, = an,

+ bn,

(6-503)

while the spacing of the shells is given by (see Eq. (6-483))
(6-504)
assuming a deformation with conservation of volume (0:w , = a,’). The total
energy with inclusion of the perturbation term (6-501) can thus be written

-~,,(a~b)-”~(2(b(n,+
f)- f ( N , , + a + +b))*- u 2 A 2 + a b ) ) (6-505)

A

The spectrum (6-505) is illustrated in Fig. 6-50, for a prolate deformation with
a : b = 2 : 1 and for the value uI, = - 0.019 that is expected to approximately
describe the neutron spectra in a nucleus with Aw240 (see Fig. 6-49). It is
seen that the harmonic oscillator shells are spread over an energy region of
about ha,,. This situation corresponds approximately to that of spherical
potentials where, in the absence of spin-orbit coupling, the deviations from
the oscillator potential in heavy nuclei would imply a spreading of the shells
over an energy region of about hao (since Iu,IN(N+ 1)wl).
The removal of the oscillator degeneracy resulting from the more sharply
defined surface region implies that the maximum shell-structure effect may
no longer correspond to a purely ellipsoidal deformation with ratio of axes
2 : 1. The perturbation term proportional to A2 in Eq. (6-505) directly reflects
the effect of the surface on the perpendicular oscillator motion and cannot be
compensated by changes in the nuclear shape (though the term would be
changed by a different treatment of the diffuseness), just as the I’ term in the
spherical potential cannot be compensated by a deformation away from
spherical symmetry. However, the term in Eq. (6-505) depending on n3
reflects the fact that the sharpening of the surface acts differently on orbits
that are concentrated in different regions of the nucleus. Thus, the orbits
with maximum and minimum values of n3 (and A = 0) correspond to pendulating motion along the major and minor axes, respectively; these orbits have
no angular momentum and are equally disfavored by the perturbation of the
oscillator potential. The orbits with intermediate values of n,, which have
classical turning points off the axes, carry angular momentum in directions
perpendicular to the symmetry axis and are less disfavored. Hence, a shape
deformation, which implies a relative extension of the nucleus in the directions of the poles and the equator, will tend to compensate the n,-dependent
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Single-particle spectrum for modified oscillator potential with ratios of axes
2 : 1. The spectrum on the left corresponds to an axially symmetric harmonic oscillator
potential with w : w3 = 2 : 1 with shell quantum number N,, = 2 n , n3 = 2 N - n3. The
spectrum in the center includes the effect of the perturbation (6-505), with ull= -0.019,
while the spectrum on the right includes in addition the effect of the spin-orbit coupling
(6-506),with v,= = - 0.127. The states with parallel spin and orbit are displaced slightly to the
left, and the A=O states have been included in this group.
Figure 6-50
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term in Eq. (6-505). Such a deformation is of approximate Y , symmetry; for
the parameters in Fig. 6-50, the amplitude required to achieve maximum
degeneracy is of order &-+0.05, as may be estimated from the expressions
(4-192), (6-77), (6-78), and the relation (4-190) for p,.
The effect of the deformation on the spin-orbit coupling (6-498) can be
obtained by the same scaling as employed in the treatment of the I' term; the
resulting contribution to the one-particle energies is

&(N,,n,AZ) = v J h , AZ

(6-506)

where Z is the projection of the spin on the symmetry axis. The single-particle
spectrum for a 2: 1 deformation with the inclusion of the term (6-506) with
uh= -0.127 (see Table 5-1) is shown in Fig. 6-50. It is seen that the spin-orbit
coupling leads to a marked decrease in the spread of the oscillator shells for
the levels with Q = A - 1/2. For Q = A + 1/2, the levels most strongly affected
by the spin-orbit force are those with large A, and among these the levels with
n = A are the lowest (see Eq. 6-505) and Fig. 6-50). With the strength of the
observed spin-orbit coupling, the levels with large n, = A and Q = A + 1/2
join the shell below. Thus, for Nsh=9, the levels with n, = A=4, 3, and 2 join
the shell with N,, = 8, while the nl = A = 5, 4, 3, 2 levels from N,, = 10join the
N,, = 9 shell. As a result, the closed-shell numbers are changed from 1 10 and
140 to 116 and 148, respectively, and the magnitude of the shell-structure
effect is significantly increased. These effects of the spin-orbit coupling are
seen to be similar to those occurring in the spherical potential (see pp. 591 ff.).
For the larger deviations from the harmonic oscillator degeneracies that
characterize the proton spectra, the shell-structure effects in the 2 : 1 potential
become rather small in the region of the actinides, but the shell closing at
Z z 8 6 is expected to give a significant effect.
The experimental evidence on the fission isomers can be understood in
terms of the formation of a closed shell for neutron number N = 148 (as in
'GPu) and with a shape corresponding approximately to a potential with 2 : 1
symmetry (see the discussion on p. 634).

,

The shell structure in the deformed nuclear potential can be characterized by the
geometry of the closed classical orbits, in the manner discussed on pp. 582ff. The
frequency wp of the transverse radial motion is associated with the quantum number
n p representing the number of radial nodes
(6-507)

For the deformed harmonic oscillator potential with the ratio of axes 2 : 1, the energy
is a linear function of N , = n3 4(np- 1) +2A, and the frequency ratio is w j :w p :wT
= 1 : 4 : 2. The corresponding orbits are not in general planar; the projection on a
plane perpendicular to the symmetry axis is an ellipse with frequency ratio w p :wq
= 2 : 1, while the projection on a plane containing the symmetry axis has a frequency
ratio of u p :03=4:1 and a geometry varying from that of a figure eight to a banana
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shape, depending on the relative phase of the components of the motion parallel and
perpendicular to the symmetry axis. The degeneracies that are introduced by the
spin-orbit coupling involving levels from adjacent shells correspond to constant values
of n3 + 5n, + 2 4 and therefore imply a frequency ratio of 1 :5 :2. Orbits of this type,
when projected on a plane perpendicular to the symmetry axis, describe a rosette with
a fivefold symmetry axis.
The geometry of the classical orbits is connected with the shapes of the deformations away from the oscillatory symmetry that will be produced by particles outside
closed shells (see the discussion on p. 591). Thus, for example, the banana-shaped
orbits in the oscillator potential, with ratio of axes 2 : 1, may lead to instability in the
bending mode; such an instability would imply a tendency for the system on the way
toward fission to avoid the 2 : 1 symmetry by an excursion involving an odd-parity
deformation away from axial symmetry.

Shell-Structure Effects in Nuclear Energy
The shell structure in the single-particle spectrum gives rise to collective
effects in the total nuclear energy that can be obtained from the sum of the
single-particle energies of the occupied orbits, as discussed o n pp. 367 ff. The
following examples illustrate the dependence of the shell-structure energy on
particle number, temperature, and deformation.

Shell-structure effect in nuclear masses (Fig,6-51}
Evidence on the nuclear shell-structure energy is provided by the extensive body of data on the nuclear m a ~ s e s . ~The
' main terms in the nuclear
binding energy are smooth functions of N and Z that can be described by the
semi-empirical mass formula (2-12). The more detailed analysis of the observed masses reveals deviations from the smooth variations with N and Z
that are correlated with the nuclear shell structure (see Fig. 2-4, Vol. I, p.
168).
As a first step in a qualitative discussion of the effects of the shell
structure on the ground-state masses, we consider particle motion in a
spherical harmonic oscillator potential. For this potential, the single-particle
eigenvalues have a simple analytic dependence on the quantum numbers, and
the separation of the sum of the single-particle energies gi, into a smooth
part
and the shell-structure energy S,, (see Eq. (6-97)) can be obtained by
elementary methods.
Denoting the total number of particles by Jy (we consider a single type
of particle, neutrons or protons) and the total oscillator quantum number of

zip

A

"The interpretationof the shell-structureterms in the nuclear masses was considered by Myers and
Swiatecki, 1966. Estimates based on single-particle spectra for the nuclear potential were given by
Strutinsky, 1967a; Seeger and Perisho, 1967; Nilsson el al., 1969.
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the last filled shell by No, we have (see Eqs. (2- 151) and (2- 152))
NO

A'=

( N + l)(N+2)+x(N0+2)(NO+3)
N-0

+ + x (No+ 2)(N0+ $ ) ( N o+ 3 ) )

= hao( t ( N , + l)(No+ 2)2(N03 )

(6-508b)

where x represents the fractional filling of the shell No + 1, which has a total
degeneracy ( N o 2)(N0 3). The expressions (6-508) include the twofold spin
degeneracy. For large quantum numbers, Eq. (6-508a) implies the asymptotic
relation

+

+

+

+ f (3JY)-'l3( 1 - 3 x + 3 x 2 )+ - . .

No 2 + x = ( 3 J y ) ' l 3

(6-509)

which makes it possible to express Sipin the form

4, = hiwO( 4 ( 3 J q 4 l 3+ 3 ( 3 / ) 2 / 3 )

(6-510)

for large values of J y . In Eq. (6-510), we have included a term of order
(3JV)'I3 in
although this term is of the same order of magnitude as 8,
and, therefore, cannot be uniquely separated from S,,in the present analysis.
The x-independent term in Ssh
has been chosen in such a manner that SA
vanishes when the system is deformed away from spherical symmetry (see p.
603) or excited to high temperatures (see p. 609).
in Eq. (6-510) is seen to be of order
The leading term in
corresponding to a volume energy, and to have the value given by the Fermi
gas approximation

gP,

gp

A'=-(1 F
2M
3n2

A(
3 "
hao
)
A

3/2

)

p(FF-

Y(r))3/2

3

(6-51 la)
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(6-51lb)
where the notation iFrefers to the smoothly varying part of E~ defined by the
Fermi gas model. The oscillator potential has the special property that the
surface term, proportional to E~ ~V’’/~-hw, Jv, has a vanishing coefficient.
The order of magnitude of the shell-structure energy in Eq. (6-510) is
seen to be Kw,Q, where Q (=ZV0243Jv)2/3) is the degeneracy of the shells;
the coefficient of the x-dependent term in S,, reflects the fact that the
average shift of the single-particle levels relative to a uniform energy
spectrum is (hw0)/4 and that there are Q/2 particles in a half-filled shell. The
subtracted, is plotted as a
total energy (6-508b), with the smooth part
function of particle number (for even values of A’),in Fig. 6-51; it is seen
that the asymptotic expression (6-510) for gShprovides an approximate
description, even for moderate values of A’.
The harmonic oscillator represents an extreme case with complete degeneracy within each major shell. The spreading of the levels within a shell
implies a reduction in the shell-structure energy. Thus, if we assume that the
single-particle levels within a single major shell are uniformly distributed over

zF

A

2 -

X

1 -

-1

&=

8

Jy= 20

N=LO

Figure 6-51 Shell-structureenergy asa function of particle number for spherical harmonic
oscillator. The values of gSh=6.- giPare plotted as x, while the asymptotic expression
‘P
(6-510) for 8, is given by the solid curve.
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an energy interval W, corresponding to a single-particle level density
(6-512)

t o

otherwise

the relation (6-509) is unaffected, while the shell-structure energy in Eq.
(6-510) is multiplied by the factor (1 - W/Kw,).
The above estimates of the shell-structure effect in the total energy
refer to the spherical shape. For configurations with many particles outside
closed shells, the nucleus can gain energy by a deformation away from
spherical symmetry, and the analysis on pp. 602ff. (see in particular Fig. 6-52)
indicates that (with the x-independent term as in Eq. (6-510)), the resulting
shell-structure energy for the equilibrium shape remains negative, even for
half-filled shells, but is almost an order of magnitude smaller than for closed
shells. Hence, the variation of the shell-structure energy during the fillicg of
the shell is expected to correspond approximately to the value estimated for
closed shells. For the harmonic oscillator potential with closed shells of both
neutrons and protons, we obtain, from Eq. (6-510),

= -4.5A'/3

A

MeV

(6-513)

where, in the last expression, we have neglected terms of order ( N - Z ) 2 / A 2
and employed the value Kw, = 41A - 'I3 MeV.
The empirical evidence on the shell-structure effect in the ground-state
masses can be studied under especially favorable conditions in the region of
208Pb,where both neutrons and protons have closed-shell configurations. The
observed deviation from the smooth curve in Fig. 2-4 amounts to about 0.06
MeV per particle, corresponding to an increased binding energy of about 13
MeV.
The estimate (6-513) would imply Gsh=-26 MeV for '08Pb, but a
reduction of this value results from the lack of complete degeneracy within
the nuclear shells. The observed reduction by about a factor of 2 can be
understood from the fact that the single-particle levels within each shell are
spread over an ene'rgy interval W of about half the separation between shells
(see, for example, Vol. I, Figs. 2-30, p. 239, and 3-3, p. 325). The effect of
departure from complete degeneracy within a shell can also be treated in
terms of a single-particle level density with a harmonic dependence on E , as in
Eq. (6-522); the empirical single-particle spectra in the region of '08Pb
correspond t o f x g , , which implies a reduction of the estimate (6-510) for 8 , h
by a factor of 6m-' (see Eq. (6-532b) for 7-0 and y = x = 0, as given by Eq.
(6-529a)).
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Global features of shell-structure energy as function of deformation; shape
isomers (Fig. 6-52)
The one-particle potential may exhibit major shell-structure effects for a
number of different shapes, corresponding to different symmetries for the
classical orbits. This feature is especially pronounced for the harmonic
oscillator potential, which gives rise to high degeneracies whenever the
frequencies are in the ratio of integers (see the discussion on p. 585). The
shell-structure energy for axially symmetric oscillator potentials is shown in
Fig. 6-52 as a function of particle number Jy and the deformation variable
,,a, defined in terms of the oscillator frequencies. The value of 8s,,(J+”,i30,J
has been obtained by a numerical summation of the .A” lowest single-particle
eigenvalues and subtraction of the smooth function gi, derived in the small
print below. For the spherical potential (S,,=O),
the variation of 8 , h with
particle number is the same as that given by Fig. 6-5 1. The potential energy
surface also shows pronounced minima for closed-shell configurations for
shapes where the frequencies wl and w3 are different, but in the ratio of
(small) integers. The effects are especially large for shapes with wL :w3= 1 : 2
and 2 : 1, and the closed-shell numbers for these potentials are indicated in
Fig. 6-52 (see also the single-particle level diagram in Fig. 6-48).
For large quantum numbers, the shell-structure energy in the neighborhood of each symmetry point develops an asymptotic pattern, which is the
same for the different symmetry points, apart from a scaling. For a ratio of
frequencies wI : w j = a : b, the scale factors for the various quantities are

(6-5 14)
‘sh‘

aosc: JY-1/3(a2b)-’/39ub(2a+

A

b)-2

The scaling of the shell spacing is obtained from Eq. (6-504), assuming an
oscillator frequency wo proportional to A”’/3.
The degeneracy 52 of a shell is
equal to & a s h divided by the average spacing between single-particle levels,
which is proportional to .A’-’. The scale factor for SSh
is the product of that
for + h , h and 52. Finally, the appropriate unit for measuring the deviation of
6,,, from the value at the symmetry point is obtained by comparing the
separation between successive shells and the energy separation within each
shell arising from a deformation away from the symmetry point.
The asymptotic pattern in the neighborhood of each symmetry point
involves a system of ridges and valleys that reflect the crossing of orbits from
neighboring shells resulting from a deformation away from a symmetry point.
Thus, for example, for a closed-shell configuration, the shell-structure energy
increases with deformation until the deformation is of the magnitude of the

1.0

0.5

bsc O

- 0.5

-1.0

100

B

Q

150

Jy
Figure 6-52 Shell-structure energy for axially symmetric oscillator potentials. The deformation variable is So,, = 3(0, - w3)/(20, + w3).
The basic unit of energy in the figure is t i ( 0 ~ 0 , ) ' / ~ ( 3 J Y ) ~ / ~ / 2 corresponding
4,
to the asymptotic value of the shell-structure energy for a
closed-shell configuration in a spherical potential. The shaded area represents configurations with negative values of gsh,and the level lines
correspond to values of S,,differing by one quarter of the basic unit. We thank Jens Damgaard for help in the preparation of the figure.
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scale factor in Eq. (6-514); crossings of single-particle levels from the shell
above then lead to a decrease in &,h. In this manner, the shell-structure
energy for given particle number approaches zero through oscillations of
decreasing magnitude. (The formation of ridges and valleys that are inclined
with respect to the deformation axis is a consequence of the prolate-oblate
asymmetry in the splitting of the oscillator shell.)
The scale of deformations around a symmetry point is proportional to
A’- (see Eq. (6-5 14)), which for sufficiently large values of A’ is very small
compared with the separation of the different major symmetry points. For the
values of Jy in Fig. 6-52, however, the separation is only partially developed.
Thus, the closed shell at J y = 140 for the 2 : 1 potential occurs in the second
valley with respect to spherical symmetry. For small values of A’,the local
and global features of &, cannot be at all separated; for example, the
minimum for the closed shell at A”= 10 and wI :w3=2: 1 (see Fig. 6-48, p.
592) coincides with the first minimum for deformations away from spherical
symmetry.
The deviations from the asymptotic patterns give rise to modulations of
the shell structure for a :b different from 1 : 1. Thus, for the 2 : 1 potentials,
the maxima associated with partially filled shells with odd values of N ,
(Jy=7,22,50,. ..) are systematically greater than for even values of Nsh.This
“supershell” structure is associated with the existence of a special family of
closed classical orbits with frequency wI. While almost all the classical phase
space is filled with orbits with frequency fd,h=w3, the restricted set of orbits
that correspond to motion in the equatorial plane have twice this frequency
and give rise to modulation in the energy spectrum with periodicity ylo, . The
reduced dimension of phase space occupied by these special orbits accounts
for the fact that the associated shells have a degeneracy of order N,;’
- ~ V ’ / ~ c o r n p a r e dwith the main shell structure in this potential (see p. 586).
More generally, for a potential with wI : w3 = a : 1 with a integer, the family of
shells with N,, = an +p, where n is a fixed integer while p takes the values 0,
1,. . .,a - 1, have the same degeneracy !J = ( n l)(n 2); hence, the degeneracy as a function of N,h contains oscillatory terms with a basic period of
a shells. This supershell structure gives a contribution to 8 , h of relative order
n - 1-!J -‘/2-(3A”)which can be expressed in the form

+

+

(6-515)

A

wherep labels the partly filled shell occupied by x!J particles; thus, ( p + x)/a
is the shell-filling parameter for the supershell. It is seen that, for a = 2 , the
contribution (6-5 15) vanishes for closed shells (x = 0) with even ( p = 0) as well
as odd (p = 1) values of Nsh;for half-filled shells (x = 1/2), the value of A SSh
is equal to (- l ) p ( 3 / 2 ) ( 3 ~ V - ’ / ~in, the units employed in Fig. 6-52.
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The potential energy function of Fig. 6-52 brings together many of the
qualitative effects of the shell structure that have been identified in the
different nuclear equilibrium configurations. The largest effects are those
occurring for closed shells in the spherical potential, as discussed in the
previous example (pp. 598 ff.). For configurations with particles outside
closed shells, the nucleus can gain energy by deformation, and in the middle
of shells, the minima occur for deformations &A'- ' I 3 (see the discussion in
Chapter 4, p. 136). It is seen that the value of S,, in Fig. 6-52 is always
negative at the minimum closest to spherical symmetry; however, the magnitude of P,, at this minimum decreases rapidly with the addition of particles
to closed shells. (Asymptotically, the minimum value of P,, for half-filled
shells is 6,,(x = 1/2) = - 0.16, in the units employed in Fig. 6-52.)
The occurrence of shell structure associated with potentials of different
symmetry implies the possibility of shape isomers with widely different
equilibrium shapes. Whether or not a minimum in P,, will give rise to a
shape isomer depends on the behavior of the bulk part s" of the nuclear
energy (the smoothly va-rying term in the total nuclear potential energy, see
Eq. (6-93)); in general, 6 is not stationary at the minimum points of P,, that
lie away from spherical symmetry.
For nuclei in the mass number region A ~ 2 4 0the
, fission saddle point of
2 (as obtained from the liquid-drop model) is associated with deformations
of 6 ~ 0 . 6The
.
stationary character of 6" at this point is especially favorable
for the occurrence of shape isomers associated with closed-shell configurations in the 2: 1 potential; see the discussion on pp. 634ff. of the fission
isomers that result from the shell closing at N = 148 in the modified 2 : 1
oscillator potential. (Additional possibilities for shape isomerism may occur
as a result of stationary va1u:s of 6 for finite values of the angular momentum; see the discussion of P as a function of angular momentum in Sec.
6A-2.)

-

A

While the global pattern of the shell-structure energy is specific to the potential
considered, some of the qualitative features in the neighborhood of a symmetry point
are expected to be of a rather general nature. Thus, the system of ridges and valleys
associated with the gradual disappearance of the shell-structure energy for deformations that break the symmetry is a general consequence of the crossings of adjacent
shells, as discussed above (Myers and Swiatecki, 1967; Strutinsky, 1968).
The deformations of special significance for configurations with particles outside
closed shells are those possessing the symmetry of the classical closed orbits that are
responsible for the shells (see the discussion on p. 591). The scale of the deformations
is expected to be quite generally of order N - ' I 3 ,corresponding to the ratio of hash
and E ~ However,
.
the magnitude of 6, is of order Ohiwsh and thus depends on the
degeneracy 0, which involves different powers of the particle number depending on
the particular symmetries of the potential considered (see Table 6-17, p. 586). The
occurrence of equilibrium deformations of order X-''', independently of the magnitude of the degeneracy 0, may seem surprising, since the particles in unfilled shells can
themselves only produce deformations of order Q M - ' , which may be much less than
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for potentials with lower degeneracy than the oscillator. The large deformations result from the polarization of the particles in closed shells and reflect the
relative ease with which the closed shells can be deformed in the absence of the high
degeneracies of the harmonic oscillator potential.

Calculation of

giPfor

anisotropic harmonic oscillator potential

zip

A separation of the asymptotic function
from the sum of single-particle
eigenvalues can be based on an analysis of the single-particle level density
g(E)=

X.s(E-4

(6-5 16)

where E, represents the single-particle eigenvalue labeled by the quantum numbers v.
In a situation in which the parameters of the potential vary smoothly with the particle
number JV, it is possible to define a function ~ ( E , Awhich
' ) asymptotically, for large
A',represents the number of levels per unit energy, in an interval around E that is
large compared to the spacing of the shells, but small compared to the energies over
which i varies significantly. For a saturating system, for which the parameters of the
potential can be expanded in powers of A"/3,the quantity i is obtained in terms of a
corresponding series involving decreasing powers of
with a leading term of
order A'.
From the function ~ ( E , J Y one
) , can determine the asymptotic form of the total
independent-particle energy by means of the relations
(6-5 17a)

leFE

SiP(A')
=
0

(E.M)Ed&

(6-5 17b)

where &(A'),
defined by Eq. (6-517a), describes the asymptotic behavior of the Fermi
energy.
For the special case of the oscillator potential (or the infinite square-well
potential), the spectrum of single-particle energies for different values of A' is
obtained by a simple scaling; the function i ( A
~')
,can therefore also be expressed as a
power series in E (or
for the infinite square-well potential). Such a power series can
be conveniently obtained from a Laplace transformation of the single-particle level
density (Bhaduri and Ross, 1971). For the anisotropic harmonic oscillator with the
energy spectrum (6-485), the transform is given by

l

=-

n (sib
3

;fi~o,.)-'

(6-518)

K-1

A term of the form E" in i ( ~
gives
) rise to a term inf( P ) of the form n ! B -("+I); thus,
the expression for i ( ~
can) be obtained from the expansion of f(P) in the neigh-
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borhood of the origin,
(E)

= h -3(U 10203)-

'(

Ez

-

h2

(of

+ + of)
W;

(6-5 19)

(The -N dependence is contained in the variation of the frequencies w , , 0 2 , and o3
with particle number.) From Eqs. (6-517) and (6-519), we obtain

ep

For the isotropic oscillator, the result for
is seen to agree with Eq. (6-510), which
was obtained by a direct extraction Qf the asymptotic terms in giP.

Effects of shell structure at finite temperature (Figs.6-53 to 6-55)
Though potentially a topic of considerable scope, the present evidence
concerning the effect of shell structure at finite temperatures is rather limited.
The most direct evidence is obtained from the total level densities, in
particular at excitation energies in the neighborhood of the neutron separation energy; see Fig. 2-12, Vol. I, p. 187.32
With increasing temperature, the effects of the shell structure in the
one-particle motion are of decreasing importance because of the many
configurations that may contribute. For sufficiently high temperatures, the
nuclear properties are expected to vary smoothly with particle numbers. In
the present example, we shall illustrate the temperature dependence of the
shell-structure effects by evaluating the thermodynamic functions for simple
schematic forms of the one-particle spectrum.
Shell structure in an extreme form can be represented by a single-particle
spectrum consisting of equally spaced, fully degenerate shells, each with the
same degeneracy Q,
g(E) = s2

S(E
n

A

- Eg - nho,,)

(6-521)

More generally, the one-particle spectrum can be expressed in terms of a
Fourier expansion (Ericson, 1958a); we shall illustrate the terms that occur in

32Theeffect of shell structure on nuclear level densities was discussed by Rosenzweig (1957) and
Ericson (1958a) on the basis of schematic representationsof the one-particle spectrum; for evaluations
employing empirical one-particle spectra, see, for example, the review by Huizenga and Moretto (1972);
for evaluations including rotational excitations in deformed nuclei, see Dessing and Jensen (1974) and
Huizenga et ul., (1974).
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such an analysis by considering a spectrum involving a single harmonic

(): : ;

g(&)=go+fcos 2n-

(6-522)

where go is the average level spacing and f represents the amplitude of the
shell-structure modulation.
For a system with independent-particle motion, the thermodynamic
functions, for any given single-particle spectrum, can be obtained from the
partition function for the grand canonical ensemble as described in Appendix
2B. Such a calculation for the single-particle spectra (6-521) and (6-522) is
given in the small print on pp. 612ff. The thermodynjimic functions for a
given temperature can be written as a sum of a “smooth part” and a
shell-structure term that depends on the number of particles outside closed
shells. For example, for the energy spectrum (6-522), and a number of
particles corresponding to a closed-shell configuration in the ground state
(x = 0), one obtains (see Eqs. (6-532b), (6-534b), and (6-536b))
Gsh(T,X=O)=

-

2 2
7

f_(hOsh)
4n2

$Itwsh

coshr
sinh2r

-

7cothr- 1
sinhr

(6-523a)
(6-523b)
(6-523~)

rE-

2n2T

(6-523d)

‘@sh

A

for the shell-structure terms in the total energy, entropy, and free energy,
respectively. The parameter r measures the temperature T i n a scale related to
hush,the energy spacing of the shells. As T+ 0, the canonical ensemble goes
over into the ground-state configuration, and the expressions (6-523) acquire
the values that would be obtained by summation over the occupied orbits, as
in the above discussion of the ground-state masses.
For high temperatures, the contributions Gsh, Ssh,Fshapproach zero
exponentially. Since the parameter 7 involves the rather large coefficient 2n2,
the shell-structure effects become quite small, even for temperatures that are
only a few tenths of the shell spacing.
The grand canonical ensemble involves an average over systems with
different particle numbers, and the validity of the present treatment requires
these fluctuations to be small compared with the scale of the shell-structure
gohwsh). The fluctuations increase with increasing excitation
effects (A A’<<
energy, but for temperatures at which the shell effects begin to decrease
exponentially (7- l), the fluctuations remain relatively small. (For T- hWshr
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Figure 6-53 Shell-structure energy as a function of temperature. The values in the figure
refer to a particle number corresponding to closed shells for T = O , and are obtained from
Eqs. (6-539a) and (6-523a), for the single-particle spectra a and b, respectively.
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the number of excited particles is nex-gOYIush,and hence AJP'-(~,,)'/~

<<g o f k , . )
The thermodynamic functions for the two models (6-521) and (6-522) of
the single-particle level density are illustrated in Figs. 6-53,6-54, and 6-55 for
systems with a number of particles corresponding to closed shells in the
ground state ( T =0). The initial decrease of 9,, as a function of temperature
in Fig. 6-53 reflects the reduced single-particle level density in the neighborhood of the Fermi energy, for the closed-shell configuration. In fact, for
given temperature, the excitation energy..is proportional to the number of
elementary excitations with energies of order T (see the discussion in Vol. I,
pp. 154ff.); thus, the total energy 6 = 6"+ Gsh increases less rapidly with
temperature than does the energy G that corresponds to the average level
density go. (While
varies as T 2 , the level density (1;) in Fig. 6-53 depends
on ( E - E ~ ) ' and thus implies an excitation energy proportional to T 4 , as for
the photon (or phonon) spectrum. The single-particle spectrum (a) has a gap
at the Fermi energy, and the excitation energy therefore involves the exponential factor :xp{ - hush/ T } . )
The free energy represents the generalization of the potential energy to a
system with a finite temperature (see the discussion on p. 371). The values of
the shell-structure contribution to the free energy, as shown in Fig. 6-54,
approach zero uniformly with increasing temperature, corresponding to the
fact that the special stability associated with the closed shells has its greatest
value for the ground state.
I

A

VIBRATIONAL SPECTRA

610

-1.0

Ch. 6

1

Figure 6-54 Contribution of shell structure to free energy. The values in the figure are
obtained from Eqs. (6-539c) and (6-523c), for the single-particle spectra a and b, respectively.
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The total nuclear level density is dominated by the exponential dependence on the entropy (see Eqs. (2B-14) and (2B-37c)). The entropy as a
function of energy, for the single-particle spectra (6-521) and (6-522), is
compared in Fig. 6-55 with the values corresponding to a constant level
density. The exponential decrease of the shell-structure contribution to the
entropy at high excitation energy E implies that in this regime, the entropy,
and hence the level density, approaches that of a system without shell
structure, with an excitation energy equal to E + gsh(T=O) (Hurwitz and
Bethe, 1951; Rosenzweig, 1957).
Experimental evidence concerning the shell-structure effect on the
nuclear level densities is especially striking in the region of *08Pb. For these
nuclei, the parameter a, as determined from the level density at about 7 MeV
of excitation, is about a factor of 3 smaller than the value corresponding to a
smooth dependence on A (see Fig. 2-12, Vol. I, p. 187). The shell structure in
the single-particle level density can be approximately represented by the form
(6-522), with f%go (see p. 601); the effect on the entropy may thus be
obtained from the case (b) in Fig. 6-55. The observed shell-structure energy in
the ground state of '08Pb is 6,,(T=0) x - 13 MeV (see p. 601), and for a n
excitation energy of about I: g S h ( T=O)I, the entropy of the closed-shell
nucleus is expected (see Fig. 6-55) to be about 0.6 of the value obtained for a
system without shell structure at the same excitation energy. Since the
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Figure 6-55 Effect of shell structure on entropy, as a function of excitation energy. The
entropy of the single-particle motion, as a function of the temperature, is obtained as a sum
of a smooth part (6-534a) and a shell-structure term given by Eqs. (6-539b) and (6-523b) for
the single-particle spectra (a) and (b), respectively. The relation between temperature T and
excitation energy, E = 6 - O ( T = O ) , is given by Eqs. (6-531), (6-532), and (6-539a); see also
Fig. 6-53.
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parameter a is defined by the relation S = ~ ( U E ) ' / the
~ , observed shellstructure effect in the level density is seen to agree well with this estimate. It
must be emphasized that the estimate of the average level density in the
absence of shell structure, based on the simple interpolation in Fig. 2-12,
involves a considerable amount of uncertainty. Thus, in comparing the level
densities for closed-shell nuclei with those of nuclei with many particles in
unfilled shells, one must take into account that the level density is significantly affected by the contribution from rotational excitations of the deformed nuclei (see pp. 38 ff.) as well as by the pair correlations, which reduce
the low-frequency modes of excitation. (A theoretical estimate of the level
density in the absence of shell structure (and of collective correlations) can be
obtained from the average single-particle level spacing in the region of the
Fermi surface; the value given by Eq. (2-125a), which agrees with the
empirical average level spacing, would imply that the value of a for *08Pbis
decreased by a factor of 2.5 as a result of the shell structure.)
With increasing excitation energy, the shell-structure contributions to the
thermodynamic functions decrease. In the region of "*Pb with the parameters
h u s h / 2 7 r 20.35
~ MeV and gohash= 90, the shell-structure effects become
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negligible for temperatures greater than 1.5 MeV, corresponding to an excitation energy of about 50 MeV (see Figs. 6-53 and 6-55). The order of
magnitude of the excitation energy required to “melt” the shell structure is
fundamentally the same as the shell-structure energy for totally degenerate
shells (see Eq. (6-513)).
The thermodynamic functions can be obtained from the partition function
Z ( a , p ) for a grand canonical ensemble, which is given by Eq. (2B-5) for a system of

fermions described by independent-particle motion,

lnZ(a,p)=

Irn

g(e)ln(l+exp{a-

PE))~E

(6-524)

For a single-particle spectrum with a single harmonic, as in Eq. (6-522), the evaluation
of the integral (6-524) yields

The terms involving go are given by Eq. (2B-9), while the shell-structure term can be
obtained by a contour integration in the complex E plane. In the evaluation of the
thermodynamic properties, we may neglect contributions from the lower limit in the
integral (6-524) provided the temperature b - ‘ , as well as the shell spacing hash, is
small compared to the Fermi energy (degenerate Fermi gas approximation; it must
also be emphasized that the level density (6-522) is only intended to represent the
single-particle spectrum in a region small compared to E ~ ) .
The values of a and p are determined by the particle number and energy through
the stationarity conditions (2B-13). The first of these relations yields the Fermi energy,
or chemical potential, E~ = &//I,

(6-526)

where the parameter y describes the position of the Fermi level with respect to the
value corresponding to closed shells
& ~ = E g + h i W ~ h ( Y-

f)

(6-527)

Introducing the shell-filling parameter x , defined by

A

where A’,, is the particle number for closed shells and gOhto,h the number of particles

b%!
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in a shell, the relation (6-526) can be written
f

x=y-

-Tsin2ny
sinhr

(6-529a)

or, alternatively,

(6-529b)

where ZF is the part of eF that varies smoothly with N .
The second of Eqs. (2B-13) yields the energy (representing the sum of singleparticle eigenvalues) as a function of temperature T = P -

',

a

B=--InZ

w

As in the analysis of the ground-state energies, the function (6-530) can be expressed
as a sum of a smooth term and a shell-structure contribution that contains the

dependence on the shell-filling parameter,

6 =; ( x , P )

+6 , h

(6-531)

with (see Eq. (6-529b))

2(x , p ) = s" ( M , P - ' =0)+ ,go772

(6-532a)

6P

The separation between 8 and 6,,,
is made unique by the-requirements that 6&
vanishes for r+oo and that the temperature dependence of 6 is that of a Fermi gas
with average single-particle level density go (see Eq. (2B-18)).
The entropy may be obtained from the relation (2B-37c)
S = - a J y + P 6 +lnZ

with

- -go
772
s=

(6-534a)

3P

f

cos2ny

ssh=-hush-2 (rcothrsinhr

1)

(6-534b)

From 6 and S, the free energy follows from the relation (6-102),
F = 6 -P-'S

A

-

= F + Fsh

(6-535)
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with

- -

n2

F=F(JY,p-'=o)-

-

6flZg0

(6-536a)

(6-536b)
The present treatment of shell-structure effects can be extended to more general
single-particle spectra by expanding the level density g(E) in a Fourier series. For
example, the spectrum (6-521) can be expressed in the form

m

(6-537)

and the contribution of the individual Fourier components to 1nZ is given by Eq.
(6-525). The particle-number relation, corresponding to Eq. (6-529a), takes the form
m

sin 2npy

(6-538)

p= 1

and the shell-structure contributions to the thermodynamic functions are given by

(6-539b)

In the limit of zero temperature, the sum over p in Eq. (6-538) exhibits a
discontinuity for y = 1/2,

A

-y

o<y<+

= { 1-y

i<y<l

(6-540)

corresponding to the fact that the Fermi energy stays equal to the value for y = 1/2
during the entire filling of the shell. In the limit 7 = 0 , the evaluation of the shell-
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structure energy yields

(6-541)
The first term has been obtained by setting y = 1/2 and using the value a2/6 for the
sum overp-2 (see, for example, Eqs. (2B-lob) and (2B-11)); in the second term in Eq.
(6-541), the value of Z ( y ) defined by Eiq. (6-540) has been obtained from Eq. (6-538),
which yields Z ( y ) = x - 1/2, sincey stays equal to 1/2 while x varies from 0 to 1. The
result (6-541) for && as a function of x is seen to be identical to the earlier result
(6-510) obtained by a direct summation over the occupied states in the ground-state
configuration for the harmonic oscillator potential.

Features of Fission Mode
Fission barrier (Fig. 6-56)

A

The fission process is characterized by a rather sharply defined threshold
energy, referred to as the fission barrier. Below threshold, the fission cross
sections depend exponentially on the energy, as a result of the barrier
penetration (see, for example, a(yf) for 238Uin Fig. 4-23, p. 126), and the
barrier may be defined as the energy at which the penetration in the lowest
fission channel reaches the value 1/2 (see Eq. (6-109)). Empirical data
showing the systematics of the fission barriers for the heavy elements are
shown in Fig. 6-56 and are compared with the predictions of the liquid-drop
model (see Fig. 6A-1, p. 664). The abscissa in Fig. 6-56 is the fissility
parameter x defined by Eq. (6-94), and the barriers are plotted in units of the
surface energy bsurfA213 with the parameter bsurf=17 MeV obtained from the
analysis of the nuclear masses (see Eq. (2-14)), which implies (Z2/A),"tx49.
It is seen that the observed barriers are similar in magnitude to those given by
the model. Since the calculated barriers represent the rather small difference
between the much larger surface and Coulomb energies of deformation, the
qualitative agreement in Fig. 6-56 constitutes significant support for the
estimate of the surface deformation energy obtained from the systematics of
the nuclear masses. Thus, as can be seen from Fig. 6-56, a change of the
surface energy parameter by 10% would lead tc, a change by a factor of 2 in
the predicted fission barriers fur xx 0.75.
The deviations of the empirical fission barriers in Fig. 6-56 from those
calculated on the basis of the liquid-drop model may be associated partly
with the assumed bulk properties of the nucleus and partly with shellstructure effects. Thus, there is some uncertainty in the effective surface
tension for heavy nuclei as determined from the nuclear masses, due to the

616

a

VIBRATIONAL SPECTRA

Ch. 6

0.OL
o

even-even

A

odd A

D

odd-odd

0.0 3
uL
3

d
\
c

w

0.02

0.01

I

I

0.7

fissility p a r a m e t e r

I

I

2

0.8

x=(5/49)

Figure 6-56 Fission barriers. The measured threshold energies E, for onset of fission are
17A2I3MeV.The solid curve corresponds to the
plotted in units of the surface energy
liquid-drop model estimate obtained from Fig. 6A-1. The data are taken from the compilations by Hyde (1964) and Halpern (1959) and from: *"TI (D. S. Burnett, R. C. Gatti, F.
Plasil, P. B. Price, W. J. Swiatecki, and S. G. Thompson, Phys. Rev. 134, B952, 1964); Bi, Po,
and At (J. R. Huizenga, R. Chaudhry, and R. Vandenbosch, Phys. Reu. 126,210, 1962). The
values of E, from the last reference have been increased by 2.6 MeV in order to make them
consistent with the more detailed measurements by Burnett et al.
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influence of the neutron excess and the curvature of the surface; in fact, the
evidence on the shape of the nuclei at saddle point, obtained from angular
distributions, suggests a value (Z2/A),rit=45 (see pp. 621 ff.). The principal
effect of such a modification of the bulk properties would be to shift the
empirical points in Fig. 6-56 to the right by about 0.05 units in x. The
prediction of the liquid-drop model would then approximately agree with the
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average value of the observed barriers in the region of Z290, but would be
about 10 MeV smaller than the observed barriers for nuclei in the neighborhood of Pb. For these nuclei, an increase in the barriers with respect to the
liquid-drop estimate is expected as an effect of the shell structure, which
implies that the ground-state masses of these approximately closed-shell
nuclei are about 10 MeV smaller than the average (see the discussion on p.
601 of the shell-structure energy associated with the closed-shell configuration
of '08Pb).

Evidence on saddle-point shape obtained from a-induced fission processes
(Fig. 6-57)
Information concerning the shape of the saddle-point configuration can
be obtained from the analysis of angular distributions of the fission fragments
(Halpern and Strutinsky, 1958). The direction of emission of the fission
fragments, relative to that of the total angular momentum vector, is determined by the quantum number K (see Eq. (4-178)), and when many fission
channels are open, the statistical distribution of K values is determined by the
difference between the moments of inertia parallel and perpendicular to the
symmetry axis (see Eq. (4-63c)),
(6-542)
with
(6-543a)

(6-543b)

A

where the expression for the temperature refers to a Fermi gas with a
single-particle level density go (see, for example, Eq. (2-57)). Empirical evidence on the parameter a appearing in Eq. (6-543b) is discussed in Vol. I, p.
187. The characterization of the individual channels by a definite value of K
and the statistical distribution (6-542) assume axial symmetry of the saddle
point; the consequences of a deviation from this symmetry are discussed in
the small print on p. 622.
At sufficiently high excitation energies, the moments of inertia are
expected to correspond approximately to those of a rigid body (see p. 37),
and the difference between the moments of inertia is then directly related to
the shape of the nucleus at saddle point. In a qualitative estimate, we may
compare the nuclear shape with a spheroid with eccentricity parameter 6 (see

618

VIBRATIONAL SPECTRA

Ch. 6

Eq. (4-72)), for which the rigid-body moments are given by
1 - +6)

s
3 =<ph(

X L =9&(
1+$8)

flsph = -A M ( r 2 )= 3AMR:

where flsph
is the rigid-body moment for a spherical shape with the mean
radius R,.
We shall be concerned with the analysis of reactions initiated by fast
projectiles, which produce compound nuclei with high angular momenta. In
the expression (4-178) for the angular distribution, we may thus use an
asymptotic form for the 9 functions valid for Z>>l and I>>M,
w K l ( e )=

21+ 1
2
l-%f=O,K

I2

Z (12Sin28- K2)-'"
7l

(6-545)

This result can be obtained from a classical vector model; the probability
distribution of the symmetry axis, specified by the components K and M=O
of the angular momentum vector, is given by (27l)-'dcp, where cp is the
azimuthal angle of the symmetry axis with respect to the direction of the
angular momentum. The angle 0 of the symmetry axis with respect to the z
axis is related to cp by cos 8 = (1 - (K/I)2)'/2 COST and covers the interval
8, < 8 < T - 8, twice, while cp varies from 0 to 27~.
From Eqs. (4-178), (6-542), and (6-545), we obtain for the angular
distribution of the fission fragments emitted from compound nuclei with
given I

1

I sin f?

W,(B)a:

dKexp( - s ] ( 1 2 s i n 2 8 - K2)-1/2

(6-546a)

m

A

1

I sin20
- p
4 K:

(6-546b)

where J , is the Bessel function of order zero and where Eq. (6-546b)
represents an approximation valid for small anisotropy (I<<KO).
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Figure 6-57 Saddle-point shapes as a function of Z 2 / A . The figure shows the evidence on
the moments of inertia of the fissioning nucleus at saddle point obtained from the analysis of
angular anisotropies of the fission fragments following compound nucleus reactions induced
by a particles of 42.8 MeV. The data and analysis are taken from R. F. Reising, G. L. Bate,
and J. R. Huizenga, Phys. Reo. 141, 1161 (1966). The points are labeled by the compound
nucleus involved. The corrections for fission following neutron emission involve uncertainties (in addition to the experimental errors shown in the figure) that are especially large for
the compound nuclei of Th and U.
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Figure 6-57 shows evidence on the shape of the fissioning nucleus
derived from a study of fission induced by (Y particles of 43 MeV (Reising et
al., 1966). The rather high excitation energy of the compound nucleus implies
that fission may occur either directly or subsequent to the emission of one or
several neutrons. However, in the cases considered, the main yield is
associated with first-stage fission ( rrzZT,).Moreover, the temperature and
total angular momentum are not much affected by the emission of a neutron.
The correction for the effect of fission after neutron emission is thus only of
the order of 15% or less; this correction has been included in the analysis
given in Fig. 6-57.
The angular distribution depends on the ratio of the angular momentum
Z to the quantity KO (see Eq. (6-546)). The distribution of Z values employed
in Fig. 6-57 has been obtained from a calculation of compound nucleus
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formation based on an optical model potential. These values can be rather
well represented by the classical expression corresponding to complete absorption for all angular momenta less than the value Zm corresponding to a
grazing collision
o(Z) =

{

consttz+l)

Z<I,

z > ,z

.=(

2M,,R?,

Z , Z,e2

(El,-

A2

1/2

(6-547)

T))

where Z , and Z , represent the charges of the (Y particle and the target, while
M,,,E,,, and R,, are the reduced mass, the kinetic energy in the center-ofmass system, and the interaction radius; in the following, we shall assume
R , , = 1.45 ( A i/3 + A$l3)fm.
In order to illustrate the analysis of the experimental data leading to the
moment of inertia ratios in Fig. 6-57, we consider the case of 238U(af), for
which the observed yields at 170" and 90" give, by means of Eq. (6-546),

--K t

(1,) -0.38

4

A

(6-548)

for the parameters characterizing first-stage fission. Since the Coulomb barrier is about 24 MeV and (Z2)x220 (see Eq. (6-547)), the observed anisotropy implies K i x 150. The (Y particle is unbound by about 5 MeV, and the
excitation energy of the compound nucleus is therefore x 3 7 MeV, which is
x 3 2 MeV above the fission barrier; using a x A / 8 MeV-' (see Fig. 2-12,
Vol. I. p. 187), we obtain a temperature of 1.0 MeV (see Eq. (6-543b)). The
rotational parameter for 242Pu has the value h2/<phw7.6 keV (for R,=
1.2A
fm), and from Eq. (6-543a),we therefore obtain Nsph(N;
I -N; ')x0.9,
corresponding to a deformation parameter 6 ~ 0 . 6(see Eq. (6-544)). Such a
deformation implies a saddle-point shape, in which the ratio of the axes is
approximately 2 : 1, in qualitative agreement with the liquid-drop prediction
for a fissility parameter x=O.75, as for 242Pu(see Fig. 6A-1, p. 664).
In the above analysis, we have neglected the effects of the angular
momentum on the saddle-point shape and fission barrier. These effects can
be characterized by the parameter y , defined by Eq. (6A-35); for (Z2)x220
and A e240, one obtains y x 1.3 x lop3. In comparison, the critical value of y
for which the barrier vanishes is given by Eq. (6A-41), which yields ycfi,x0.09
for xx0.75. The effects of the angular momentum on the barrier and the
saddle-point deformation are of relative order y / y c f i t(see Eqs. (6A-40) and
(6A-39)), and are thus negligible in the present case.
A more detailed comparison of the observed moment ratios deduced
from the angular distributions with those calculated for the saddle-point
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shapes in the liquid-drop model is shown in Fig. 6-57. It is seen that the
observed moments imply shapes that are somewhat less deformed than those
= 49 (see Eq. (6-95)).
predicted by the liquid-drop model, assuming ( Z ’ /
Part of this deviation may result from shell-structure effects, which are found
to significantly modify the heights of the fission barriers (see p. 617). However, in the reactions on which the data in Fig. 6-57 are based, the rather large
excitation energies imply that only a minor part of the shell-structure effects
is expected to remain (Ramamurthy et al., 1970). The significant parameter
that characterizes the disappearance of the shell-structure effects with increasing excitation energy is the temperature compared with the energy interval
characterizing the periodicity in the single-particle spectrum. The main shellstrucure effects at the saddle-point shape appear to be associated with the
degeneracies occurring in an oscillator potential with ratio of frequencies 2: 1
(see the discussion on pp. 595ff.). The distance between such shells, given by
Eq. (6-504), is Y 1 ~ ~ ~ x 2 - ~ / ~ Y 1 0-‘/3MeVx
~ x 2 6 A 4 MeV, for A x 240. For
temperatures of about T x l MeV, the estimate in Fig. 6-54, p. 610, implies
that only about 10% of the shell-structure contribution to the free energy
remains.
It thus appears that the data in Fig. 6-57 may be interpreted in terms of
“macroscopic” nuclear parameters, as in the liquid-drop model, and one may
attempt to employ these data to obtain a more precise determination of the
fissility parameter x, defined by Eq. (6-94). It is seen that with increasing
Z2/A, the data in Fig. 6-57 extrapolate to a critical value of

(g)

x45

(6-549)

crit

This value is about 10% smaller than that obtained from the parameters of
the semi-empirical mass formula as given in Chapter 2. Such a reduction of
the effective surface tension could result from the dependence of the surface
energy on the neutron excess. This dependence can be expressed in analogy
to the volume symmetry energy in the semi-empirical mass formula (2- 12),

(6-550)

A

but, as mentioned in Chapter 2, the available data on nuclear masses leave
the value of bsurf-symundetermined. The evidence on the saddle-point shapes
could be accounted for by assuming bsd-s,,m= - 50 MeV. However, this
interpretation of the critical value (6-549) is not unique, since other bulk
properties of the nucleus may affect the fissility, to the accuracy considered.
(See, for example, the discussion of the effect of a term in the nuclear energy
proportional to the curvature of the nuclear surface (Strutinsky, 1965).)
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Additional evidence, consistent with that in Fig. 6-57, has been obtained
from the angular distribution in fission processes initiated by heavy ion
bombardment leading to compound nuclei with appreciably greater angular
momentum (Karamyan et al., 1967). Evidence is also available on the angular
distribution of a-induced fission for nuclei with appreciably smaller fissility,
corresponding to 2 ~ 8 (Reising
2
ef al., 1966), but this evidence is not
included in Fig. 6-57, since the higher fission barriers ( ~ 1 MeV)
5
imply that
the temperature of the fissioning nucleus is considerably less than in the cases
illustrated. Under such conditions, pair correlations and shell structure may
significantly influence the nuclear properties involved in the fission process.
In the above discussion, we have assumed that the saddle-point shape possesses
axial symmetry, in which case the fission channels can be characterized by the
quantum number K . For more general shapes, each channel involves a superposition
of different values of K , representing the component of angular momentum in the
direction of fission (which is assumed to correspond to a definite direction in the
intrinsic coordinate system, such as, for example, the axis of greatest elongation). The
density of channels has the form (4-65a), which, for large values of I , can be expressed
as an integral over the directions of I with respect to the intrinsic axes (see the text
following Eq. (4-65)); the probability distribution in K , which determines the angular
distribution of the fission fragments, is obtained by an integration over the azimuthal
angle of the angular momentum vector with respect to the fission direction. For large
rotational energies (comparable with T), the resulting distribution in K is not of the
Gaussian form (6-542). However, in the limit of small anisotropies, one obtains quite
generally an expression of the form (6-546b), where, in the definition of K i 2 (see Eq.
(6-543)), the quantity ( h 2 / s 3 )represents the inertial parameter for rotation about the
direction of fission, while ( h 2 / X l ) represents an average for the perpendicular
directions. Thus, in principle, the angular distributions may determine all three
moments of inertia separately, but the available empirical data do not appear to be
sufficiently detailed to provide this information.

33The first evidence was provided by the discovery of an isomer of t12Am that decays by
spontaneous fission with a lifetime more than a factor I d o shorter than the spontaneous fission lifetime
of the normal state (Polikanov et al., 1962). Around 1968, this type of isomerism had become established
as a general feature of the heavy elements (see the review by Michaudon, 1973). The evidence on
excitation energy and spin of the isomers provided by studies of the excitation function for a variety of
projectiles rendered unlikely an interpretation of the metastability on the basis of a very high spin (see
the review by Polkanov, 1968). Attempts to interpret the isomerism in terms of quasistationary states in
a second minimum of the potential energy function received significant support from theoretical studies
of the influence of the shell structure on the deformation energy(Strutinsky,1967a;see also footnote 7, p.
367). Experimental evidence for the interpretation in terms of shape isomerism came from the discovery
of strength function phenomena in neutron-induced fission. It had been known for many years that
there existed rather marked structure in the energy variation of the fission cross section in the threshold
region (see the review by Wheeler, 1963). Careful analysis of these cross sections revealed that the
resonance-like structure could not be accounted for in terms of the competition between fission and
neutron channels, and led to an interpretation in terms of a vibrational state in the second minimum
(Lynn, 1968a). Especially striking was the discovery of gross structure in the fission width of slowneutron resonances below the fission barrier (Paya er a/., 1968; Migneco and Theobold, 1968) which
could be interpreted in terms of resonant states in the region of the second minimum in the potential
energy (Lynn, loc.cit.; Weigmann, 1968).
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Shape isomerism in 241Pu(Figs. 6-58 and 6-59; Table 6-18)
Many different phenomena associated with the fission process have
provided evidence for the occurrence of a second minimum in the nuclear
potential energy surface (shape i ~ o m e r i s m ) As
. ~ ~an example, we shall consider the evidence obtained from the study of fission of the compound
nucleus 24'Pu.
The results of slow-neutron resonance studies in n 240Puare illustrated
in Fig. 6-58. The fission barrier for the process 240Pu(nf)corresponds to
E,=710 keV (see Back et al., 1974), and the slow-neutron region is thus well
below the fission barrier. The resonances have IT= 1/2+ and an average
spacing D = 15 eV, as determined from the lower-energy part of the total
cross-section data, where the levels are all resolved (Kolar and Borkhoff,
1968).
It is seen from Fig. 6-58 that there are very large variations in the fission
widths of the individual levels. Most of the levels have an almost vanishing
fission yield, but there occur groups of resonances for which an appreciable
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Figure 6-58 Neutron cross sections for 240Pu. The figure gives the total cross section
determined by W. Kolar and K. H. Bockhoff, J. Nuclear Energy 22, 299 (1968) and the
fission cross section measured by E. Migneco and J. P. Theobald, Nuclear Phys. A112, 603
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fraction of the total cross section is associated with the fission mode. The
variations are much greater than can be accounted for by random fluctuations (see, for example, the analysis of random fluctuations in the neutron
width discussed in Vol. I, p. 182). Such a gross structure in the distribution of
fission widths suggests an interpretation in terms of resonances associated
with an intermediate stage in the fission process.
The average spacing of the gross-structure resonances, which we shall
refer to as type I1 states, as distinct from the fine-structure resonances,
referred to as type I states, is seen from Fig. 6-58 to be

D(II)z700

eV

(6-551)

This spacing corresponds to a characteristic period large compared with that
of the elementary modes of excitation in the nucleus (vibrations, rotations,
single-particle motion) and thus indicates the occurrence of complicated
states resembling those of a compound nucleus, but only weakly coupled to
the compound states associated with neutron capture. Such a double set of
compound states can be interpreted by assuming the occurrence of two
minima in the potential energy function involved in the description of the
fission process (see Fig. 6-59, p. 633). The first mimimum (I) corresponds to
the equilibrium shape of the nuclear ground state, and the type I levels are
associated with intrinsic excitations with respect to this equilibrium. The type
I1 levels represent excitations with tespect to the second minimum (11) and
are separated from the type I region of phase space by a potential barrier.
The (nf) reaction process involves, initially, the formation of a compound
state of type I, which through barrier penetration becomes coupled to a
near-lying state in region 11, leading ultimately to fission. In the following
section, we consider a general framework for describing the effect of the
coupling between the two regions. (An analysis based on R-matrix theory has
been given by Lynn (l968a), with results for n '@Pu similar to those obtained
below.)

+

Resonance anaIysis with inclusion of coupling between regions I and ZI

A

An analysis of the coupling effects can be based on sets of states).11
and IIIa) that would be stationary states in the regions I and 11, respectively,
in the absence of barrier penetration. The finiteness of the barrier gives rise to
a coupling of these states, which can be described by matrix elements
(IIalVIIa). (The representation employed here is the same as in the treatment of strength function phenomena given in Appendix 2D; a similar
treatment is also involved in the analysis of decaying states and resonance
scattering in terms of an effective perturbation; see Secs. 3F-la and 3F-lb.)
The effects of the coupling between the type I and I1 states take a simple
form in the limiting situations corresponding to narrow and broad strength
functions.

kd
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a. Narrow strength function. If the width of the type I1 level in the absence
of the coupling, as well as the average magnitude of the coupling matrix
element ( V ) , are small compared with the level spacing D(I), the main
coupling effect is confined to a few type I levels in the neighborhood of each
type I1 level. Except for rare fluctuations in energy spacings or coupling
matrix elements, a perturbation treatment may be employed and leads to the
approximate eigenstates
II&>

> + c(aa)lIIa >

lIIii>=;IIIa>

-

(6-552)

Cc(aa)lIa>
a

with
c ( a u )=

(IIal VIIa)
E(Ia) - E(1Ia)

(6-553)

The coupling described by the states (6-552) implies that the type I states
acquire a small fission width and the type I1 states a corresponding neutron
width

(6-554)
a

where ;I g,(Ia)I2 = T,(Ia). The amplitudes g,(Ia) and c(aa) are associated with
two quite different components in the compound states of type I, and the
interference between contributions from different levels, a , in r,(II2) is
therefore expected to vanish on the average.
The fission yield of an individual resonance is given by

J o n f d E = 2 n 2 A 2rnrr
-

r

(6-555)

where r is the total width. If the total width of the type I states is small
compared with that of the type I1 states ((I'(I))<<r(II)), the main contribution to the fission yield in each gross-structure resonance arises from the type
I levels, while the opposite would be the case for (r(I))>>T(II).

A

b. Broad strength function. If either the width of the type I1 level or the
average coupling matrix element is large compared with D(I), the strength
function extends over a large number of individual resonances. In such a
situation, one may employ the general analysis of gross-structure resonances
based on cross sections averaged over the type I fine structure (see Sec.
3F-lc). In the analysis of such average cross sections, the coupling V can be
described in terms of a coupling width r,(II) representing the rate of decay of
the state I1 into the channel associated with the type I compound states.
Assuming that the coupling matrix elements do not exhibit any systematic
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variation over the gross-structure resonance, we obtain (see, for example, Eq.
(2D-1 I))
(6-556)
where ( V 2 ) is the average value of the square of the coupling matrix
elements.
The total width of the gross-structure resonance is given by
(6-557)

where T,(II) represents the probability for additional decay modes that do
not proceed through either the compound states I or the fission channel; it is
expected that the main contribution to r,(II) comes from y decay to other
states of type 11.
The gross-structure resonance cross section, representing the average
fission cross section for s-wave neutrons in the neighborhood of a type I1
resonance, can be expressed in the form

where F(c+n) denotes the fraction of the compound nuclei decaying by
neutron emission. (The result (6-558) may be derived by considering the
inverse process (fn), for which the cross section for compound nucleus
formation can be obtained from Eq. (3F-26); the relation between cross
sections for inverse reactions is given by Eq. (1-43).) In the example shown in
Fig. 6-58, the (nf) cross section between type I1 resonances is below the
sensitivity of detection, and we have therefore ignored the possibility of a
nonresonant contribution, such as is included in the more general expression
(3F-23).
The fraction F(c+n) in Eq. (6-558) represents an average over the type I
resonances, each weighted by the fission width rf(I), which is proportional to
the probability of formation of the type I state in the decay of the type I1
state,
(6-559)
where

A

is the total width of the fine-structure resonance. (In Eq. (6-559) and the
following, we omit the index (Y labeling the different resonances of type I.)
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The average cross section (6-558) can also be expressed as a sum of the
contributions from the type I resonances
(6-561)
where D(1) is the average level spacing of the fine-structure resonances.
Comparison of Eqs. (6-558), (6-559), and (6-561) yields for the average fission
width
(6-562)
The expression (6-562) could have been obtained directly from the
general arguments for a Breit-Wigner form for such a strength function (see
Vol. I, p. 435) together with the normalization
(6-563)
where the integration extends over an energy interval including the contributions from a single type I1 resonance. The relation (6-563) expresses the fact
that the sum of the fission widths of the type I resonances is equal to rf(II)
multiplied by the factor rc(II)/r(1I), which represents the fraction of the type
I1 state that is admixed into the fine-structure resonances of type I.
The present description covers a variety of different coupling situations
depending on the relative magnitude of rc(II) and the total width r(I1). If
l?c(II)<r(II) (weak coupling), only a small part of the properties of the type
I1 state, such as its fission width, is transferred to the fine-structure resonances (see Eq. (6-563)). The main part of these properties remains
associated with a single broad type I1 state, which, however, contributes only
a negligible part to the (nf) yield. (See the discussion following Eq. (6-555);
the assumption of a broad strength function implies I‘(II)>>(r(I)). The broad
type I1 state would strongly manifest itself in the hypothetical (ff) scattering
process.) In the strong coupling situation (rc(II)Gr(II)), one can no longer
distinguish between individual resonances of type I and type 11; the type I1
property is, in this case, distributed over a large number of fine-structure
resonances.
Analysis of gross structure in 240Pu(nf)

A

The 240P~(nf)
cross section shown in Fig. 6-58 appears to represent a
coupling situation that is intermediate between the limiting cases of narrow
and broad strength functions discussed above. The gross structures around
780 and 1400 eV contain only a few fine-structure components, while the
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structure around 1900 eV extends over a region containing about 15 individual levels. One may consider the possibility that the structure at 1900 eV
consists of two closely spaced type I1 resonances, but the probability of such
a near degeneracy is only of the order of 1% (see Eq. (2-59)).
For the rather broad 1900 eV structure, the above analysis of the average
cross sections can be used to determine the parameters of the gross-structure
resonance without involving the detailed analysis of the fine-structure resonances, which is somewhat uncertain. As a first step, we estimate the
quantity F(c+n) given by Eq. (6-559). We shall find that (rf(I))<(r(I)),
even in the center of the type I1 resonance, and thus we have approximately
(assuming no correlation between r, and rf)

(6-564)

The average values of T,(I) and r(I) have been determined from the resonance analysis of the total cross section (Kolar and Bockhoff, 1968; Weigmann and Schmid, 1968)
( r , ( I ) ) ~ 5 0 (B,(keV))1/2 meV
(r7(1))=23 meV

(6-565)

D ( I ) e 1 5 eV
The fluctuations in r,(I) have a significant effect on the average of the ratio
of rnand r in Eq. (6-564); for a Porter-Thomas distribution (see Eq. (2-1 15))
for T,(I) and a constant value for ry(I),one obtains
F(c+n)

=1

-

(fry)’/2exp{i y } + (2y)’”exp{ i y }

~0.52

1

( Y / W 2

exp{ - t 2 } dt

0

(6-565a)

rv

y=--(r,)

A

The fluctuations thus reduce the value of F by a factor of about 0.7.
Under the condition (rf(1))<<(r(I)), as assumed in Eq. (6-564), the
quantity F is independent of energy over a single type I1 resonance, and the
strength function. (6-558) has the simple Breit-Wigner form. However, the
data in Fig. 6-58 are not sufficiently detailed to provide a test of the
theoretical line shape.
From the total fission yield shown in Fig. 6-58 (see also the yields given
in Table 6-18, p. 630), together with the value of F given above, we obtain

a
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(see Eq. (6-558))
(6-566)
for the 1900 eV gross-structure resonance. An approximate value for the total
width I'(I1) can be obtained by considering the energy interval around the
center of the gross-structure resonance that contains half the total fission
yield of that resonance. From the data in Fig. 6-58, the value of this width
may be roughly estimated to be
r(II)=50 eV

(6-567)

The magnitude of r,(II) is expected to be several orders of magnitude smaller
than I'(II), since radiative widths associated with excitations of a few MeV
are found to be of the order of 10-100 meV (see, for example, Eq. (6-565)).
Thus, the contribution of I',(II) to the total width r(I1) may be neglected, and
the estimates (6-566) and (6-567) yield
(6-568)
where r,(II) and r,(II) are the greater and lesser of rXII) and rc(II). The
present analysis of the (no cross section does not distinguish the roles of rf
and rc.
From the parameters (6-568) and the expression (6-562), one obtains
(rf(1))mm=20 meV

A

(6-569)

for the average value of the fission width of type I states at the center of the
type I1 resonances. This value is seen to be rather small compared with the
total width T(I) (see Eq. (6-565)), as assumed in obtaining the approximate
expression (6-564).
Values of the fission widths of the individual fine-structure levels have
been obtained from a resonance analysis of the cross sections in Fig. 6-58 and
are given in Table 6-18. The individual fission widths are expected to exhibit
rather large fluctuations, characteristic of a single-channel process (see Eq.
(2C-28)). In view of these fluctuations, it appears that the detailed finestructure analysis of the group of levels around 1900 eV is reasonably
consistent with the expression (6-562) and the parameters deduced from the
gross-structure analysis.
An analysis of the gross-structure fission cross sections in the 780 and
1400 eV groups of levels gives values for the width parameters that are
comparable to those obtained for the 1900 eV group, but such values appear
to be inconsistent with the large r,(I) values suggested by the fine-structure
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750
759
778
782
79 1
810
820
1401
1409
1426
1841
1853
1873
1902
1917
1943
1949
1956
1973
1992
1998
2017
2023
2033
2056

68
6
1.2
3.0
24
213
110

f 3
2 1
f 0.8
2 0.9
2 2
f 11
2 6

5.2 2 1.0
11 2 6
37 2 4
126
34
77
209
36
8
82
260
68
114
6
52
56
102
68

2 10
2 6
2 7

5.4

2.5
5.1
8.3
0.8
10.5
2.3

8

k 1

130 :$'
13 2 2
10 2 1
1.0 & 0.1
110

:#

4.0 5 0.5

8.0

10 2 1

15.0

42 2 7

20.7

24 2 3

+12
2 6

2 5
2
2
2
2

2
2
2
2
2

8
18
8
10
4
8
8
10
7

5.5
1.4

7 2 1
1.9 2 0.2

')upper limit undetermined.
Resonance parameters for n + mPu. The table is based
on the analysis by E. Migneco and J. P. Theobald, Nuclear Phys.
A112, 603 (1968), of the fission yield shown in Fig. 6-58. The
resonance energies and neutron widths employed in this analysis
are derived from total cross sections determined by W. Kolar and
K. H. Bockhoff, J. Nuclear Energy 22,299 (1968), and the radiation
width is assumed to be constant, equal to the average value 23.2
meV determined by H. Weigmann and H. Schmid, J. Nuclear
Energv 22, 317 (1968).
Table 6-1 8
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analysis given in Table 6-18. Thus, one is led to consider an analysis of these
groups in terms of the narrow strength function approximation. The levels
with large values of rf observed in the middle of the groups may correspond
to type I levels that are especially close to the type I1 level (if r(II)>>I'(I)) or
they may correspond to the type I1 level itself (if I'(II)sr(I)). It is
characteristic of the latter of these two interpretations that the level with large
Tf has a small r,, and indeed the analysis in Table 6-18 suggests such a
correlation, though it cannot be excluded that the observed correlation is a
fluctuation effect.
If one accepts the interpretation of the levels with large rf as representing
type I1 states, the fine-structure analysis in Table 6-18 is somewhat modified,
since the derivation of rf from the observed fission yields has employed the
assumption that rr is the same as for the average of the type I levels
measured at lower energies. For a type I1 level, however, the value of Ty may
be somewhat different; from the available data, we can therefore only
conclude that Tf(II) is large compared with r, and smaller than the energy
resolution. From the strength of the fission widths of the neighboring type I
levels (see Eqs. (6-553) and (6-554)), one obtains r,(II)( V2)=2.5 eV3 with,
however, a large uncertainty due to the fluctuations in the rather small sample
that is available. In terms of the quantity r,(II) given by Eq. (6-556), the
estimate of the coupling implies rf(II)rc(II)= 1 eV2.
The estimated value of rf(II)~,(II) for the different gross-structure resonances in 240Pu(nf)are seen to vary by about a factor of 5, which, however,
appears not unreasonable, since the fission as well as the coupling to the
region I are expected to be dominated by the single lowest channel. Thus, it
appears possible to obtain a consistent interpretation of the available data by
assuming the average parameters

(rf(1I))=100 meV
(6-570)

(rc(II))% 25 eV
It must be emphasized, however, that the available data are not sufficiently
detailed to exclude other interpretations with different sets of parameters; in
particular, the identification of rcas the main contributor to r(I1) hinges on
the rather tentative evidence for very large individual fission widths in the
fine-structure analysis.
Characterization of potential energy function for '"Pu

A

The results of the resonance analysis of the 240Pu(nf)reaction provide
information on the structure of the potential energy as a function of the
deformation variable (Y associated with the fission mode. An estimate of the
relative energy of the minima in regions I and I1 can be obtained from the
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ratio of the level spacings D(1) and D(I1). From the level density expression
(2-57) for the Fermi gas model, one finds, assuming that the single-particle
level spacing go is the same for the excitations I and 11,
E - E(I1)
D (11)
ln-D(1) m21n E- E(1)

+ E(I1) T- E(1)

E -(
3( E(1)
T x a - ‘Iz
a = ;go=

+ E (11)))”’

(6-571)

8
A MeV-’

where E- E (I) is the neutron binding energy (S,=5.2 MeV), and where the
estimate of the quantity a is taken from Fig. 2-12, Vol. I, p. 187. From the
values D(I)wl5 eV and D(II)x700 eV (see Eqs. (6-565) and (6-551)), one
finds a temperature of about 0.4 MeV and E(I1) - E(I)w2 MeV. It should be
emphasized that the use of the Fenni gas level density formula neglects the
effects of shell structure and pair correlations that may significantly affect the
estimated excitation energy of the isomer. Thus, the appreciable shellstructure energy in the region I1 (see the estimate on p. 635) implies a lower
level density for a given excitation energy (see Fig. 6-55); this effect, however,
may be largely compensated by the shell-structure energy and the pair
correlations in the ground state. For the deformed nuclei, the level density is
increased by a large factor due to the rotational degrees of freedom (see p.
38ff.); this factor, however, is approximately the same for the regions I and
11, provided the deformations have the same symmetry. The available
evidence on rotational spectra for states in the region I1 (Specht et al., 1972)
is compatible with a shape with axial and inversion symmetry, as implied by
the interpretation of the shell-structure effect (see p. 635).
Estimates of the barrier heights may be obtained from the parameters
r,(II) and rf(II) derived from the resonance analysis. For a qualitative
orientation, we shall ignore the possibility of gross structure in the vibrational
strength function in region I1 at the excitation energies considered; the widths
are then given by the relations (see Eq. (6-11l)),
r,(II) = D(ll) P(IIj.111)
2a
(6-572)
r,(II)

A

=P(IIj.1)

2a

where the barrier penetration factor P represents the probability that a
motion in the deformation variable (Y is transmitted through the barrier. In
Eq. (6-572), only the contribution from the lowest channel is taken into
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account, since the barrier penetration depends exponentially on the threshold
energy.
From the level spacing (6-55 1) and the tentative values (6-570) for the
widths, we obtain
P(II+I)=
P(II+III)=

0.2
(6-573)

10-3

The expression (6- 109), which describes the penetration through a parabolic
barrier, thus implies that the barrier between I and I1 is only slightly above
the neutron separation energy for 241Pu,as indicated in Fig. 6-59. The barrier
II+III corresponds to the fission threshold as observed in fast neutron
fission; this threshold occurs at an energy S,+700 keV, and from the
expression (6-109), one thus obtains the estimate
y l w ~ 6 0 0keV

A

(6-574)

for the parameter describing the energy dependence of the subbarrier
penetrability. The value (6-574) may somewhat underestimate the frequency
w , since it is not known whether the observed threshold at 700 keV is
associated with s-wave neutrons; thus, it is possible that the s-wave threshold
may occur at an energy that is higher by as much as a few hundred keV. The
estimate (6-574) for ylw is similar to the value implied by the observed energy
variation of the threshold function for 240Pu(nf); see Neutron Cross Sections
(1965).
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Schematic illustration of potential energy function exhibiting a second mini-
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Additional evidence bearing on the consistency of the barrier parameters
deduced above is provided by the lifetime of the spontaneous fissioning
isomer in 241Pu ( ~ ~ = y l / r ~ = 4 x sec; Polikanov and Sletten, 1970). A
rough estimate of the lifetime can be obtained by assuming a parabolic
barrier, which yields, by means of Eqs. (6-109) and (6-1 lo),
AWvib
rf=exp
2T

{-

277

B(I1,III) - E(I1)
ylw

(6-575)

where WVib is the frequency for the collective vibrations around the equilibrium 11, which we shall assume to be of the order h,ib'l
MeV. The
height of the barrier between regions I1 and I11 is given by the above analysis
as B(I1,III) - E(II)= S , 0.7 MeV E(1) - E(II)=4 MeV for S , = 5.2 MeV
and E(1)- E ( 1 1 ) ~-2 MeV (see p. 632). From Eq. (6-575), one thus obtains
the value ylw%700 keV for the parameter describing the penetrability of the
barrier separating regions I1 and 111, which is consistent with the value
(6-574) obtained from the observed rf(II).

+

+

A different source of evidence concerning the relative heights of the different
barriers is provided by the study of the angular distribution of the fission fragments in
the (nf) and (yf) processes (Strutinsky and Bjerrnholm, 1968). The analysis of the ( y f )
distributions given in Chapter 4, pp. 123ff., assumes that the K quantum number is
conserved after passage through the saddle point representing the fission threshold.
Such a situation, which leads to large anisotropies in the threshold region, may be
expected if the outer barrier II-+III is higher than the inner barrier 1411. However, if
the threshold is determined by the barrier 1411, the motion of the system through the
region I1 may be damped through coupling to the dense spectrum of compound levels
of type 11. Such a damping may imply loss of memory of the K quantum number for
the channel states at the barrier I+II, and the angular distribution of the fission
fragments will then be characterized by the distribution of K quantum numbers for
the open channels leading over the barrier II-+III. At threshold, this distribution may
involve rather many channels, with a resulting small anisotropy, but in the subthreshold region with energies about equal to that of the barrier II+III, large
anisotropies should again be observed. The analysis of 238U(yf')in Fig. 4-22, p. 125,
corresponds to the pattern expected when the barrier II+III is the higher, but
evidence on 240Pu(yf)and 24zPu(yf)has been interpreted as implying that in these
nuclei, the barrier II-+III is lower (Kapitza et al., 1969), in disagreement with the
tentative conclusion drawn from the above analysis of the gross-structure resonance
effects in ""'Pu(nf). This discrepancy has not yet been resolved.

Interpretation of shell-structure effects responsible for shape isomerism

A

The occurrence of the second minimum that gives rise to the fission
isomer can be attributed to shell-structure effects for deformations in the
region of the fission barrier. (For a review of the extensive theoretical studies
of the potential energy surface in the fission process, see Nix, 1972.) The
effect responsible for the isomer can be understood in terms of the major
shell structure that occurs for a prolate nuclear deformation with a ratio 2 : 1

I
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between the principal axes (see pp. 595 ff.). This deformation corresponds
approximately to the saddle point of the fission barrier as calculated from the
liquid-drop model with x w 0 . 8 (see Fig. 6A-1). The shell structure is
associated with the degeneracy of the eigenvalues for an anisotropic harmonic
oscillator potential with a ratio of 2 : 1 between the frequencies, which leads to
the formation of closed shells for particle numbers ...80, 110, 140,... . The
deviations of the nuclear potential from that of an oscillator are larger for
protons than for neutrons and, in the heavy element region, only minor
shell-structure effects are expected for the protons at the 2 : 1 deformation
(see p. 597). For neutrons, the effect of the spin-orbit coupling implies that
four (doubly degenerate) orbits with Nsh=10 join the NSh=9 shell, which
would have been completed at neutron number N = 140, to produce a major
shell closing at N = 148 (see Fig. 6-50, p. 596). Indeed, this neutron number
corresponds to the region of nuclei where the fission isomer has been found
as a prominent feature.
This interpretation also provides a qualitative estimate of the magnitude
of the shell-structure effect to be expected in the energy of the fission isomer.
For the case of complete degeneracy, expression (6-5 lo), together with the
scale factors (6-514), yields a value

w - 6 MeV

A

(6-576)

for the closed neutron configuration (a : b = 2 : 1, N = 148, hao= 41A - ‘I3
MeV). As seen from Fig. 6-50, the shells spread over an energy interval of a
little more than fiW,h/2; the expected shell-structure energy is therefore of the
order of -3 MeV (see the discussion of the effect of incomplete degeneracy
on p. 601).
The estimated value of 8,h (11) appears to be consistent with the energy
of the second minimum derived from the above analysis, which gives a value
for E(J1) that is about 3.5 MeV lower than the mean value of the two barriers.
(E(II)-E(I)m2 MeV, see p. 632; B(1,II)-E(I)w5.2 MeV, B(I1,III)-E(1)
x5.9 MeV, see p. 634.) In the interpretation of the difference between E(I1)
and E(I), one must consider contributions from 6“ as well as from 6,. For
(Z
= 45 (see p. 621), corresponding to x = 0.8 for 241Pu,the liquid-drop
barrier function (6A-33) yields ;(II)w4 MeV (PxPr=0.7) and 6“(I)x
1 MeV (pm0.23). For a spherical shape, the shell-structure energy would be
large and positive, but the deformation relieves this “stress” in the nuclear
structure a,nd is expected to lead to a negative, though relatively smail value
of 6,. The estimate of this effect based on the oscillator model (see p. 605)
would imply gSh(I)%-4 MeV, and deviations from complete degeneracy of
the shells are expected to reduce this value by about a factor of 2. Thus, we
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obtain the estimate E(I1) - E(1)w 6"(II) - ;(I) + gs,,(1I) - 6,,(1)252 MeV.
While it appears possible on this simple basis to obtain a coherent interpretation of the main features of the potential energy function for 24'Pu, the
qualitative nature of the various numerical estimates should of course be
emphasized.

Features of Spin Excitations

Collective modes with

AT= 1 + (Fig.6-60)

The exploration of nuclear collective motion involving the intrinsic spin
degrees of freedom is still in a very preliminary stage, in spite of the
far-reaching significance of this aspect of nuclear dynamics. In the present
example, we consider the tentative data on the modes excited by the simple
spatially independent fields

F,=

[

u

r=o

mz

7=1

(6-577)

The spin-dependent nuclear interactions can couple the fields (6-577), with
orbital and spin symmetry K = 0, u = 1, to fields with K = 2, u = 1, Am = 1 + (see
p. 384), but the available data are not sufficiently detailed to establish the role
of these couplings. The present discussion is confined to the diagonal interaction involving the fields (6-577), but it must be emphasized that a proper
understanding of the spin excitations will require an analysis of the couplings
that are nondiagonal in K .
Analysis in terms of single-particle excitations

For a closed-shell nucleus, the only single-particle transitions that can be
generated by the fields (6-577) are of the type j = I 1/2 +j = I - 1/2,with a
frequency corresponding to the spin-orbit splitting; such transitions can occur
if the j = I+ 1/2 shell is filled, while the j = I- 1/2 shell is empty. Thus, the
and @Ca do not give rise to excitation
closed-shell configurations in 4He, l60,
modes associated with the fields (6-577), corresponding to the fact that these
configurations have a total spin quantum number S=O, for neutrons as well
as protons. The closed-shell configurations with particle numbers 28, 50, 82,
and 126, however, involve unsaturated spins as a result of the spin-orbit
interactions, and a collective spin mode may be expected.
For a nucleus with N = Z (T,=O), the normal modes correspond to
isoscalar or isovector excitations. In nuclei with a neutron excess, the unsaturated spins of the neutrons and protons are associated with different
orbits; however, when the neutrons and protons have similar spin-orbit
frequencies and transition strengths (as, for example, in 208Pb),it is expected

+
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that the spin-dependent interactions will combine the neutron and proton
excitations into collective modes with 7 x 0 and 7% 1.
For a single-particle response function with only a single frequency, the
effects of the interactions can be treated as in Sec. 6-2c. The single-particle
excitations associated with the fields (6-577) have the total strength
2

( i l ~ ~ , ( v = O ) ~ = (ilu,7,1v=O)2

(af)) =
i

i

4

x - ( 2 f + 1)
3

(6-578)

where we have assumed that the neutrons and protons each contribute with a
single transition leading from the closed-shell configuration v = 0 to the
particle-hole configuration ( j = I 1 /2)- ' ( j= I - 1 /2)' ; the matrix element of
IJ, can be obtained from Eqs. (3A-22) and (3B-25). In the last line of Eq.
(6-578), we have introduced the mean value I= (In+ lp)/2 and dropped terms
of relative magnitude ( I ) - 2 . The restoring force for the unperturbed motion is
given by (see Eq. (6-23))

+

where the unperturbed energy hwco)is equal to the spin-orbit energy splitting
E(J=
I- 1/2)- ~ ( j I+= 1/2)), taken as a mean value for neutrons
and protons. The parameters C'O), hi^(^), and aho)for the unperturbed motion
are the same for the 7 = 0 and 7 = 1 modes.
With inclusion of the interactions associated with the spin-dependent
fields, characterized by the parameters K,, the normal modes have the
frequencies and transition strengths (see Eqs. (6-27) and (6-28))

(Aw(O)=

(6-58Oa)

(6-580b)

A

The collective excitation n, = 1 is associated with a strong spin-dependent
nuclear field that could be studied in inelastic scattering processes. Moreover,
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the isovector spin excitation gives rise to a collective M 1 transition with

where g, and g, are the spin and orbital g factors with values given by Eq.
(3-37).
Estimate of coupling strength

Rather little information is available concerning the coupling associated
with the isoscalar spin fields, but evidence on the isovector fields can be
derived from the observed renormalization of the effective spin g factor in
single-particle M 1-matrix elements (see Table 3-3, Vol. I, p. 343). From Eqs.
(6-2 16) and (6-26), we obtain
(6-582)

for the static polarization contribution Sg, to the effective isovector spin g
factor. The observed magnetic moments in the neighborhood of 208Pbsuggest
a value of Sg,/gs% -0.5 for the isovector spin g factor (see Vol. I, p. 344),
which implies K,C(O)and hence, from Eqs. (6-578) and (6-579),
K , , , ~ C ~3 ~ho'0)
) ~ - - ~ O . ~ ~ M ~ V
8 2i+i
N

(6-583)

where the unperturbed frequency ha(')= 5.7 MeV is taken as the mean of the
h1,/2+b/2 (proton) and i13/2+i11,2(neutron) excitation frequencies (see Fig.
3-3, Vol. I, p. 325). Assuming the coupling to be proportional to A-', as for a
volume effect, we obtain
K,
=40A - MeV
(6-584)
Evidence for collective MI excitations

The coupling strength (6-583) leads to a collective isovector spin mode
for 208Pb,with frequency and transition strength
ha=

A

f i ho(O),8.1 MeV

Tentative evidence for the expected collective M1 excitation in '08Pb has

SPIN EXCITATIONS

V

A

H639

been obtained from the study of the "'Pb(yn) reaction (see Fig. 6-60). In the
region up to about 1 MeV above the neutron threshold (S, = 7.38 MeV), the
contributions of the individual resonances can be resolved by means of
neutron time of flight spectroscopy. The seven resonances shown in Fig. 6-60
have been assigned IT= 1 + on the basis of angular distributions; the observed M1 strength in the excitation window 7.4-8.3 MeV corresponds to
about 70% of the estimate (6-585).

Figure 6-60 Magnetic dipole transitions in 20sPb.The dotted lines give the energies and
oscillator strength for the ( K = O , u = 1, T = 1) transitions calculated without inclusion of the
interaction effects. The observed transition strengths (solid lines) are obtained from measured widths for M l y-transitions. The experimental data are taken from C. D. Bowman, R.
J. Baglan, B. L. Berman, and T. W. Phillips, Phys. Rev. Letters 25, 1302 (1970).
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Evidence for the isovector spin mode in Ce has been obtained from
electron scattering, which has identified a collective M 1 transition with a
strength B ( M 1 ; 0 - + 1 + ) = ( 3 6 + 18)(eK/2Mc)' at an energy Kw=8.7 MeV and
with a total width rtOt=2
MeV (Pitthan and Walcher, 1972). The dominant
Ce isotope is '$Ce with 82 neutrons, which contribute with the h,,/2-+h9/2
transition; the proton contribution is expected to be similar to that of the
&/2+87/2 excitation of the closed shell at Z =50. The additional protons
partly occupy the g7/2 orbit, reducing the & / 2 contribution, and partly the
ds,2 orbit, adding new unsaturated spins. Taking Kw(O) to be the same as in
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’08Pb, the coupling (6-584), and i=4.5, we obtain h0=8.6 MeV and
B(M1;0+1+)=29 (eh/2Mc)’.
There is also evidence for major interaction effects in the M 1-excitation
modes of lighter nuclei that have unsaturated spins in their ground states. For
example, strong M 1 excitations are found in ‘’C ( h a = 15.1 MeV,
B(M 1; O+l+)z3(eh/2Mc)’; Ajzenberg-Selove and Lauritsen, 1968) and in
28Si (several lines with hwzl1.5 MeV and a total B(Ml;O-+l+)=
7(eh/2Mc)’; Fagg et al., 1969). If the M1 excitations in these nuclei are
described by the isovector field coupling (6-577) with strength (6-584) acting
on closed-shell configurations in jj coupling, one obtains, for ”C, with
f i i w ( O ) = 6 MeV (see Fig. 3-2b, Tol. I, p. 321), hw= 14 MeV and B(M 1; 0+1+)
=5.4 (eh/2Mc)’, while for ’*Si, with hw(O)=5 MeV (see Fig. 3-2b), h a = 11
MeV and B ( M 1; 0+1+)=9.6 (eh/2Mc)’. Despite the qualitative success of
these estimates, it must be emphasized that important couplings have been
neglected; in particular the interweaving of deformation effects and spin
couplings is expected to be of significance for the nuclei considered.
Transitionfromjj to LS coupling

The effects of the spin-dependent fields in generating the collective spin
mode and the associated spin polarization can be viewed in terms of a trend
away fromjj coupling toward LS coupling (see the comments in Vol. I, pp.
339 and 348). For a system with only a single type of particle, the coupling to
the field (6-577) can be expressed in terms of a two-particle interaction of the
form (see Eq. (6-24)),

= ~ K ( s ’ -f n )

A

(6-586)

where S is the total spin operator and n the number of particles.
For the closed-shell configuration (j=I + 1/2)”+’, it follows from Eq.
(6-578) that ( S ’ ) z l , for I>> 1; the average of the coupling energy is therefore
( H ‘ ) m - KZ. The spin-spin interaction, with positive K, favors states of low S
and implies a reduction of (S’) in the ground state, as exhibited by the last
factor in Eq. (6-580b); for sufficiently large values of K, the ground state
approaches a state with S = O and an interaction energy ( H ’ ) = - 3 ~ 1 .
The transition fromjj to LS coupling thus leads to a gain in the spin
interaction energy of order K per particle; at the same time, the change of
coupling scheme involves a loss of the binding energy associated with the
spin-orbit coupling, which amounts to about 4w(O)/2 per particle. Thus, the
~)
transition occurs when K-~W(’)-ZC(O),corresponding to ha-l ‘ / ’ h ~ (and
(S’)-Z’/’; see Eqs. (6-579) and (6-580). (For negative K, the spin-spin
coupling would favor states of high spin, and the transition to the
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“ferromagnetic” phase would occur already for a coupling strength of I K I
C (O), which leads to a collective spin oscillation of zero frequency.)
While K is expected to vary approximately as A - (see Eq. (6-584)), the
spin-orbit splitting Ylw(O), for the states of largest I in the nucleus, is approximately the same throughout the periodic system. Thus, the validity of _ii
coupling improves as one goes toward the heavy nuclei. In the very light
nuclei (A-lo), the estimated value of K becomes comparable with Aw(’),
corresponding to an intermediate coupling situation.

-

’

Features of Pair

correlation^^^

In the following examples, we consider some of the simple features
associated with the coupling between the pair field and the motion of the
individual particles. (The more systematic discussion of the pair correlations
and of the quasiparticle coupling scheme is the topic of Chapter 8.)

Ground state of 206Pb(Fig. 6-61 and Table 6-19)
The extensive evidence on the properties of the ground state of *06Pb
provides the opportunity for a rather detailed analysis of the pair correlations
between the two neutron holes in the closed-shell configuration of 208Pb.The
separation energies of 208Pbfor one and two neutrons are 7.375 MeV and
14.110 MeV, respectively (see Mattauch et al., 1965); the ground state of
2MPb,with IT = 0 , is therefore bound by 640 keV with respect to the lowest
unperturbed two-hole configuration,
This interaction energy is comparable to the distance between the different configurations (j-2)o (see Table
6-19) and thus suggests the possible importance of configuration mixing.

+

A

”The occurrence of a systematic difference between even and odd nuclei, associated with a pairing
effect, was recognized at an early stage of nuclear physics (see Heisenberg, 1932a) and provided the
basis for understanding the striking difference in the fission of the odd and even isotopes of U (Bohr
and Wheeler, 1939). A contribution to the odd-even mass difference arises from the twofold degeneracy
of the orbits in the one-particle potential (see Vol. I, p. 143) as well as from the effects of orbital
permutation symmetry on the nucleonic interaction energies (Wigner, 1937). These contributions imply
a pairing energy proportional to A - ’ , but the accumulating empirical evidence revealed a less rapid
decrease with increasing mass number (see, for example, Green, 1958). A first step in the analysis of the
correlation effects involved in the odd-even mass differences resulted from the study of shell-model
configurations incolving a pairwise coupling of equivalent nucleons to a state of zero angular momentum (seniority coupling scheme; Mayer, 1950a; Racah, 1952; Racah and Talmi, 1953). The study of
nuclear collective properties foccsed attention on the pair correlation as a systematic effect tending to
oppose the alignment of the individual orbits in the deformed potential (Bohr and Mottelson, 1955).
After the discovery of the appropriate concepts for treating the electronic correlations in superconductors (Bardeen, Cooper, and Schrieffer, 1957, it was recognized that these concepts could provide a basis
for analyzing the pair correlations in nuclei (Bohr, Mottelson, and Pines, 1958; Belyaev, 1959; Migdal,
1959). The quantitative interpretation of nuclear phenomena on this basis was initiated by Kisslinger
and Sorensen (1960), Griffin and Rich (1960), Nilsson and Prior (1961), Soloviev (1961) and (1962),
Yoshida (1961) and (1962), Mang and Rasmussen (1962). The quasiparticle coupling scheme may be
viewed as a generalized seniority coupling, and the notation v for the quasiparticle is that employed by
Racah (1943), which derives from the Hebrew word for seniority (“vethek”).
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Q=j+

1
3
2
7
4
5

4

Ck. 6

E ( P ~ /J0

Ic(j)lexp

c(j)calc

0
0.57
0.89
1.63
2.34
3.47

0.66
0.5 1
0.32
0.28
0.22
0.3

0.74
0.46
0.28
0.32
0.18
0.14

Table 6-19 Configuration analysis of the ground state of 206Pb.The table shows the
amplitudes c ( j ) for the configurations j-' involving two neutron holes with respect to
the ground state of '08Pb. The experimental amplitudes have been derived from an
analysis of the 206Pb(dp)cross sections for populating the j - ' configurations in '07Pb
(R. A. Moyer, B. L. Cohen, and R. C. Diehl, Pkys. Reu. C2, 1898, 1970); the relative
amplitudes obtained from this analysis have been normalized to Z c z ( j ) = 1. The
experimental single-particle energies in column three are taken from Fig. 3-2f, Vol. I,
p. 324.

v

The squares of the amplitude c ( j ) that describe the structure of the '06Pb
ground state
(6-587)

1206pb;0+)= c . ~ < i > l ( j - ' ) o >
j

are directly measured by the one-particle transfer reactions 206Pb(dp) to the
various j-' configurations of '07Pb; the results of such an experiment are
given in Table 6-19. The amplitudes Ic(j)l can also be determined from a
resonance analysis of the elastic scattering of protons on 206Pbproceeding
through the isobaric analog states of the j - ' configurations of '07Pb, and the
results obtained in this manner are consistent with those in Table 6-19
(Richard et af., 1968).
The experiments referred to do not determine the relative phases of the
amplitudes c(j). However, the fact that the two-particle transfer reaction
*'*Pb (pt) 206Pb populates the ground state with an intensity an order of
magnitude larger than the excited O + states (Holland et af., 1968) implies that
the relative phases are such as to produce an enhanced spatial overlap of the
two neutrons. With the standard phase convention, the amplitude for spatial
coincidence in the state (j2),is (see Eqs. (3A-5) and (1A-43))
<rl = r2 =r, s =01j'; I =o>= (4n)-l(j +

A

+>

1/2

.A

2

(6-588)

where 9,,
is,the
,.radial wave function (and where the angular wave functions
are normalized to a solid angle of 4n). Constructive interference in the spatial
overlap therefore requires the different coefficients c ( j ) to have the same sign.
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The configuration mixing in the 206Pbground state can be characterized
by the magnitude of the pair field. For the O+ state, the pair density is
spatially isotropic, and the matrix element of the monopole moment (6-145) is
M

=(206Pb;O+ JMj1208Pb;O+ ) = - 2 c ( j ) ( j + ')4

(6-589)

J

The factor j + 3 represents the number of different components (YF) in the
coupled state ( j - 2 ) o .The value of IMI implied by the data in Table 6-19,
assuming positive sign for all the c ( j ) , is about 3.8; this may be compared
with IMI = 1 for a pure p;/'2 configuration and with the maximum value
JMI=(22)'/2%4.7 that can be generated by the orbits in the last filled
neutron shell (82 < N < 126).
The strong enhancement of the pair field suggests an interpretation of
the 206Pbground state in terms of a collective phonon with quantum numbers
a = -2 and h = O + ; see pp. 387ff. Such a mode may be generated by the
coupling between the individual configurations (YF) and the collective pair
field. Assuming this particle-vibration coupling to have the form (6- 148) (with
a constant radial form factor), the self-consistency condition for the pair
moment illustrated in Fig. 6-6 1 yields the eigenvalue equation
(6-590)
where le(j)l are the energies of the single-hole configurations j - ' , while Kw is
the energy of the collective pair mode. The expression (6-590) relates the
coupling constant G to the energy of the collective mode, and the observed
binding energy of 206Pband empirical single-particle energies in Table 6-19
yield
G=0.14 MeV

(6-591)

for the pair-field coupling constant.
The amplitudes c ( j ) that characterize the microscopic structure of the
O+ excitation (see Eq. (6-587)) can be obtained from the matrix element of
the operator A t ( ( j - z ) o ) that creates the normalized state ( j - 2 ) o .The matrix
element between the vacuum state and the one-phonon state, which is
represented by a diagram equivalent to the first diagram in Fig. 6-13, yields
GM(J + 3)'"
K,-2/&(j)l

A

(6-592)

Alternatively, one can characterize the amplitude c( j) by the one-particle
transfer matrix element illustrated in Fig. 6-61b. The reduced matrix element
for this process has the value 2'I2c(j), where the factor 2'12 reflects the
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a = -2;hn=0+

Diagrams illustrating properties of pair quanta. Figure 6-61a illustrates the
self-consistency relation for the pair moment
Figure 6-61

M2=

2 at(F)at(v)= - I:(j+f)'/2A t((j'),)
i

u>o

At((j2)J

=2- "2(at(j')a+(j)),,.w

The diagram in Fig. 6-61b represents the amplitude for one-particle transfer leading from
the pair removal quantum to a single-hole state.

V

occurrence of two equivalent holes, either of which may be filled by the
added neutron; the difference in the weight of the diagram (6-61b) and the
corresponding one for At((j-2),,) can be related to the fact that the two
identical neutrons play distinguishable roles in the former but not in the
latter. The normalization condition
c y j )=I

(6-593)

j

A

applied to the expression (6-592) determines the magnitude of the pair
moment, which is found to be M = - 3.5, in rather good agreement with the
empirical value quoted above. (We have chosen a phase for the O+ excitation
that yields positive values of c ( j ) and, correspondingly, a negative value of
M ; see Eq. (6-589).) The amplitudes c ( j ) obtained from Eqs. (6-592) and
(6-593) are given in the last column of Table 6-19 and are seen to reproduce
the main features of the observed configuration mixing.
The above analysis of the pair correlation has restricted the configurations of the neutron holes to the orbits in the shell 82 < N < 126. The inclusion
of more distant orbits may significantly renormalize the moment of the pair
field and the effective coupling constant. Thus, for example, the contribution
of matrix elements by which the pair field creates and annihilates pairs of
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particles into the next higher shell (126 < N < 184) can be treated by including
the amplitude illustrated by the second diagram in Fig. 6-13. The selfconsistency condition now includes also terms associated with intermediate
states involving a phonon together with two particles in the upper shell
(ground-state correlations); see Fig. 6-14. Assuming that the pair field acts
with equal strength in both shells, the observed pair binding energy in 206Pbis
accounted for by G = 0.094 MeV, which is significantly smaller than the value
(6-591). However, the value of GM is much less affected, and the estimated
single-particle amplitudes remain close to those given in Table 6- 19.
The coupling to the collective pair field (6- 148) is equivalent to a two-body
interaction of the form (pairing force)
Hpair=- G

C at(F’)at(v’)

a(v)a(F)

v’>O

(6-594)

u>o

In a spherical potential, the interaction (6-594) only affects the two-body configurations with J = 0,

+

((j’)2;JMIHpairl(j)2;JM)
= - G ( j $)1’2(j’+$)‘%(J,O)

(6-595)

A diagonalization of this interaction in the space of the two-hole configurations is seen
to yield the secular equation (6-590) for the eigenvalues and Eq. (6-592) for the wave
function.

Neutron pair excitations in the region of ’OBPb(Fig. 6-62)
The pair addition and removal modes represent elementary quanta of
excitation that are found to approximately retain their identity when superposed on other excitations of the same or different type. This feature is
illustrated in Fig. 6-62, which shows the observed states in the Pb isotopes
that arise from superposition of quanta of the neutron pair addition and
removal modes based on zOsPb.In the harmonic approximation, the energy is
linear in the number of quanta (see Eq. (6-137)), and the corresponding
values are indicated in Fig. 6-62 by dashed lines. The leading-order anharmonicity can be described in terms of the interactions between pairs of
quanta (compare the treatment of anharmonicities for quadrupole phonons
on pp. 448ff.) and give rise to energy shifts.

(we here employ the abbreviated notations n- and n+ to denote the
quantities n,,-, and r ~ , , , ~ . )With the values of the interaction parameters
( V - - = 710 keV, V- = - 130 keV, and V+ = 170 keV) determined from the
empirical energies of the states ( n -,n +)= (2,0), (1, l), and (0,2), the estimated
energes for n - + n + 2 3 are represented in Fig. 6-62 by dotted lines. It is seen
that these estimated energies describe the main features of the available data,
+

A

+
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despite the fact that the interaction for the a = - 2 mode is comparable with
the binding energy of the neutron-hole pair. The occurrence of an especially
large anharmonicity for this mode can be understood in terms of the large
amplitude for the p,,* configuration, which can only accommodate a single
pair (see Table 6-19).
The states in Fig. 6-62 are linked by collectively enhanced two-particle
transfer reactions. The observed transitions are indicated by arrows and the
intensities are given in units of the observed cross sections for exciting the
one-phonon states. The intensities approximately obey the harmonic relation
(6- 138), but the deviations appear to be outside the experimental uncertainties
and thus to provide evidence on the anharmonicity.

- observed
- --- harmonic approximation

(L,O)
.............

............ with interactions between
pairs of quanta

(3,O)
.............

(0,41
............

(0,31

...........
---In ?I

200

202

20L
206
208
210
212
MASS NUMBER. ISOTOPES OF Pb (2.82)

21 L

216

Neutron pair vibrational spectrum based on '08Pb. The levels are labeled by
the number of quanta ( n - , n + ) of the pair removal and pair addition modes; the energy
scale is similar to that of Fig. 6-6, p. 388. The arrows show the transitions that have been
observed as collective two-particle transfer processes ((tp) or (pt)), and the number on the
arrows gives the cross section, in units of the cross sections u- and u + for the processes
(O,O)c*( 1,O) and (O,O)c*(O, I), respectively, for the same projectile energy. (No corrections
have been made for the small differences in Q values.)
The empirical ground-state binding energies are from the compilation by Mattauch et
al., 1965. The energies of the pair vibrational excited states and the transfer cross sections
are from: @
'P)bp'(t
and 2MPb(pt)(W. A. Lanford and J. B. McGrory, Phys. Letters 45B,238,
1973); 204Pb(tp)(E. R. Flynn, G. J. Igo, and R. A. Broglia, Phys. Letters 41B,397, 1972, and
E. R. Flynn, R. A. Broglia, R. Liotta, and B. S. Nilsson, Nuclear Phys. A221, 509, 1974);
2MPb(tp)and '"Pb(tp) (G. J. Igo, P. D. Barnes , and E. R. Flynn, Ann. Phys. 66, 60, 1971);
208Pb(tp) (E. R. Flynn, G. J. Igo, R. A. Broglia, S. Landowne, V. Paar, and B. Nilsson,
Nuclear Phys. A195,97, 1972); '"Pb(tp) (C. Ellegaard, P. D. Barnes, and E.R. Flynn, Nuclear
Phys. A170, 209, 1971).
Figure 6-62
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The data in Fig. 6-62 refer to the superposition of pair quanta; these
quanta are also found to behave as elementary modes in the presence of
particle or hole excitations. Examples are provided by the ZT = 9/2 state at
E=2.71 MeV in '07Pb ((n-=l,&,J9/2+)
and the Z ~ = 1 / 2 - state at
E=2.15 MeV in '09Pb ((n+=l,p1/91/2-); see Fig. 3-2f, Vol. I, p. 324.
These states are populated with approximately the full single-particle
strength, in the one-particle transfer reactions 2MPb(dp) (Mukherjee and
Cohen, 1962) and *"Pb(dt) (Igo et al., 1971). The (n, = 1,pG;) state has also
been observed in the reaction 207Pb(tp)with a strength similar to that between
the ground states of "*Pb and 210Pb(Flynn et al., 1971).

+

Single-particle motion in potential with pair deformtion; quasiparticles
(Figs. 6-63 and 6-64)
In nuclei with many particles outside closed shells, an approximately
static deformation of the pair field may be established (see pp. 392ff). The
present example brings together some of the basic features of nucleonic
motion in the presence of such a pair condensate.
If the pair field is assumed to be approximately constant over the nuclear
volume, the pair potential acting on the individual nucleons has the form (see
Eq. (6-148))
Vpair= - A
(u'(Y)u~(v)+~(v)u(Y))
(6-597)
v

>o

where the constant A is given by A = G ( M 2 ) in terms of the coupling
parameter G and the pair moment M2.
The creation and annihilation of pairs of nucleons implied by the
potential (6-597) are associated with a corresponding removal and addition of
particles from the collective pair motion (the condensate), and the energy
involved in this transfer of pairs to the condensate must be included in the
analysis of the one-particle motion in the presence of the pair field. If the
energy increase of the condensate per added particle (chemical potential) is
denoted by A, the nucleonic motion can be described by the Hamiltonian

H ' = H - A M = H ~ vplpair-A~
+
=

X

(6-598)

( E ( V ) - - ~ ) ~ ' ( V > ~ ( V+
> 'pair

=

((E( 0)

-A)(.?(

~ ) aV)( + at(Y)a(Y)

- A(at( Y ) u ~ ( v )

+ U ( V ) U ())Y

V > O

A

where M is the particle-number operator and where H is the energy of the
nucleons. The one-particle eigenvalue E ( V ) in the absence of the pair potential
refers to nucleonic motion in the average potential (spherical or deformed).
The Hamiltonian (6-598) does not conserve particle number, and the
eigenstates of H' are characterized by a distribution of particle number,
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corresponding to the possibility of transfer of particles to and from the
condensate. The mean value ( J v ) for an eigenstate of H' depends on the
chemical potential X relative to the single-particle spectrum E ( v). Inversely,
one can view X as a parameter to be so adjusted as to give an eigenstate with
a prescribed value of ( M ) ; hence, X appears as a Lagrange multiplier
associated with the constraint on the average number of particles. (The term
- A N in the Hamiltonian (6-598) can also be viewed as the Coriolis interaction associated with the rotational motion in gauge space; see Eq. (6-151),
which exhibits the particle number as the angular momentum in gauge space,
and Eq. (6-155), which relates X to the rotational frequency in this dimension.)
The Hamiltonian (6-598) is a quadratic form in the fermion variables ut
and a and can therefore be diagonalized by a linear transformation among
these variables (Bogoliubov, 1958; Valatin, 1958),
at( v) = u ( v ) a t ( v)

+ u( .)a( Y)
(6-599a)

at( Y) = u ( v ) a t (Y) - u( v)a (v)

at( v) = u ( v ) a t (v) - u( v ) a (Y)
at( Y) = u ( v) at( Y)

+ u ( v) a (v)

(6-599b)

(For fermion operators, at( 7 )= - at(v); see Eq. (3B-l).) The canonical
character of the transformation (6-599) requires
u2( v) + u2( v) = 1

(6-600)

and the condition that the transformed Hamiltonian is in diagonal form
yields

(6-601)

with
E ( v) = ((&( v) -A)'

+ A2) 1/2

(6-602)

With the values (6-601) for the coefficients u(v) and u(v), the transformed
Hamiltonian takes the form

A

H ' = c?;+

E(v)at(v)a(v)
Y

(6-603)
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with

(6-604)
The Hamiltonian (6-603) describes a system of independent “quasiparticles” represented by the new fermion operators at, a. The number of
quasiparticles is denoted by v, and the ground state is the quasiparticle
vacuum state, v = 0, with the property
a(v)lv=O)

=0

(6-605)

for all v. When expressed in terms of the particle operators, the quasiparticle
vacuum state takes the form (see Eqs. (6-599) and (6-605))
Iv=O) =

n

(U(v)+u(Y)at(ij)at(v))~JY=o)

(6-606)

v>o

where I N = O ) is the state with no particles. Thus, u ( v ) represents the
probability amplitude for pairwise occupancy of the orbits (vij) in the paired
state v=O. For a normal Fermi system, u ( v ) drops abruptly from 1 to 0 at the
Fermi level A, but in the superfluid system, the pair correlations give rise to a
diffuseness of the Fermi surface extending over an energy interval of order A
(see Fig. 6-63a). A wave function with the correlation structure (6-606) was
first employed in the theory of superconductivity (Bardeen, Cooper, and
Schrieffer, 1957).
The one-quasiparticle states are obtained by operating on the v = 0 state
with the quasiparticle creation operators,
J v = 1,V) = at(v)lv=O)

A

(6-607)

and have the excitation energies E ( v ) given by Eq. (6-602). The quasiparticle
energies E ( v ) are compared in Fig. 6-63b with the energies le(v)-Al for
particles and holes in the uncorrelated system.
In nuclei with even A’,the ground state is the v=O state, and the lowest
intrinsic excitations have v = 2 and energies 2 2 A (see Eq. (6-602)). Thus, 2 A is
the energy gap associated with the pairing. In odd- J1/ nuclei, the lowest states
have L = 1, and A is seen to represent the odd-even mass difference.
The modification in the single-particle degrees of freedom implied by the
pair correlation can be directly tested in the one-particle transfer reactions,
which measure the matrix elemenis of at(v) and u(v). In the absence of pair
correlations, these matrix elements are governed by the selection rules that
restrict the states produced by a t to be particle states and those produced by
a to be holes, assuming the target to be an even-even nucleus in its ground
state. In the pair-correlated system, the quasiparticles are hybrids of particles
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Figure 6-63 Occupation probabilities and quasiparticle excitation energies for the paircorrelated state.

V

and holes (see Eq. (6-599)); the comparison of the cross sections for oneparticle addition and one-particle removal leading to the same quasiparticle
state thus provides a direct measure of the coefficients u and u appearing in
the quasiparticle transformation. An example of such an analysis involving a
sequence of Yb isotopes is given in Fig. 5-1 1, p. 264.
Quite generally, matrix elements involving quasiparticles can be obtained
by a transformation of the operators from the uf,u variables to the at,a
variables. Thus, a one-particle operator F can be expressed in the form (see
Eq. (2A-24))

(6-608)

with the notation u,=u(v,), etc. The phase factor c characterizes the transformation of F under particle-hole conjugation, which involves a combination
of time reversal and Hermitian conjugation (see Eqs. (3-1 1) to (3-14)),

(6-609)

A

where the second equation follows from the first, since 17) = -.).1
Under
particle-hole conjugation, electric moments change sign (c = - l), while magnetic moments are invariant ( c = + 1).
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From Eq. (6-608), one obtains the matrix elements
(v = 1,V 2 1 F I V '

1, V l ) = ( u p 2+ Colo2)(V21FIV,)

(6-6 1Oa)

( v = ~ , v ~ v ~ ~ F I v = O ) = (C
I IU~~U~~I -~ ) ( V ~ I F J F(6-6
~ ) 1Ob)
These relations are illustrated in Fig. 6-64 and can be seen to reflect the
definition of the quasiparticle as a hybrid of a particle with amplitude u, and
a hole with amplitude o (see Eq. (6-599a) and the particle-hole transformation
(3B-3)). For v 1 = v2, the diagonal matrix elements (6-610a) receive an additional contribution from the first term in Eq. (6-608), which expresses the
expectation value of F i n the condensate.

(4

)---F

=

uluz

>----I

+

v1v2 )I----F

Figure 6-64 Matrix elements of one-particle operator between quasiparticle states. The
quasiparticles are hybrids of particles and holes and are therefore drawn without arrows. For
the evaluation of the graphs involving hole states, see Fig. 3B-1, Vol. I, p. 371.

v

In the application of the quasiparticle coupling scheme, one may take the
parameter A as empirically determined from the spectra or masses (see, for
example, the systematics of the odd-even mass differences in Fig. 2-5, Vol. I,
p. 170). The value of A can also be estimated empirically from the two-particle
separation energies. However, many effects are rather sensitive to the position
of A relative to the one-particle energies E ( v ) , and one can ensure consistency
in these relative energies by determining X in such a manner that the average
number of particles has the appropriate value. Thus, for the v = O state, we
have
v>o

(6-6 11)
P>O

A

from which A can be obtained if A and

E(Y)

are known.
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One may also attempt to estimate the value of A on the basis of the
coupling constant G that characterizes the relation between the pair density
and potential (see Eq. (6-148)). Such an estimate of A can be obtained from a
self-consistency condition for the monopole pair moment M , given by Eq.
(6- 145). In the v = 0 state, M 2 has the expectation value (see Eqs. (6-599) and
(6-601))
(v=OIM,Iv=O)=
.(Y).(V)

c

V>O

h

=Em
v>o

(6-612)

where the strength A of the pair potential (see Eq. (6-598)) is itself proportional to ( M J ) (see Eq. (6- 148)),

A = G(v

= OIM21v= 0)

=G

(6-6 13)

.(V)U(V)
V>O

From Eqs. (6-612) and (6-613) follows the self-consistency condition for ( M , )

“Em-

(6-614)

-1

V>O

which determines A for specified single-particle spectrum F ( Y) and coupling
constant G.
In a spherical nucleus, the relation (6-614) between A and G depends
strongly on the degeneracy of the single-particle levels in the region of the
Fermi level. For a deformed nucleus, with a more uniform single-particle
spectrum, an approximate relationship between A and G may be obtained by
considering a spectrum E ( V ) of equally spaced levels, each with twofold
degeneracy (vV). If the spacing d between these levels is small compared with
A, the sum in Eq. (6-614) can be replaced by an integral

G

-(&,+A)

-

2 -1/2-G

sinh
. -1 ( s
~ ) = 1

d

(6-6 15)

where it has been assumed that the constant pair coupling extends over the
single-particle states lying within an energy interval S / 2 on either side of the
Fermi level A. From Eq. (6-615), we obtain

S sinh. d
A= 2
GI-’

(

=Sexp( -

A

$)

(6-6 16)

where the last expression is valid for G<d, which is equivalent to A<<S. For
example, for Ax160, the neutron correlations are characterized by the
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parameters dw0.4 MeV (see Fig. 5-3, p. 223) and A%0.8 (see Fig. 2-5, Vol. I,
p. 170); thus, including single-particle orbits within an interval S = 2 h u 0 w 15
MeV, we obtain from Eq. (6-616) the estimate Gm140 keV. Since the matrix
element G represents a volume effect and is therefore expected to be
approximately proportional to A - the present estimate of G agrees rather
well with the value obtained on p. 645 for 206Pb,with the assumption of a
similar energy interval S.
The sum occurring in the self-consistency condition (6-614) must be
restricted to a finite energy interval, since the contribution of distant levels
would diverge logarithmically (see, for example, Eq. (6-6 15)). This divergence
results from the assumption of a sharply local pair field and would be
removed by taking into account the finite range of the effective interactions.
The details of the contributions from the distant levels are not important for
the low-energy quasiparticle spectra, since these contributions can be simulated by a renormalization of the effective coupling constant G (see, for
example, the discussion on p. 645 of the effect of the distant orbits on the pair
correlations in 206Pb).
The correlation energy in the v = O state can be obtained from the
constant 8; in the diagonalized Hamiltonian (6-603),

',

A2
G

8cco*(v=o)= & i + A ( J Y ) + - -

2

2&(V)

(6-6 17)

u>o

where the second and third terms reflect the fact that the energy differs from
the Hamiltonian H' partly by the term Ah' (see Eq. (6-598)) and partly
because the pair potential (6-597), when summed over all the particles, counts
the two-body interaction energy twice. The last term in Eq. (6-617) is the
energy in the uncorrelated system in which the single-particle orbits are filled
up to the Fermi level with energy E ~ In
. the uniform model considered above,
we have E ~ = A and
, the expression (6-604) for 8; yields

---2A2d
N

A

(A<<S)

(6-618)

where we have used the relation (6-616) for A. In the above example
(A w 160), the neutron pair correlation energy (6-618) is 6,,, = - 0.8 MeV,
which is seen to be only about half the binding energy 2A of a single pair. The
rather small value of the correlation energy reflects the fact that only a few
single-particle levels lie within the interval of strong pair correlations. Thus,
the condition for the treatment in terms of a static pair field is only
marginally satisfied.

APPENDIX

6A

Liquid-Drop Model of
Vibrations and Rotations
In the present appendix, we consider the normal modes of a drop of nonviscous fluid described in terms of macroscopic properties such as surface tension,
electrostatic energy, compressibility, and polarizability. The fission degree of freedom (Sec. 6A-2) appears as an extension of the discussion of small-amplitude
surface oscillations in Sec. 6A- 1. The compression and polarization modes are the
topics of Secs. 6A-3 and 6A-4, and the rotational motion that can be built out of
the surface oscillations is considered in Sec. 6A-5.3’
6A-1 Surface Vibrations about Spherically Symmetric Equilibrium
6A-la Normal coordinates

The surface vibrations of a liquid drop can be described by a set of normal
coordinates aA,,obtained by expanding the surface in spherical harmonics,
R ( 9 7 q )

= RO

(’ + 2

(yAp ‘?p(’?q))

A”

.A,=(-

(6A-1)

1)” a?-,,= R,’JdPR(6,q)yA*(9,q)

where Ro is the equilibrium radius and R ( 9 , q ) the distance of the surface from the
35Theliquid-drop model of the nuclear dynamics was introduced (Bohr and Kalckar, 1937) in order
to describe the consequences of the strong coupling in the motion of the individual nucleons, as revealed

by the slow-neutron resonances. This picture of the nucleus provided the framework for interpreting
basic features of the fission process (Meitner and Frisch, 1939; Bohr and Wheeler, 1939). The extension
of the model to include the degrees of freedom associated with the motion of neutrons with respect to
protons, as observed in the nuclear photoeffect, was developed by Steinwedel and Jensen (1950). Many
features of the analysis of normal modes of a liquid drop go back to the classical work of Rayleigh
(1877).
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origin. The coordinates a,,, are spherical tensor components (transform as spherical
harmonics under rotation of the coordinate system; see Vol. I, p. 81). The term in
Eq. (6A-1) with h=O represents a compression (or dilatation) without change of
shape, and the terms with A = 1 are associated with a displacement of the drop as a
whole. The surface oscillations of lowest order are therefore the quadrupole modes,
with h=2.
A deformation of order hp gives rise to a multipole moment of the same
symmetry
(6A-2)
M ( h p )= / p ( r ) ''YA,, dr " p o R t + 'aA,,
where p(r) is the particle density and po its value at equilibrium. In Eq. (6A-2), we
have neglected higher-order terms in 6R = R - R,.

6A-Ib Hamiltonian

For small amplitudes of oscillation, the energy to leading order is a quadratic
expression in the coordinates aAPand their time derivatives,,,&, ,

where the restoring force parameters C, and the mass parameters D, depend on the
properties of the liquid (see Secs. 6A-le to 6A-lg). The quantities (aAa,)oand
(a,aJ0 are scalar products of the tensors a, and &,, respectively (see Eq. (lA-71)),
and the form (6A-3) follows from rotational invariance. (Time-reversal invariance
may be invoked to eliminate mixed terms of the type (a,&,),.)
The momenta m, conjugate to the coordinates aAPare given by the canonical
relation

The quantities m:, (but not the momenta themselves) form spherical tensors. The
Hamiltonian obtained from Eqs. (6A-3) and (6A-4) takes the form
(6A-5)
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and yields the equations of motion
(6A-6)

To the approximation considered, the amplitudes ah,, perform harmonic oscillations with the frequency wh.
6A-Ic

Traveling and standing waves

The general solution to the equations of motion (6A-6) has the form
ah,,(t ) = ah,,+exp { iw,t

+ isXI,+} + ah,,- exp { - io,t + isx,,-}

p >O

!J

(6A-7)

a x - , ( t ) = ( - l ) a$

where the amplitudes axpkand phases ax,,? are real parameters. For the motion of
the surface, we obtain, from Eq. (6A-1),

(

~ ( O - R o = R o E axocos(wht--xo)Yho(~)
x

+2

h

,=

(ax,,+cos ( pcp - wht - a,,+)

+ ax,,- cos ( pcp + o,t - ah,,-)) yx,,(%cp= oi

1

1

(6A-8)

It is seen that the amplitudes ax,,* (with p > 0) represent traveling waves that rotate
around the polar axis.
One can also describe the oscillations of the surface in terms of standing
waves, the amplitudes of which are obtained by decomposing ax,,for p # O into real
and imaginary parts,
aAp

= 2-

1'2(aAp.

I

+ i(yXp,2)

(6A-9)
a x - p - -2-1'2("xp,1

- iaxp,2)(-

1)

a

where p is taken to be positive. The real coordinates ah,,,,and (Y,,~,~ correspond to
surface deformations that are proportional to cos pcp cos ( w x t + SxP, ,) and
sinpcp cos (wht + 6,,,), respectively (as follows from Eq. (6A-8)).
The possibility of combining the amplitudes ah,, and ax-,, into standing or
traveling waves is a consequence of the degeneracy of the two conjugate modes,
which in turn is a consequence of the spherical symmetry of the equilibrium shape.
(Axial symmetry combined with invariance with respect to a rotation of 180" about
an axis perpendicular to the symmetry axis ( symmetry), or combined with time
reversal invariance, would also give the 2 p degeneracy.) Symmetry-violating
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perturbations lead to eigenmodes that are definite combinations of the conjugate
components. For example, the eigenmodes of oscillations of the rotating earth are
the traveling waves with definite p (since axial symmetry is not violated by the
rotation), and the modes with opposite p have slightly different frequencies. The
fundamental quadrupole oscillation of the earth, with a period of about one hour,
is observed to be split into five components with frequency shifts varying
approximately linearly in p ; the separations amount to a few percent, reflecting the
ratio of rotational to vibrational frequency (Backus and Gilbert, 1961; see also
Slichter, 1967.)
6A-Id Angular momentum

The traveling waves carry angular momentum. To leading order in the
amplitudes, the angular momentum vector M (= 41) is a bilinear expression in a
and T , the form of which can be obtained from arguments of rotational invariance.
Thus, the Poisson bracket of the spherical component M p and the amplitude ahp,is
the classical analog of the commutator relation between the angular momentum
and a spherical tensor (see Eq. (1A-64)),

(6A- 10)

By integration, we obtain (see the symmetry relations (1A-10) and (1A-11) for the
vector addition coefficients)

M p= i

2

(A(X

+ 1))1/2(xptlplhp~')77Ap'aAp"

hp'p"

(6A-11)
where the last factor represents the coupling of the tensors T ; and ah to form a
vector.
The component of M along the polar axis can be written in the forms
ha

=

2

2 ~ ~ A ( a j-+)
?~+

kp>O

While the traveling waves carry angular momentum, the eigenmodes corresponding
to standing waves have vanishing expectation value for the angular momentum.
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6A-I e Surface energy for incompressible liquid
The increase in surface energy associated with the deformation is given by the
In
increment in the surface area multiplied with the surface tension parameter 9.
the direction (9,cp), the plane tangent to the surface R(9,cp) forms an angle lVRl
with the plane tangent to the spherical surface, and the increase in surface energy is
therefore, to second order in the deformation parameters,
R 2 - R:+ f R : ( V R ) 2 )
2 Ro( R - R,)

+( R

-

R0)*- i R:RV2R)

x I C X ~ , ( ~ + + EX@+

l)laAP12)

=YR:(2(4~)”~a,+

AP

(6A-13)

AP

For an incompressible fluid, the conservation of volume implies a relation
between a. and the coefficients aApwith X Z O , which may be obtained by writing
the density in the form
dr,$,GD) =PoS(r- R(9,cp))
(6A-14a)
S(x) =

{

1

x<o

0

x>o

(6A- 14b)

where S is the step function. For small deformations, 1 R - R,I << R,, we can employ
the expansion
p ( r , 9 , c p ) = p o ( S ( r - R o ) + ( R - R , ) S ( r - R o ) - ~ ( R - R o ) 2S ’ ( r - R , ) + - - . )

(6A- 15)
The volume of the fluid is given by the integral of the density (6A-15), from which
we obtain the relation
(6A- 16)
valid to leading order. In a similar manner, the condition that the center of mass
remain at rest leads to the constraint
(6A- 17)

The surface energy (6A-13), together with the relation (6A-16) for a,, gives the
contribution
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to the restoring force parameter. In the comparison of the nucleus with a liquid
drop, the surface tension is related to the parameter bsurfin the mass formula (2-12)
-m&f= bsurf= 17

MeV

(6A-19)

where ro is the radius parameter ( R , = r,A
6A-If

Coulomb energy

For a charged fluid, the change in the electrostatic energy associated with the
deformation is given by
Vcoul= f

s

pe1(r)cpe'(r)d7- $

= J6pel(r)q:l(r)

s

p;'(r)q$(r) d7

d7 + +/tipe'(r)aqel(r) d7

(6A-20)

where p:'(r) and r&r) are the charge density and Coulomb potential for
spherical equilibrium shape, while pel= pf + ape' and qel= q;'+ 6qe1 refer to
deformed shape. The evaluation of the energy (6A-20) to second order in
involves 6 p to second order, but 6 q only to first order. For a total charge
uniformly distributed over the volume, we have (see Eq. (6A-15))
el3 Ze
SP - -y ( ( R - R,)S(r- R,) - f ( R- Ro)26'(r- R,))
477 R ,

the
the
ah,,
Ze

(6A-21a)

a,)

=-3 ZeRo(4n)l/b0( %);I
877

r=RO

(6A-22a)
(6A-22b)
The contribution of the Coulomb energy to the restoring force parameter is
therefore
(614-23)
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(A diffuseness a of the surface implies a decrease of the total Coulomb energy of
order ( a / R o ) 2(see Eq. (2-66)), but to this order, the correction is independent of
the shape and therefore does not affect the parameter C,; Myers and Swiatecki,
1966.)
From Eqs. (6A-18) and (6A-23), we obtain the total restoring force parameter
A‘

= ( cX)surf + ( cA)CouI

1

= -(A-

4n

i ) ( h + 2 ) b , , , ~ ~ / ~ -27r 2A+1
A-1 ZZ*A-1/3
r,

(6A-24)

The Coulomb repulsion counteracts the effect of the surface tension and leads to
negative values of C, for sufficiently large values of Z2/A. Instability with respect
to the lowest mode (A=2) occurs for a critical value of Z 2 / A given by (Bohr and
Wheeler, 1939)

= 49

(6A-25)

where the numerical estimate is based on the value (6A- 19) for the surface tension
and the radius parameter ro= 1.25 fm for the Coulomb energy (see Vol. I, p. 145).
6A-lg

Mass parameter tor irrotational flow

The mass parameters D, in Eq. (6A-3) depend on the flow associated with the
surface oscillations. For irrotational flow, the velocity field v(r) can be derived from
a potential x(r),
v(r) = -Vx(r)
(6A-26)
and the continuity equation yields, for an incompressible liquid,

v .v=o

(6A-27a)

v2x = 0

(6A-27b)

The general solution to the Laplace equation (6A-27b) is a linear combination of
multipole potentials
X ( ‘ > ~ , C p )=

x

cA,,r”~,,(~,Cp>

(6A-28)

and the coefficients c,,, are related to the surface coordinates a,,, by the boundary
condition at the surface, which equates the components of v and R in the direction
of the normal. For small values of a, the boundary condition implies u , = R , for
r = R,, and gives
= -A-IR2-,&
0
A,,

(6A-29)
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The kinetic energy of the flow, for small amplitude oscillations, is

(6A-30)
where po is the equilibrium density of particles, each having a mass M . The
expressions (6A-28) and (6A-29) for x lead to a kinetic energy of the form (6A-3)
with the mass parameters
3 1

= 4a

D , =A - I M P , R ;

AMR;

(6A-3 1)

with A representing the total number of particles in the drop. (A similar derivation
of the angular momentum of the flow leads to the expression (6A-11), with the
mass parameter (6A-31) for the ratio between 7r& and ti+.)

6A-2 Large-Amplitude Deformations. Fission Mode
The treatment of surface oscillations in Sec. 6A-1 applies to deformations of
small amplitude ( laA,l<<1). For larger deformations of the surface, it is necessary
to include terms in the Hamiltonian involving higher powers ofa,,; these give rise
to anharmonicity in the vibrations and to couplings between modes of different
multipole order.
6A-2a Potential energy for nonrotating drop

The potential energy for large deformations has been studied in connection
with the analysis of the fission process. An electrically charged drop, even if stable
against small-amplitude oscillations, becomes unstable if sufficiently strongly deformed. In fact, on account of the long-range character of the Coulomb repulsion,
the energy as a function of deformation must eventually decrease as one
approaches the point of division into two drops.
The potential energy function V(a,,) can be expressed in terms of a dimensionless function depending on the ratio between Coulomb and surface energies. This ratio is proportional to the quantity Z 2 / A and is usually characterized
by the fissility parameter
x = - (z2

A

z2) - 1

7 crit
Z2

0.0205A

(6A-32)

where ( Z 2 / A ) c r i ,is the value of Z 2 / A for which the spherical shape becomes
instable with respect to quadrupole deformations (see Eq. (6A-25)).
For values of x close to unity, the saddle-point shape and the fission barrier
can be obtained by carrying the expansion of the potential energy to third order in
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the deformation variables. To leading order in (1 - x), the saddle-point shape has
quadrupole symmetry, and the deformation can be expressed in terms of the shape
variables P and y, defined by Eqs. (6B-1) and (6B-2). The second-order term in the
potential energy is proportional to /3’ (see Eq. (6B-3a)), and the third-order term
involves the unique rotational invariant P3cos3y that can be formed from a cubic
polynomial in a2,, (see Eq. (6B-3b)). The evaluation of surface and Coulomb
energies leads to the potential energy function (Bohr and Wheeler, 1939; see also
Swiatecki, 1956)
VSud+ Vcou,= -bs&2/3((l-x)P2-L(L)
1
277
21 477

1/2

(1+2x)P3cos3y

The saddle-point shape is seen to be prolate ( y = O ) ; the deformation Pr of the
saddle point and the fission barrier E, = E( fir) are, to leading order in (1 - x),

(6A-34)

In the vicinity of the saddle point, the potential energy (6A-33) has a parabolic
shape; in the P direction, the coefficient of ( P - Pr)’ has the same magnitude (but
opposite sign) as for small quadrupole deformations with respect to the spherical
shape.
While the saddle-point shape for (1 - x) << 1 is predominantly of quadrupole
symmetry, a small axially symmetric hexadecapole deformation, with am of the
order of P2, arises from the cubic term ((a2aJ4a4)oin the potential energy.
However, the saddle-point shape is stable with respect to odd-parity deformations,
such as a30, since the reflection symmetry of the potential energy prevents the
occurrence of terms that are linear in odd-parity deformation amplitudes. (For
x+ 1, the third-order term ((a3a3)2aJo
becomes vanishingly small compared with
the ( ~ ~ 3 a 3term,
)o
the coefficient of which remains finite and positive in this limit.)
For arbitrary values of x, the potential energy functions have been explored in
considerable detail by numerical computation?6 The fission barriers and saddlepoint shapes obtained from such an analysis are illustrated in Fig. 6A-la. (The
quantity [(x) is the fission barrier in units of the total surface energy for the
spherical shape.) In the range 0.75 < x < 1, which is especially relevant to the fission
of heavy nuclei, the simple approximation (6A-34) is foulid to reproduce the more
exact result, to an accuracy of a few percent. The normal modes for small
’6As soon as high-speed computers became available, an analysis of this type was carried out by
Frankel and Metropolis (1947). For more detailed later results, see especially the series of papers by
Swiatecki and co-workers (Cohen and Swiatecki, 1963, and references contained therein) and by
Strutinsky and co-workers (Strutinsky et al., 1962, and references contained therein).
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oscillations with respect to the fission saddle point have been considered by
Wheeler, 1963, and Nix, 1967.
The saddle-point shape is found to remain stable with respect to odd-parity
deformations for x > 0.4. For xx0.4, instability develops, and the family of paths
leading toward fission into comparable fragments merges with those associated
with spallation processes; for x<O.4, there is no longer a well-defined fission
barrier (Cohen and Swiatecki, 1963); the effects of angular momentum tend to
reestablish the stability with respect to odd-parity deformations (see Fig. 6A- 1b).
6A-2b Influence of angular momentum
For large values of the angular momentum, centrifugal forces may strongly
modify the dependence of the energy on the shape and may thus affect the fission
barrier.37 The centrifugal effects depend on the collective rotational flow, which
determines the moments of inertia. In the present discussion, we shall assume that
the moments of inertia have the values corresponding to rigid rotation, as is
expected for a system of fermions with independent-particle motion (see the
discussion on p. 78). In the superfluid phase, the moments of inertia are smaller
than the rigid-body values and depend more sensitively on the deformation
parameters (see p. 82); however, the pair correlations are expected to disappear
for sufficiently high excitation energy (see p. 37) or angular momentum (see p.
72).
The effect of the rotational angular momentum irI is conveniently expressed in
terms of a parameter y, which measures the ratio of rotational and surface energy
for the spherical shape,
h21
(b,,,A2/3)-1
y = 29(a=0)

=2.1 A -7/312

(6A-35)

(ro= 1.2 fm bsurf=17 MeV)

With the two parameters x and y , a variety of different structural features and
instability phenomena are encountered in the characterization of the energy function for the liquid-drop model. For systems with a large fissility parameter (x-l),
the equilibrium shapes (both saddle point and ground state) have small deformations of approximate quadrupole symmetry, and the potential energy of deforma"Early studies of the effect of the rotational motion on the fission barrier were made by pilr-Pichak
(1958). A number of authors have contributed to the subject; see especially Cohen, Plasil, and Swiatecki
(1974), which also contains a survey of the development. The phmomena are related to the classical
problem of the shapes of rotating bodies in gravitational equilibrium (see Chandrasekhar, 1%9).
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Figure 6A-1 Saddle-point shapes and energies for fission of a charged liquid drop. Fig.
6A-la refers to a system without angular momentum and shows the shape and the
deformation energy E, at the saddle point for fission for various values of the fissility
parameter x . The results are taken from S. &hen and W. J. Swiatecki, Ann. Phys. 22, 406,
(1963). Fig. 6A-lb gives the fission bamer for rotating liquid drops; the numbers labeling
the different curves give the value of the parametery, which is a measure of the angular
momentum. The curves terminate along the locus of instability of the saddle-point shape
with respect to deformations of odd parity (mass asymmetry mode). The dot-dashed curve
represents the limit of instability of the axially symmetric oblate equilibrium shape; below
this curve, the equilibrium has triaxial shape. The results are from S. Cohen, F. Plasil, and
W. J. Swiatecki, Ann. Phys. 82, 557 (1974).
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tion can be represented by the expression (6A-33). The moments of inertia can be
obtained from the values of the semi-axes given by Eq. (6B-4); in the segment
0 < y < 60" (see Fig. 6B-1), the labeling of the axes is such that 6R2< SR, < SR,
and, hence, the moment of inertia is largest for rotation about the 2 axis, for which,
to leading order in P,

=

-( &)1/2Pcos(y+ $)

(6A-36)

The total energy for fixed values of the shape and angular momentum is
obtained by adding the surface and Coulomb energies (6A-33) to that of the
rotational motion assumed to take place about the axis with the largest moment of
inertia,

= - 1- ( ( I - ~ ) P ~ -

277

1/2

?(
2)
7 477

p 3 c 0 s 3 y ) + ~d(

$)

) 1 / 2 p ~ ~ ~ ( y +(6A-37)

for 1- x << 1. The equilibrium shapes are determined by the derivatives with respect
to P and y
1/2

(1 - x ) P -

p2cos3y+ T (
?(
7 L,
4n

-&)

1/2

y cos( y +

F)

-0

(6A-38a)

The equations (6A-38) have the two solutions

(6A-39)

- 1/2
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where the approximate expressions are appropriate in the limit of small y. The
solution (A) is the equilibrium shape, which is oblate and approaches the spherical
shape asy+O. The solution (B) is the saddle point, which, fory+O, approaches the
prolate shape given by Eq. (6A-34). For both the stationary points, the rotational
energy leads to a lowering of the symmetry, since the moment of inertia has a
linear variation with respect to the deviations from symmetry.
The inclusion of the rotational energy implies a lowering of the fission barrier
(6A-34), which, to leading order in y , can be obtained by evaluating the rotational
energy at the two equilibrium shapes for y = 0,
98
E,=-(l-x)
135

3

b,,,A2'3

(6A-40)

With increasing y , solution (B) moves toward solution (A), and the two
coalesce for a critical value of y, given by
(6A-41)
for which the shape is
(6A-42)
For values of y >yC",,the system has no stable equilibrium.
The results of numerical calculations of the fission barrier, as a function of x
andy, are shown in Fig. 6A-lb. For arbitrary values of x , and small values ofy, the
equilibrium shape has an oblate deformation corresponding to the familiar flattening of the figure of the earth resulting from centrifugal distortion (see also solution
A given in Eq. (6A-39)). With increasing angular momentum, the oblate shape
becomes unstable with respect to triaxial deformations, as in the transition from
Maclaurin spheroids to Jacobi ellipsoids for rotating fluid bodies held together by
gravitational forces. The dot-dashed curve in Fig. 6A-lb indicates the values of y
for which the equilibrium shape acquires triaxial symmetry; for values of x larger
than about 0.8, this instability would occur only for values of y greater than
those leading to fission instability.

6A-3 Compression Modes
6A-3a Wave equation

In addition to the surface oscillations, a liquid drop possesses normal modes of
vibration involving compression of the density (sound waves). For small deviations
of the density p(r) from its equilibrium value po,
P(r) = Po + S P W

(6A-43)

0 6A-3
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the excess pressure Sp is proportional to 6p, and it is convenient to express the ratio
in the form
SP = MU:
(6A-44)
6P
where the parameter u, will appear as the velocity of sound. (The mass of each
particle is denoted by M , and p is the particle density.) The derivative of the
pressure with respect to density is equal to the compressibility coefficient bcomp
defined by Eq. (2-207), and the relation (6A-44) can therefore also be written
(6A-45)
The hydrodynamical equations, to first order in S p , Sp, and the flow velocity v,
may be written

-6p(r,t)
a
+poV.v(r,t)=O
at

dv - a
_
- -v(r,t ) =
dt

at

(6A-46a)

-

In Eq. (6A-46b), the Coulomb force has been neglected; it plays a lesser role for
the compression waves than for the surface oscillations, because of the large
restoring forces associated with the compression.
The linearized hydrodynamical equations (6A-46) lead to the wave equation
(6A-47)
where we have used the relation (6A-44). The flow associated with the density
variations 6p is irrotational with a velocity potential x satisfying the relation
- 1 26
X'PO

u, P .

6A-3b Eigenmodes
For a system with spherical equilibrium, the eigenmodes of the wave equation
(6A-47) correspond to density variations and velocity fields of the form
(6A-48a)

where the radial function j Ais a spherical Bessel function. The eigenvalues knAare
determined by the boundary condition that 6p vanish at the surface, since no
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excess pressure can be maintained at a free surface,
Jk( knA R O )

(6A-49)

=

The amplitude an’,, in Eq. (6A-48) is a harmonic function of time with
frequency
3.14 A=O, n = l
4.49 A = 1, n = 1
(6A-50)
5.76

A=2,n=1

There is at present only little empirical evidence concerning the nuclear compressibility, but if one assumes bcOmp=15 MeV (see Vol. I, p. 257), together with the
radius R, = 1.2A ‘ I 3fm, the excitation energies become
65A-’13 MeV
93A-’13 MeV

A=O, n = 1

120A-’13 MeV

A=2, n = 1

A = 1, n = 1

(6A-51)

The compression modes do not generate a net multipole moment of the form
(6A-2), since the contribution from r < R is compensated by that arising from the
small displacement of the nuclear surface. The amplitude ah,, characterizing this
displacement (see Eq. (6A-1)) can be obtained from the radial velocity at the
surface

which gives (see Eq. (6A-48))
(6A-53)
The total multipole moment is

and the cancellation of the two terms is seen to follow from the identity

together with the boundary condition (6A-49).

5 6A-3
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6A-3c Relation to surface oscillations
The ratio between the frequencies of surface oscillations and compression
modes (with n-1) is of the order of (see Eqs. (6A-6), (6A-18), (6A-19), (6A-31),
(6A-45), and (6A-50))
(6A-56)
and thus decreases, although slowly, as the number of particles in the system
increases. (For a drop of water (9=
75 dyne cm- U , M 1500 m sec- correspond= 6.8 x
erg), the eigenfrequencies
ing to b , , ~ 3 . 5 x 10- l 3 erg and b,,
(aSurf)A-2
and ( w ~ ~ ~ ) for
~ R,=l
= ~ , cm
~ -are~ 24 sec-' and 8.6X lo5 sec-',
respectively; the corresponding value of A ' I 6 equals 7.2 x lo3.)
The increase of the ratio (6A-56) with the multipole order A corresponds to the
fact that the velocity of surface waves (capillary waves) is proportional to the
square root of the wave number. If the parameters bsud and b,,
are of the same
order of magnitude, the ratio (6A-56) remains small compared to unity for
A<<A'l3. For AZA'13, the liquid can no longer be described as a continuous
medium.
The sharp distinction between surface and compression modes is only a first
approximation, valid when the condition wSurf< wcOmpis fulfilled or, equivalently,
when the velocity of the surface waves is small compared with the sound velocity.
Both types of modes can be considered together as solutions to the wave equation
(6A-47) with a modified boundary condition, which takes into account the pressure
at r = R, generated by the surface deformation (6A-53). This pressure can be
obtained as the derivative of the deformation energy per unit surface area with
respect to a displacement of the surface

',

',

(6A-57)

where the last expression is obtained by using the relation (6A-53). The pressure
(6A-57) must equal that needed to sustain the compression at r = R,, as given by
Eqs. (6A-44) and (6A-48); we therefore obtain the eigenvalue equation for knA
(6A-58)
where wnA= uEknArwhile wA is the frequency of the surface oscillation for an
incompressible fluid, given by Eq. (6A-6), with the mass parameter (6A-3 1).
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The lowest eigenmode for given X (and X > 2) has no radial node (n =0) and
can be associated with a surface oscillation. If the ratio (6A-56) is small, the wave
number k,,,,, is small compared with R;', andjx(kr) is approximately proportional to rx. The boundary condition (6A-58) then reduces to the usual frequency
relation for surface modes. For the higher modes (n = 1,2,...), the right-hand side
of Eq. (6A-58) is large compared with Ril,and the boundary condition is
approximately given by Eq. (6A-49). The small coupling between the surface and
volume vibrations implies that the multipole moment is no longer exclusively
associated with the surface vibrations (n = 0).
6A-4 Polarization Modes in Two-Fluid System
6A-4a Energy of polarization
If the fluid consists of two components, such as neutrons and protons, there
are additional modes of vibration involving a relative motion of the two components of the fluid. The polarization modes may be treated in analogy to the
compression modes, with the difference that the oscillating density is now the
isovector
pl(r)= 6pn(r) - 'pp(r)
(6A-59)

+

instead of the isoscalar 6pn 6pp. The equilibrium densities of neutrons and
protons are assumed to be the same ((pn),= (p,),;N= Z), in which case the normal
modes are the symmetric (compression) oscillations and the antisymmetric (polarization) oscillations.
For the polarization waves, the velocicy of propagation is
(6A-60)
The energy bsymis the analog of the compressibility coefficient and gives the energy
density associated with the polarization
(6A-61)
For the nucleus, gSym
is referred to as the symmetry energy, and the coefficient
bsymcan be estimated from the empirical nuclear binding energies (bsy,x50 MeV;
see Eqs. (2-12) and (2-14)).
6A-4b Eigenfrequencies
The polarization waves obey a wave equation analogous to Eq. (6A-47), but
the boundary condition is to be replaced by v, = 0 at r = R,, since an excessive
energy would be involved in displacing protons beyond the volume occupied by the

0
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neutrons. For these modes, therefore, the surface is not free, but effectively
clamped. The general solution to the wave equation has the form
PI (r) = POjh(knXr) y&<8? (P)%hp

(f)

(6A-62)

where p o is the total particle density, and the boundary condition takes the form
(6A-63)
For the lowest modes, the eigenfrequencies are

[ 2.08

u
wnh=u sk nh = 2

R~

1

A = 1, n=O

h=l,n=l
~=2,n=0

5.94
3.34

(6A-64)

corresponding to the excitation energies

[
han,=

79A-'13 MeV

A = 1, n = O

225A-'13 MeV

A = 1, n = 1

127A-'13 MeV

X=2, n = O

170A-'13 MeV

X=O, n = 1

(6A-65)

where we have assumed b,,,=50 MeV (see Eq. (2-14)) and Ro= 1.2A'" fm.
6A-4c

Oscillator strength in sum rule units

The isovector multipole moment associated with the polarization oscillations is

(6A-66)
-2

= b O k n A RO

h+l

j h ( knh R O )

In the evaluation of the integral of the Bessel function, we have employed the
boundary condition (6A-63).
The multipole moments for the different eigenmodes can be characterized by
the oscillator strength, which obeys a sum rule of the type discussed in Sec. 6-4.
(The oscillator strength refers to the quantized system, but a quantity of corresponding significance for the classical system may be obtained by dividing the
oscillator strength by h2.)
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a vibrational quantum (see Eq. (6-15))
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the excitation of

(6A-67)
where the restoring force C,,,can be obtained from the potential energy density
(6A-61)

2

= fpOb,mROk,-2(iA(knARO))

(kiARi-A(A+

’))

(6A-68)

Hence, the oscillator strength for the mode nA is given by (see Eqs. (6A-66) and
(6A-67))
l i w , , ~ ( ~ 1,
= A; nnA=O+nnA= 1) = (2A+ l)rn:,-

(li
‘nA

=

{$q7=

1,A)

(6A-69)

where

SnA =

2A

k:ARi-A(h+ 1)

0.86

A= l,n=O

0.06

A= l,n= 1

0.78

A=2,n=O

(6A-70)

expresses the oscillator strength in units of the oscillator sum S ( T = l,A), which has
the value given by Eq. (6-179) with (rU-2)=3(2A+ 1)-’Rp-2

-

3A(2A+ 1) 4 2
- A R ~ - ~
417
2M

(6A-71)

The validity of the classical sum rule (6A-71) for the liquid-drop model follows
from the derivation in Sec. 6-4, since the interactions assumed in this model are
velocity independent. (Velocity-dependent interactions would have implied additional contributions to the mass parameter for the collective flow.)
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6A-4d Effect of deformation

If the shape of the system does not possess spherical symmetry, the vibrational
motion no longer separates into angular and radial components. However, for
small deformations, the eigenmodes can be obtained by a perturbation treatment,
starting from the solutions for spherical symmetry.
We illustrate the procedure by considering the polarization mode for a system
that possesses a small deformation of axial symmetry.38 For such a deformation,
the eigenmodes can be classified by the multipole component v associated with the
angular momentum with respect to the symmetry axis. The perturbed mode with
polarization density p', and wave number k' satisfies the equations

V 2p', + k"p; = 0

(6A-724
(6A-72b)

where R ( 9 ) describes the deformed surface and where the derivative of p', is taken
in the direction of the normal to the surface. Multiplying Eq. (6A-72a) by p:, where
p , is the density in the unperturbed mode, and subtracting the corresponding
equation with p 1 and p', interchanged, we obtain

where the two last integrals are extended over the deformed surface, for which the
boundary condition (6A-72b) applies.
For small deformations, the leading-order perturbation, 6k,,,, = k' -knx, is
obtained from Eq. (6A-73) in terms of the difference between the normal derivatives of p 1 for the spherical surface ( a p l / a n = O ) and for the deformed surface
(Px? - V R ) ,

Evaluating the integrals in Eq. (6A-74) for p , given by Eq. (6A-62) and for a
"The effect of a spheroidal deformation on the frequencies of the dipole mode was given by Danos
(1958) and Okamoto (1958).
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surface deformation of multipole order A’ and amplitude axe, one obtains

-6knAv
--6wnAv
knA

%A

(6A-75)

From the results obtained for an axially symmetric deformation, the effects of
arbitrary deformations can be derived by exploiting the rotational invariance of the
Hamiltonian. The frequency shift 6w in the mode nh can be expressed as a matrix
in the (2X+ 1)-dimensional space of the unperturbed modes nhv. For a deformation
of multipole order A‘, the matrix 6w , to first order in the amplitudes
can be
where the matrix t is a spherical tensor of
expressed in the form 6w=X,,,a~,v.tx,,,,
order A’v‘, as a consequence of rotational invariance. The matrix elements
(nXu,lGo(nhu,) can therefore be obtained from the diagonal terms (6A-75) by
replacing aA~o(XuA‘Olhv)by ~ Y . a ~ ~ Y ~ ( X ~ , hThe
’ ~ ’ ~eigenmodes
Xv~).
follow by a
diagonalization of 6w.

6A-5 Rotational Motion of Irrotational Fluid
In the present section, we consider the motion of an irrotational (and incompressible) liquid that is held in a nonspherical shape, which is rotated uniformly.
The potential flow associated with the rotation can be obtained by considering the
velocity v’ relative to the rotating frame
v’=v-(w

x r)

= -Vx-(w

x r)

(6A-76)

where w is the angular velocity of the rotational motion and x the velocity
potential. The condition that the surface is stationary in the rotating coordinate
system implies

-

(v’ n), = = 0

(6A-77)

where n is the normal to the surface. For any given surface, Eq. (6A-77) together
with the Laplace equation’(6A-27b) uniquely determines the velocity potential.
An especially simple flow is obtained for an ellipsoidal shape,
x:
x;
xf
F ( X , , X , XJ
, = -+ - -= 1
Rf
R i Rf

+

(6A-78)

expressed in terms of the intrinsic coordinates x,. The normal to the surface has the
direction of V F , and the solution satisfying the boundary condition (6A-77) is the
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quadrupole potential

R;- R:
X=

R:+ R;

R:- R;
xIx2w3

+

R;+ R;

R : - R:
x2x3wI

+ R i + R,2 x 3 x ' w z

(6A-79)

where w, are the components of w in the intrinsic system. The flow pattern derived
from Eq. (6A-79) is illustrated in Fig. 6A-2, which shows the velocity field v as seen
from a fixed coordinate system, as well as the field v' seen from the rotating system.
For comparison, Fig. 6A-2 also shows the flow patterns for a rigid rotation (v'=O,
v = w x r).

1"

@
0'0
irrotational
flow

rigid
rotation

fixed system ( v )
Figure 6A-2

rotating system (v')

Flow patterns for rotation of ellipsoidal body.

The kinetic energy of the rotational motion generated by the velocity potential
(6A-79) is
T = $ M p o s( V x ) ' d ~
= $(s,w;+,Y2w; +<F3Wf)

(6A-80)

with the moments of inertia

(F&),

and cyclic permutations

(6A-81)

expressed in terms of the moments for rigid rotation
(c<ig)

I = MP,/

(~2'+ x i )

= + A M ( R;

where A M is the total mass.

+ R:)

'7

(6A-82)
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The rotational motion considered in the present section involves the same
degrees of freedom as the surface oscillations. Thus, for an ellipsoidal deformation,
three of the five quadrupole surface modes combine to form rotational modes and
only two remain as “intrinsic” vibrations associated with variations of the shape (/3
and y vibrations). The connection between rotational modes and shape oscillations
is further discussed in Appendix 6B; the moments of inertia (6B-17) with the value
of D ( = D,) gwen by Eq. (6A-31) equal the moments (6A-81), to leading order in
the deformation /3. (The relation between 6R, and the deformation parameters p
and y is given by Eq. (6B-4).)

APPENDIX

The Five-Dimensional
Quadrupole Oscillator
The present appendix deals with various features of the spectra associated with
shape deformations of quadrupole symmetry. This degree of freedom is capable of
exhibiting both rotational and vibrational spectra, and the connection can be
exhibited in terms of a transformation to a set of coordinates describing the
intrinsic shape and the orientation of the system (Sec. 6B-1). Small-amplitude
vibrations about spherical symmetry are considered in Sec. 6B-2, while the classification of the quadrupole spectra in the yrast region is the subject of Sec. 6B-3.
Tools for constructing wave functions for many-phonon states are considered in
Sec. 6B-4.
6B-1 Shape and Angle Coordinates. Vibrational and Rotational Degrees of
Freedom3'
6B-la Definition of coordinates

The fundamental mode of deformation of a spherical system is of quadrupole
symmetry (see Sec. 6A-la) and can be characterized by a set of five amplitudes
that form the components of a spherical tensor (see, for example, Eq. (6-39)). A
deformation of this type produces an ellipsoidal shape, for small a,,,. (More
generally, the shape possesses D , symmetry, with invariance with respect to
rotations of 180" about each of three orthogonal axes.) The principal axes of the
deformed shape define an intrinsic coordinate system whose orientation angles
w = (+, 8,#) are given by the relations
(6B-1)

"The analysis of quadrupole vibrations in terms of shape and angle variables was considered by A.
Bohr (1952). Such variables were also employed by Hill and Wheeler (1953). The structure of the
anharmonic Hamiltonian in these variables was analyzed by Kumar and Baranger (1967).
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The two nonvanishing intrinsic deformation variables a20 and a22 (= az-& are
usually expressed in terms of the parameters p and y defined by
a, = p cos y
(6B-2)
a22= 2-

'l2psin y

The relations (6B- 1) and (6B-2) provide a transformation from the five
tensorial variables ( Y to~ the
~
three orientation angles o and the two shape variables
p and y. The intrinsic variables p and y are rotational invariants and can be related
to the basic second- and third-order invariants that can be formed from the tensor

'

= 5- 'l2p

(a2(Y2(Y2)o=
- (2/35)1/2p3cos3y

(6B-3a)
(6B-3b)

The ellipsoidal shape, for small values of aZp,can also be characterized by the
increments of the three principal axes
(6B-4)
where R, is the radius of the spherical shape. Since the quadrupole deformation
conserves volume, to first order in the amplitudes, we have ZK6R,=O. The relation
of the deformations 6R, and the coordinates /?,y is illustrated in Fig. 6B-1.
The set of angular and shape coordinates ( w , p , y ) is not unique. A given
deformation aaponly specifies the three symmetry planes of the ellipsoidal shape,
but the labeling of the intrinsic axes is arbitrary. Since the new coordinates depend
on this labeling, the nuclear Hamiltonian and wave functions, when expressed in
terms of the variables (w,p,y), must be invariant with respect to the symmetry
operations that correspond to a relabeling of the intrinsic axes. (These operations
form the octahedral group 0, which comprises the 24 rotations that transform the
cube into itself.)
The symmetry operations that correspond to a relabeiing of the intrinsic axes
can be constructed from the two elements 9z(77/2) and 93(7r/2) representing
rotations through the angle 77/2 about the intrinsic 2 and 3 axes. The effect of
92(77/2) and ~%'~(77/2) on the coordinates p and y and on the labeling of the three
axes is given by (see, for example, Eq. (6B-4))

868-1

SHAPE AND ANGLE COORDINATES
=

y ,prolate (1

r=n,oblatel31

679
r=;,oblate

(2)

'6.0, prolate ( 3 )

=-2+,

prolate ( 2

j-=-p,oblate (1)

Figure 68-1 Symmetries in the P y plane. The figure shows a polar diagram for the
deformation variables /3 and y. The projections on the three axes in the figure are
proportional to the increments 6R, in the principal radii of the shape. Points lying on the
axes correspond to axially symmetric shapes. The six different points obtained by reflection
in the axes represent the same shape of the nucleus.

where Z, denote the components of the angular momentum with respect to the
intrinsic axes.
6B-Ib Symmetry of wave function

In the coordinates (w,p,y), the wave function for a state of total angular
momentum ZM can be expressed in the general form
(6B-6)
where the 9 functions form an orthogonal basis for expanding functions of the
orientation angle w (see Sec. 1A-4). The invariance of \E with respect to the
operations that relabel the intrinsic axes leads to symmetry conditions on the
functions Q I K ( p, y).
We first consider the operations corresponding to a rotation of r about an
intrinsic axis. These operations leave p and y invariant, and their effect on wave
functions of the type (6B-6) has been discussed in connection with the eigenstates
of the asymmetric rotor (Chapter 4, pp. 177ff.). The S 3 ( r )invariance implies that
K must be even, while the invariance with respect to 5P2(r)relates the components
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with K and - K ; the wave functions therefore have the form

The wave function (6B-7) corresponds to the identity representation (rlr2r3)
= (+ +) of the group D,, which comprises the transformations 9K
(T); see the
discussion on p. 178.
The symmetry operations 9 * ( ~ / 2and
) 9 ' , ( a J 2 ) relate the wave functions for
different values of y (see Eq. (6B-5)),

+

@IK( P, - Y + 2T/3) =

g;K'(O?

T / 2 , O)@,K'(

K'

P, 7 )
(6B-8)

@IdP, - Y 1= exp { iTK/2 1@,AP, Y 1
A knowledge of the wave function in the interval 0 < y < ~ /

therefore
3
completely
specifies the state. The symmetry in the b y plane is illustrated in Fig. 6B-1.
6B-Ic Potential and kinetic energies

The potential energy of the nuclear deformation is independent of the orientation and depends only on the shape parameters p and y ,
V = V(P,Y)

(6B-9)

Furthermore, as a consequence of the symmetry relation (6B-5),
V(P,u)=

V P , -Y)=

V(P,Y+2T/3)

(6B- 10)

which is equivalent to

v = V ( P,cos3y)

(bB-11)

B,

The kinetic energy T involves the time derivatives i., and the components r j
of the angular frequency on the three intrinsic axes. The invariance with respect to
the transformations 5PK(r) implies that T must be even in each of the +K, and
considering only terms that are quadratic in the time derivatives, the kinetic energy
can therefore be written
= Tvib + 'rot

with

(6B-12)

~ ~
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and
(6B- 14)
wherepS andp, are the momenta canonically conjugate to and y , while I, (the
conjugates of cp,) are the components of the angular momentum with respect to the
intrinsic axes. (In Eq. (6B-13), the condition of hermiticity requires a symmetrization of the terms involving noncommutable operators; differences depending on
the ordering of factors are of lower power in the momenta and hence equivalent to
additional terms in the potential energy. For the construction of a Schrodinger
equation in the ( w , p , y ) coordinates, on the basis of the metric defined by the
kinetic energy, see Pauli, 1933, p. 120, and Sec. 6B-2.)
The inertial functions Dps( p, y) and 0, ( p, y ) obey the same symmetry as
V ( p , y ) and thus depend only on y through cos3y (see Eq. (6B-11)), while
DB,(p,y) is odd in y and therefore of the form sin3y times a function of /3 and
cos3y. The effective moments of inertia are subject to the relations

(6B- 15)

X3(

Y + 277/3)

= s2(
y ) =x1
( y - 277/3)

that follow from Eq. (6B-5).
For shapes that possess axial symmetry ( y = 0, 2 a/3, k 2a/3,. . .), the azimuthal angle cpK with respect to the symmetry axis becomes indeterminate; hence,
the moment of inertia with respect to such an axis vanishes. For small deviations
from axial symmetry, it follows from the relation (6B-15) that the moment of
inertia with respect to the approximate symmetry axis is proportional to the square
of the departure from axial symmetry. In the neighborhood of spherical symmetry,
all the moments of inertia are proportional to p2.
The quadrupole Hamiltonian N = T + V describes a variety of different types
of collective motion depending on the potential energy function and the inertial
parameters. The limit of harmonic vibrations corresponds to a potential energy
I/= 3Cp' and a kinetic energy involving a single mass parameter D (see Eq.
(6B-17)). If the potential energy function has a well-defined minimum (Po,yo) away
from the origin, the motion in the By plane may be localized in the neighborhood
of this minimum. In such a situation, the quadrupole degrees of freedom separate
into vibrational and rotational components. The vibrations correspond to small
amplitude oscillations about the equilibrium, and the rotation is approximately
described by the kinetic energy (6B-14), with moments of inertia NK( Po,yo). If the
equilibrium shape deviates from axial symmetry, the rotational motion involves

6a2M
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three degrees of freedom (asymmetric rotor), and the vibrational motion corresponds to two normal modes in the p y plane. If the equilibrium has axial
symmetry, the rotational motion involves two degrees of freedom, and the vibrational modes comprise oscillations that preserve the axial symmetry ( /3 vibrations)
as well as twofold degenerate oscillations away from axial symmetry (y vibrations).

6B-2 Oscillations about Spherical Equilibrium
For small oscillations about a spherical equilibrium, the potential and kinetic
energies can be expressed as a power series in a2,,and ci2,,. The leading-order terms
have the form

v = f c Irz la2P12=t c Pz ( -

I)'loc2,,a2-,,

(6B- 16)

To this order, the Hamiltonian represents a set of five degenerate harmonic
oscillators; the spectrum and eigenfunctions of such a system are considered in Sec.
6-3a. The construction of many-phonon states is further discussed in Sec. 6B-4.
In the variables (a,
p, y), the Hamiltonian in the harmonic approximation
(6B-16) takes the form (Bohr, 1952)
H = T + V = Tvib+Trot+V

(6B-17)

.a; =4 D p sin2(y - ~ 2 a / 3 )
which is seen to be of the general form considered in Sec. 6B-1. The differential
operators for the kinetic energy correspond to wave functions normalized with
respect to the volume element
a

dr = ,8 d/?lsin 3 y J d ysin 8dBd+d$

(6B-18)

where (+, 8,$) are the Euler angles.
The motion defined by the Hamiltonian (6B-17) separates in the variables /3
and ( a , ~ ) ,
(6B-19)
= d P ) W % Y>

*
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For example, the ground state ( n = 0, Z = 0) and the one-quantum state (n = 1,Z = 2)
have the wave functions
*TI

-0,I - 0

',I-Z,M

*TI*

- (877')- ' / ' ( 2 ~ ) - ' / ~ b-5/2exp{ - p 2/4b2}

(6B-20a)

- (81r2)-1/2(21r)-1/4b-'/'p exp{ - p2/4b2}
x (cos y g L 0 ( u )+ 2- '/'sin

y(

9L2(u)+ 9 L-2(u)))

(6B-20b)

where
1 /4

b=(&)

(6B-21)

is the root mean square zero-point amplitude, and where the normalization corresponds to integration over 0 < y < 77/3. The wave functions are seen to satisfy the
symmetry requirements implied by Eqs. (6B-7) and (6B-8).
6B-3 Yrast Region for Harmonic Vibrations
The spectrum of the quadrupole oscillator exhibits a relatively simple pattern
when many quanta are present, with a total angular momentum close to the
maximum value Imax=2n(region of the "yrast" line). In such states, the centrifugal
force produces an average deformation that is large compared with the zero-point
fluctuations. The system can therefore be described in terms of an approximate
separation between rotational motion and vibrations about the equilibrium shape.
In the present section, we consider the spectrum in the yrast region for
harmonic quadrupole vibrations. For Ix I,,, = 2n >> 1, the main terms in the
Hamiltonian (6B-17) are the potential energy V and the rotational energy T,,,. For
given I and p, the rotational energy has a minimum for y = ~ / 6 ,for which the
moment of inertiax, takes on the maximum value 4DP2. To leading order in I ,
corresponding to the classical value for the rotational energy, the sum of potential
and rotational energies thus possesses a minimum for a shape with parameters

(6B-22)

where b is the zero-point amplitude (6B-2 1). The equilibrium deformation (6B-22)
corresponds to a triaxial shape with (see Eq. (6B-4))

6Rl=0
SR,= - S R ,

(6B-23)
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The sum of potential and rotational energies possesses a second minimum for y = 0,
corresponding to a prolate shape, but for I > 8, the triaxial shape with y = 7r/6
gives rise to the lowest eigenvalue of V + T,,, for given I .
For the shape (6B-22), the moments of inertias2 andN3 are equal, and the
rotational motion is that of a symmetric top, which can be characterized by the
quantum number K = I , . An expansion of the Hamiltonian around the equilibrium
shape yields, for states with I,, - I<<I,,

H=HrOt+HK+HB+Hu

(6B-24)

(w=(C/D)’”)

(6B-25a)

with

=piwI

eh~($(I-K)+l)
H p - - -h2 i32 + 2 c ( p - p 0 ) 2
2 0 ap2
2 D p i i3y2

(6B-25b)
(6B-25~)

(6B-25d)

In the expansion of H , we have neglected terms whose contributions to the energies
are of order A d - ’.
The leading-order term H,,, in the Hamiltonian (6B-24) describes the energy
along the yrast line, while the terms H K , Ha, and H , describe three normal modes
of excitation with respect to the yrast line.
The term H K is associated with changes in the rotational motion leading to
states with K = I - 2, I - 4,. ..; the excitation energy is linear in I - K and may be
viewed as a vibrational excitation corresponding to a wobbling motion of the
angular momentum with respect to the intrinsic 1 axis (compare the discussion of
the asymmetric rotor in Sec. 4-5e). The eigenvalues of HK can be written
EK = ha( inK + 1)

(6B-26)

with the vibrational quantum number
nK=I-K

(6B-27)

Since K is an even integer (see p. 679), the excitations are associated with rotational
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bands with
I even

nK = 0,2,4,. ..

I odd

n K = 1,3,5, ...

(6B-28)

The terms Hs and H, in the Hamiltonian (6B-24) represent oscillations around the
equilibrium shape, with eigenvalues
Es = 2Aw ( ns

+t )

(6B-29a)

E,=Aw ( n , + t )

(6B-29b)

with vibrational quantum numbers ns and ny. Combining Eqs. (6B-25a), (6B-26),
and (6B-29), we obtain the total spectrum in the yrast region
(6B-30)
The bands in the neighborhood of the yrast line are illustrated in Fig. 6B-2; for
I > +I,,,= n, the enumeration of states is the same as obtained from the exact
counting given in Table 6-1, p. 347. (This result may be obtained on the basis of the
excitations from the aligned condensate discussed on p. 687.)
The coupling scheme in the yrast region implies simple relations for the
E2-matrix elements. The intrinsic moments with respect to the 1 axis are given by
(see Eqs. (6-63) and (6B-2) and note that the intrinsic moments with respect to the
1 axis are obtained from those with respect to the 3 axis by a cyclic permutation of
the axes, corresponding to y+y - 2 ~ / 3 ;see, for example, Eq. (6B-4))

(6B-31)
M(E2,v=2)= in the neighborhood of the equilibrium shape. Thus, the static intrinsic quadrupole
moments are
Qo=o
(6B-32)

which yield, for the E2-matrix elements within a rotational sequence,
Q=O
2

B ( E2; ns n, nKI+ ns nynK,I - 2) x

(6B-33)
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np-1; nT-nK-O
n K - l ; np-nf-O
n T = l ; np-n,-O
n p - nT= n,-0

-3

-2 -1

0

2

1

1-1,

3

Figure 68-2 Yrast region for quadrupole vibrations. The figure shows part of the spectrum
for harmonic quadrupole vibrations, with angular momentum values Z x Z 0 > 1 and with
energies close to the minimum value for given Z (yrast region). The solid lines represent
rotational trajectories. The figure includes trajectories associated with the lowest intrinsic
state ( n B = n y = n K = O ) as well as trajectories for the intrinsic states involving a single
vibrational quantum. '(The trajectory with ny = 2, ns = n, = 0 coincides with the ns = 1
trajectory, but the states on the ny = 2 trajectory are not shown.) The arrows represent the
transitions with nonvanishing E2-matrix elements, leading from the state I = Zo on the yrast
line; the numbers on the arrows give the B(E2) values for these transitions, in units of
b2(3ZeR2/4a)2.

The vibrational transitions with An,= +- 1 have A K = T 2 and AZ= T 1, and
one obtains from the general intensity rule for transitions between rotational bands
(see Eq. (4-91))

B(E2;nBnyn,Z+nBny,n,-

1,Z+

r

1)55:$pi G Z e R 2 (ZZ- nK 221Z+1 Z- n,+2)'
( 3

55:n,bz(

-&

ZeR 2,

2

(6B-34)

(This result could also have been obtained from Eq. (4-314), which describes the
wobbling transitions for the asymmetric rotor.) The vibrational transitions with
Anb = 2 1 have AK = AZ = T 2, while the transitions with Anv = 2 1 have A K = AZ
= 0. From the intrinsic moments (6B-31) and vibrational Hamiltonians (6B-25c)
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and (6B-25d), we obtain

B ( E 2; nsny nKZ+ns

- 1, nunK,Z

+ 2)

-

nsbZ -ZeR

*:(

*:(

B(E2;nsnynKZ--+ns,ny-l , n K Z )-nub2 - Z e R 2

r

r

(6B-35)

The matrix elements for the transitions Anp= 2 1 receive half their value from the
contribution resulting from the Z dependence of Po (see Eq. (6B-22)).
It is seen that the rotational transitions are stronger than those involving a
change in the vibrational quantum numbers nP,nY,nKby a factor of the order of the
total angular momentum Z. (The pattern of the E 2 transitions is illustrated in Fig.
6B-2.) The vibrational transitions (6B-34) and (6B-35) constitute only a small
fraction of those allowed by the selection rule An = 1 for the total number n of
vibrational quanta. The additional transitions involve simultaneous changes in
several of the quantum numbers np,nY,nKand are smaller than those considered by
at least a factor of order Z-'.
An alternative derivation of the above results can be obtained by noting that
in the yrast region, the alignment of the angular momenta of the quadrupole
quanta implies the existence of a condensate of identical bosons. In a coordinate
system in which the total angular momentum points in the direction of the z axis,
the condensate is formed of the quanta with y = h = 2. The strong transitions along
the rotational trajectories correspond to the addition of quanta to the condensate,
and the enhancement results from the boson factor (n + 1) in the transition
probability (see Eq. (6-1)). Additional excitations result from adding quanta with
y = 1, 0, - 1, and - 2. The addition of a quantum with y = 1 leads to a state in
which the condensate has been rotated with respect to the z axis (since the operator
Z, - iZy acting on the condensate shifts a quantum from y = 2 to y = 1). The addition
of a quantum with y=O, - 1, or - 2 leads to intrinsic excitations with AZ= y,
which can be identified with those labeled above by nu = 1 , n K = 1, and ns = 1,
respectively (see Fig. 6B-2).
The spectrum and transition probabilities derived in the present section refer
to harmonic vibrational motion, but the qualitative pattern in the yrast region has a
broader range of validity, since it follows directly from the existence of an average
deformation that is large compared with the amplitude of the vibrational motion
about equilibrium, or equivalently, from the existence of a condensate. The
anharmonicity in the vibrational Hamiltonian may affect the value of the equilibrium deformation as well as the parameters associated with the three intrinsic
vibrational degrees of freedom, but the enumeration of states and the selection
rules for the E 2 transitions remain valid, provided the vibrational quantum
numbers ns,ny,nK are small compared with the total number of quanta n.
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6B-4 Many-Phonon States
In the present section, we consider some of the systematic tools that may be
employed in the construction of a complete set of states with a given number of
phonons and total angular momentum. The tools considered are not specific to
quadrupole quanta, and the formulation is therefore expressed in a form
appropriate to phonons of arbitrary multipolarity A.
6B-4a Parentage coefficients

The construction of states with two quanta of the same mode A is directly
obtained by an angular momentum coupling; the normalized state with total
angular momentum I and component M can be written

-2-

(Ay 'Ay " I I M )c +(A$) ct(Ay") 10)

1/2

(6B-36)

P'P"

I = 0 , 2 , 4 ,...,2A

The factor 2-'/* arises from the fact that each substate (nAP,= 1, nxP,,= 1) occurs
twice in the sum in Eq. (6B-36). (If M is even, there is only a single term with
y'= y" = M / 2 , but the state with nAP,= 2 involves the normalization factor 2- ' I 2
(see Eq. (6-4)).)
For n A > 2 , one can proceed by adding further quanta to the states (6B-36).
However, one must take into account that states with the same n, and I , but
constructed in terms of different intermediate angular momenta (such as the
angular momentum of the two first quanta), are not in general orthogonal.
A systematic procedure for the construction of many-phonon states and the
evaluation of matrix elements may be based on a chain calculation involving the
connecting states with successive
parentage coefficients ({,Z, 11 ct(A)II 5,- ,I,numbers of quanta.@ The states of n quanta are labeled by the quantum numbers
{,,, in addition to I, (and M,). We have simplified the notation by umitting the
subscript A on the quantum number n, since in the present discussion we consider
only states involving a single type of boson.

,)

40The systematic procedure for calculating parentage coefficients by means of recoupling techniques was developed by Racah (1943) for many-electron configurations of atoms. The coefficient of
fractional parentage ({,,Z,,M,, (I{,,- 'I,,- 'Mn-',Ap) in the notation of Racah is equal to the quantity
n - ' / 2 ( { n I , M n ~ c t ( A ~ ) ~ {'I,,n - ,Mnand, correspondingly, for angular momentum coupled states,
({"I,, ( I{, - 'I,,- A; I,,) = n - '/'(21n + 1) - I/'( {,,I, 11 ct(A)/I{,, - I,,
As indicated by the special bracket
notation, the state on the right in Racah's fractional parentage coefficient is symmetric with respect to
the first (n- 1) quanta, but not with respect to the nth, whereas the state on the left is totally symmetric
in all n quanta.

').
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We thus assume that an orthogonal set of states 6-lZn- with n - 1 quanta has
been constructed and proceed by adding a quantum to these states

I l n - lzn - I )

'n

Mn)unnorrn

ct(X)l

l n - 1' n - 1 >(I.-

lA)InM ,

(6B-37)

The states (6B-37) are in general neither normalized nor orthogonal, but we can
evaluate the overlap factors by exploiting the commutation relations (6-47), which
can be written

[ c (x),ct(X) ] (M)A

= (2X

+ 1)'/'6

(A, 0)

(6B-38)

Performing appropriate recouplings (see Sec. 1A-3 and the relation (1A-65) for the
scalar product of state vectors), one obtains, for the overlap of two states of the
form (6B-37),

The notation X and A' distinguishing the two angular momenta of equal magnitude
is used when necessary for the specification of the coupling scheme. We have
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employed the phase relation for the standard representation (compare Eq. (1A-84))

If the parentage coefficients connecting the states with n - 2 and n - 1 phonons
known, one can determine the overlap factors (6B-39) and thus construct
orthogonal basis I{,,ZnMn) for the states with n phonons. The expansion of
unnormalized states (6B-37) in this basis gives the parentage coefficients for
n-phonon states,

are
an
the
the

which follow from the commutation relations (6-47) and the expression (6-48) for
the numbers of quanta. (The relations (6B-41a) are the counterpart for bosom to
the sum rules (3E-12) and (3E-13) for fermions.)
Matrix elements of the various operators depending on the vibrational
variables can be directly evaluated in terms of the parentage coefficients. Thus, the
matrix elements of the vibrational coordinates aAPand of the associated multipole
operators d ( h p ) are proportional to the parentage coefficient (see, for example,
Eq. (6-66)). Operators quadratic in the vibrational coordinates can be expressed in
terms of products of two parentage coefficients, as in the example

To illustrate the evaluation of parentage coefficients, we consider states with
three quadrupcle quanta ( n = 3, h = 2). These states, as well as the states with n =2,
are completely specified by the total angular momentum I (see Table 6-1, p. 347),
and the parentage coefficients are denoted by (Z3llct(h=2)1/Z2). As a first step, we
evaluate the parentage coefficients for n = 2, which follow from Eq. (6B-36),

( I , 11 .?(A)

11 I 1 =A)

+1

= (2(2Z2

) y

(6B-43)

5
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The coefficients for n = 3 can now be obtained from Eqs. (6B-39) and (6B-41)

= s (I,, I ; )

+ 2(21, + l)'/2(2z; + 1) 'I2

L;
2
'

3'

2 21

(6B-44)

Setting I; = Z,, the absolute magnitude of the parentage coefficients can be determined; the relative phases can be found by considering the relation (6B-44) for
I;#Z,. The parentage coefficients (13~~ct(h=2)~~Z2)
thus obtained are given in
Table 6B-1. For each state Z3, there is an arbitrary phase which, in the table, has
been chosen so that the parentage coefficients are positive for the smallest contributing value of I,.

0
2
3
4
6

7'/2

3'/2
(20/7)'12
15

(99/ 7)

(36/7)'/,
- 61/2
(90/7)'/2
39'12

Parentage coefficients for states with three
quadrupole quanta. T h e table lists the coefficients
(I,IIct(A= 2)l1I2). These coefficients were first evaluated
by D. C. Choudhury, Mat. Fys. Medd. Dan. Vid. Selsk. 28,
no. 4 (1954). A tabulation of parentage coefficients extending to states with n2 < I , n3 < 6, and n4 < 5 is given by
Bayman and Lande (1966).

Table 68-1

6B-4b Seniority4'

The many-phonon states with specified total angular momentum can be
further classified by the number of pairs of quanta with angular momenta coupled
to zero. Such a pair is created by the operator (see Eq. (6B-36))

(6B-45)

4'The seniority classification of many-particle states was introduced by Racah (1943). The application to nuclear vibrations was considered by Rakavy (1957a).

QUADRUPOLE OSCILLATIONS

692

App. 6B

A state that vanishes when acted upon by the pair annhilation operator
is said
to consist of only unpaired quanta, and the number of these quanta is referred to as
the seniority, v. From a state consisting of v unpaired quanta, one can generate a
family of states by acting successively with the pair creation operator &:; these
states are labeled by the same seniority v and the same quantum numbers 5, of the
unpaired particles and differ only in the number of pairs p = ( n - v ) / 2 . By means of
the commutation relation

=I+-

2n
2h+ 1

(6B-46)

it can be verified that the states 1{,,p) form a complete orthonormal set, and the
normalized states can be written in the form
(2A+ 1 ) 7 2 X + 2 v - l)!!

(6B-47)

p ! ( 2 A + 2 v + 2 p - I)!!

with the notation
( 2 ~ 1+ ) ! ! = ( 2 ~ 1+) ( 2 ~ -1 ) .

* *

3.1

(6B-48)

The number of states g ( n v I ) of given n,v, and angular momentum I , is equal to
the difference g ( n = v , I ) - g ( n = v - 2 , 1 ) , where g ( n I ) is the number of states with
given n and I . From this rule, one can assign seniority quantum numbers to the
states of the quadrupole spectrum listed in Table 6-1, p. 347. It is seen that the set
of quantum numbers n, v, I , and M is sufficient to specify all states with n < 5, but
that there occur two states with n = 6, v = 6, and I = 6. (A full classification of the
quadrupole spectrum requires five quantum numbers, such as the n2p.)
From the properties of the states with n = v , the corresponding matrix elements
involving states with additional pairs can be obtained from the commutation
relations (6B-46) and
(6B-49)
In particular, the recursion relations for the parentage coefficients

can be derived on this basis (Le Tourneux, 1965; for a further discussion of
recursion relations and the classification of states of quadrupole vibrations, see
Weber et al., 1966; Kishimoto and Tamura, 1971).
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Electron scattering
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Exchange interactions, I :66
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Fission mode
(a,f),11 :61?
asymmetry in mass distribution, I1 :369
11 : 123
isomeric states, I1 : 623
analysis, 241Pu,I1 : 623
moment of inertia, 11 : 83
relation to shell structure, I1 :634
second minimum in potential energy,
11 :633
(a&, I1 :623
potential energy surface, I1 :365
effects of shell structure, I1 :367
liquid-drop estimate, I1 :662
spontaneous, I :205; I1 : 373, 634
transmission factor, 11 :372
Fission width
compound nucleus, I1 :373
gross structure, 241Pu,I1 :627
single channel, I1 : 373
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shell-structure energy, 11 :603
spectrum, I1 :216, 592
Harmonic oscillator potential, spherical
frequency for nucleus, 1 : 209
matrix elements, I :221
shell-structure energy, I1 :600, 609
spectrum, I : 220
SU, symmetry, I1 : 93
Hartree-Fock potential, 1 :318, 375
relation to shell-structure energy, I1 :370
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breaking)
Josephson junction, I1 :396
K forbiddenness, I1 :59
evidence for, I1 :62
K isomers, I1 : 43
K quantum number, I1 :6
fission channels, I1 : 123
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non-conservation at high excitation, I1 : 37
selection rule, I1 : 59
evidence for, I1 : 62
Kramers’ theorem, I : 19
Kronecker product, I : 114

A particles, I : 39, 57
hypernuclei, I : 55
A-type doubling, I1 : 18
Landau damping, I1 :440
Leptodermous system, I1 : 137
Lepton conservation, I : 397
Leptonic current for weak interaction, I : 397
Level densities
experimental evidence, I : 179, 183; I1 : 623
systematics, I : 186
type I1 resonances, I1 :623, 632
Fermi gas, I : 153, 281
rotational contribution, I1 :38
shell-structure effect, I1 : 610
spin dependence, I : 155
thermodynamic analysis, I : 288
Level spacing, distribution of, I : 157
effect of symmetry, I : 298
electrons in metallic particles, I1 : 587
evidence on, I : 179
long-range order, I : 181
Poisson distribution, I : 157
random matrices, I : 296
Wigner distribution, I : 157, 297
Liquid-drop model, I1 :v, 654
compression modes, I1 : 666
fission, I1 : 661
polarization modes, I1 :670
rotational motion, I1 : 674
surface vibrations, I1 : 654
Lorentz line shape, I1 :477
M I moment
decoupling parameter, I1 : 56
interaction terms, I : 337, 392, 393
intrinsic, I1 : 56, 302
systematics, I1 :303
isobaric selection rule, I :45
rotational, I1 : 54
systematics, I1 :55, 303
single-particle, I : 336, 343, 387
tensor component, I : 339, 394; I1 :305
vibrational, I1 : 357
systematics, I1 : 55
(see also Spin excitations and Polarization effects)
M4 moment
single-particle, I :344, 387
Maclaurin spheroids, I1 : 666
Macroscopic symmetry
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isospin, I1 : 382
spin, I1 :385
Magnetic moment (see M 1 moment)
Majorana force, I :66
Many-phonon states, I1 :347, 688
Mass formula
baryonic, I :59
nuclear, I : 141
Mass parameter for vibration, I1 :33 1
effect of velocity-dependent interactions,
I1 : 445, 483, 51 1
irrotational flow, I1 :660
oscillator sum, relation to, I1 : 405
translational mode, I1 :445
Maximal weight, state of, I : 118
Mean free path of nucleon, I : 139, 214
estimate of, I : 165
Meson spectrum, I : 63
Metallic particles, single-particle level distribution, I1 : 587
Microscopic analysis
rotations, I1 : 75, 446
effect of pair correlations, I1 :82
independent-particle motion, I1 : 77
SU, symmetry, I1 : 93
vibrations, I1 : 334, 440
collective coordinates, I1 : 339, 442
ground-state correlations, I1 : 339
wave functions for dipole mode, I1 :471
Molecular forces, I : 268
Molecular rotation, I1 :2
A-type doubling, I1 : 18
caused by spin-orbit coupling, I1 : 33
symmetries, I1 : 1 1, 180
tunneling effect, I1 : 18
Moment of inertia
analysis, particle-vibration coupling, I1 :447
analysis, rotating potential, I1 :75
dependence on /3, I1 : 175
dependence on y, I1 : 165
effect of pair correlations, I1 : 82, 251, 31 1
fission isomer, I1 :83
independent-particle motion, I1 :77
irrotational flow, I1 : 75, 675
odd-odd nuclei, 11: 121
odd-particle contribution, I1 : 149, 203, 251,
310
relation to diamagnetism, I1 : 79
rigid rotation, I1 :75
semiclassical approximation, I : 292; I1 : 79
spin dependence of level density, I : 293
statistical analysis, I : 293; I1 : 80
symmetry axis, rotation about, I1 : 80
systematics, I1 : 74, 312
Momentum distribution, from (p 2p) reaction,
I : 233
Monopole moment (see EO moment)
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p capture, I : 405

role of dipole mode, I1 :497
Multiplets from particle plus phonon, I1 :359
analysis, 209Bi,I1 : 570
splitting from particle-vibration coupling,
I1 :425
Multiply periodic orbits, relation to shell structure, I1 : 583
Multipole expansion
nuclear density, I1 : 138
scalar field, I : 92
surface deformation, I1 :654
two-particle interaction, I : 377
vector field, I : 93
Multipole moments
p decay, I :406
electromagnetic, I :381, 383
single-particle, I :387
shape deformations, I1 : 139
vibrational, I1 :349
frequency spectrum for one-particle motion,
II:464
rotational coupling scheme, I1 : 58
scalar field, I :92
single-particle, I :363
vector field, I :93
Muonic atoms
evidence on E 2 moment, 11: 132
evidence on nuclear radius. I : 165
Neutrinos
cosmic flux, I : 398
electron- and muon-, I : 398
two-component theory, I : 397
Neutron, properties of, I : 4
Neutron capture
effect of shell structure, I : 201
y-ray spectrum, I1 : 62
Neutron-proton difference in density distribution
evidence on, I : 138; I1 :518
from isovector potential, I : 163; 11 : 518
produced by Coulomb field, I : 171
Neutron resonances
evidence for compound nucleus, I : 156; I1 :v
241Pu,I1 :623
233Th,
I : 178
Neutron star, 1: 204; I1 :398
Neutron widths
average, I : 179
distribution of, I : 181
gross structure effect, I1 : 625
s-wave strength function, I : 230
effect of deformation, I1 : 235
9 j symbol, I : 74

Normal modes from particle-vibration coupling,
I1 : 435
Nuclear forces, I :240
charge exchange, evidence for, I : 242
effective in nuclei
pairing force, I1 : 645
polarization contribution, I1 : 432
separable interaction, I1 :340, 443
effective range expansion, I : 241
exchange properties, I : 66, 242
hard core, I : 245
invariance conditions, I : 65
isospin invariance, evidence for, I : 241
low-energy scattering, I :241
nonlocal, I :244
one-pion exchange, I :248
phase-shift analysis, I :244, 263
phenomenological potentials, I : 265
spin-orbit interaction, I :68, 246
second order, I :265
tensor interaction, I :67, 247
Nuclear masses
effects of shell structure, I1 :598
semi-empirical formula, I : 141, 168
stability of species, I : 203
Nuclear matter
binding energy, I : 141
density, I : 138
opacity for nucleons, I : 139, 165, 237
opacity for photons, I1 :480
saturation, I :25 1
schematical model, I : 251
theory of, 1: 262
(see also Average potential)
Nucleogenesis, I : 199, 206
Nucleon
properties of, I :6
spectrum, I : 57
Nucleon transfer (see One-particle and Twoparticle transfer)
Nucleon transfer, quantum number, II :386
Nucleon transfer modes (see Vibrational degrees
of freedom)
Nucleonic form factors, electromagnetic, I :385
Nucleonic interactions (see Nuclear forces)
Nucleosynthesis (see Nucleogenesis)
Oblate deformations, I1 :287
induced by rotation, I1 : 43, 665
Occupation number representation (see Creation and Annihilation operators)
Octupole modes, I1 : 556
contribution to polarization charge, I1 : 564
in 209Bi,I1 :570
in deformed nuclei, I1 : 577

C U M U L A T I V E S U B J E C T I N D E X , VOLUMES I A N D I1
in Sm isotopes, I1 : 577
incipient instability, I1 :561
one-particle response function, I1 :467
one-particle transfer to, I1 : 562
phonon-phonon interaction, I1 : 567, 570
quadrupole moment of phonon, I1 : 569
schematic analysis, I1 :556
systematics, I1 : 560, 561
(see also Vibrational degrees of freedom)
Odd-even mass effect (see Pairing energy)
Odd-even staggering, in isotope shifts, I : 164
One-particle (see Single-particle)
One-particle model for odd-A nuclei, I :210, 225
One-particle operators, I : 275
effect of pair correlations, I1 :647
evaluation of matrix elements, I : 362
particle-hole transformation, I :370
One-particle transfer, I : 354, 421
deformed nuclei, I1 : 243
effects of pair correlations, I1 : 264
24Mg(dp), I1 :293
to "'Yb, I1 : 260
effect of particle-vibration coupling, I1 : 424
parentage coefficient, I :354, 422
single-particle amplitude, I : 421, 424
spectroscopic factor, I :423
sum rules, I :423
to octupole vibration, I1 :562
to quadrupole vibration, I1 : 536
40Ca(dp), I :356
"'Cd(dp), I1 :539
l%n(dp), I : 48
206Pb(dp),I1 :642
One-pion exchange potential, I : 248
Opacity of nuclei,
for nucleons, I : 139, 166, 237
for photons, I1 :480
Optical potential, I : 213
(see also Average potential)
Optical theorem, I : 167
Orbital g factor, I :336
effect of velocity-dependent interactions,
I1 :484
evidence for renormalization, I1 : 292, 486
Orbital symmetry, I : 133
Oscillator strength, I1 :399
dipole mode, I1 : 478
liquid-drop estimate for polarization modes,
I1 : 671
octupole mode, I1 : 561
quadrupole mode, I1 : 530
relation to irrotational flow, I1 :405
relation to rotational mass parameter, I1 :406
relation to vibrational mass parameter, I1 :405
Oscillator sums, I1 :399
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atomic dipole excitations, 11 : 400
classical values for E h moments, 11 : 403
conserved in random-phase approximation,
I1 :439
effect of charge exchange, I1 : 412
relation to photomeson processes, I1 :415,
479
effect of velocity dependence, I1 :402
multipole moment, I1 : 400
tensor structure, I1 :408
Outer product, I : 115
9symmetry (see Space reflection and Parity)
9<symmetry, I : 16
9g r symmetry, I :21
Pair correlations, I : 143; I1 :386, 641
analysis from one-paricle transfer, I1 : 263, 642
blocking effect by quasiparticles, I1 : 37, 31 1
effect of rotation, I1 : 72
effect on a decay, I1 : 270
effect on moment of inertia, I1 :82
energy gap, I1 : 35, 649
qualitative discussion, I : 210; I1 :240
static pair deformation, I1 : 649
coupling constant, I1 :653
effect on one-particle operators, I1 :650
ground-state energy, I1 : 653
uniform single-particle spectrum, I1 :652
(see also Pair vibrations and Superfluidity)
transition to unpaired phase
high excitation energies, I1 : 37
induced by rotation, I1 : 7 1
Pair fields
associated with pair vibration, I1 : 392
estimate of coupling constant, I1 :643, 645,
653
induced by rotation, I1 : 278
induced by translation, I1 : 446
static deformation, I1 :392, 647
Pair vibrations, I1 :386
fields associated with, I1 :390
ground state of 206Pb, I1 :641
coupling constant, I1 : 643, 645
pair moment, I1 : 643
in 209Bi,I1 :574
isospin of, I1 :389
neutrons in region of 208Pb,I1 : 645
Pairing energy, I : 143
energy gap, I1 : 35, 649
history, I1 :641
systematics I : 169
Pairing force, I1 :645
Paramagnon, I1 :385
Parentage coefficient
nucleons, I :277

CUMULATIVE SUBJECT INDEX, VOLUMES I AND I1

740

one-particle transfer, I :423; I1 : 243
resonance reactions, I : 355
sum rules, I :424
vibrational quanta, I1 : 688
chain calculation, I1 : 688
quadrupole phonons, I1 :691
seniority, I1 : 692
sum rules, I1 : 690
Parentage factor (see Parentage coefficient)
Parity conservation
evidence for, I : 15, 21
violation of, I : 15, 23, 25
Parity doublets, I1 : 15
Parity quantum number, I : 14
rotational spectra, I1 : 13, 19
vibrational quanta, 11 :346, 383
Particle-hole transformation
conjugation operator, I :368
one-particle operators, I :3 13, 370
two-particle operators, I :373
Particle-phonon interaction, I1 :425
analysis, 2wBi, I1 :570
effect of neutron excess on vibrational mode,
I1 : 501
effect on I =j - 1 states, I1 :540
pair quanta (see Blocking effcct)
Particle-rotation coupling (see Rotation-intrinsic
coupling)
Particle-rotor model, I1 : 199
Particle-vibration coupling, I1 : 416
coupling constant, dimensionless, I1 :419
elementary matrix elements, I1 :417
Fermi liquid theory, I1 :416
field theory, I1 :428
normal modes, generation of, I1 :435
phonon couplings in condensed systems,
II:416
relation to effective two-body force, I1 :340
velocity-dependent interaction, I1 :445, 483,
51 1
(see also Anharmonicity, Polarization effects,
erc.)

Partition function, I :288
Partition quantum numbers, permutation symmetry, I : 105
Pauli principle (see Exclusion principle)
Periodic orbits
degenerate families, I1 : 587
relation to deformation, I1 : 591
relation to shell structure, I1 :582
Permutation symmetry, I : 104
conjugate representations, I : 114
dimensions of representations, I :111
homonuclear molecules, I1 : 1 1 , 180
inner product, I : 114, 129
outer product, I : 115, 132

partitions, I : 105
p" configuration, I : 129, 131
product states, I : 117, 129
projection operators, I : 113
relation to unitary symmetry, I : 123
standard representation, I : 112
Young diagram, I : 106, 128
Young tableaux, I : 108, 128
Phase convention
from time reversal, I : 19
harmonic oscillator states, I :221 ; I1 :23 1
vector addition coefficients, I : 71
Phase shift analysis of nucleonic scattering,
I : 263
Phase transition
spherical-deformed, I1 :520, 545
superfluid-normal
induced by rotation, I1 : 71
induced by thermal excitation, I1 :37
(see also Static deformations)
Phonon-phonon coupling
dipole-quadrupole: I1 :453
contribution to width of photoresonance,
I1 :503
(see also Anharmonicity)
Phonon-phonon interaction
from particle-vibration coupling, I1 :433
estimate for octupole mode, I1 :567
phenomenological analysis, I1 :448
(see also Anharmonicity)
Photo absorption, I1 :474
quasi-deuteron effect, I1 :479
relation to oscillator strength, I1 :478
shadowing effect at high energies, I1 :480
(see also Dipole modes)
Pickup process (see One-particle transfer and
Two-particle transfer)
Pion-nucleon coupling, I :249
Pion-nucleus interaction, I :219
Pionic atoms, evidence on nuclear deformation,
I1 : 137
Polarizability coefficient, I1 :421
dependence on shape, I1 :458
poles corresponding to normal modes, I1 :438
Polarizability tensor
for dipole field, I1 :458 .
relation to Raman scattering, I1 :492
Polarization-asymmetryrelation, in elastic scattering, I : 29
Polarization charge (see Polarization effect on
EX moments)
Polarization effect
charge distribution, produced by Coulomb
field, I : 171
dipole moment, I1 :486
AT= 1 transitions, I1 :502
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effect of neutron excess, I1 : 487
E h moment, I1 : 422
field operator, I1 :42I
first forbidden /3 decay, I :353
contribution from charge-exchange dipole
mode, I1 :501
G T moment, I : 347
deformed nuclei, I1 : 307
M 1 moment, I : 337, 339, 344; I1 : 638
deformed nuclei, I1 :304
octupole moment, I1 : 564, 566
evidence on, I1 :565
pair field, I1 :645
quadrupole moment, I :335
coupling to rotation, I1 : 148,281
evidence on, I : 341; I1 : 517, 533
from y vibrations, I1 : 551
from high-frequency modes, I1 : 510, 513,
515
from low-frequency mode, I1 : 530
two-particle interaction, I1 : 432
Polarization modes (see Vibrational degrees of
freedom, isovector modes)
Porter-Thomas distribution, I : 182, 300
Potential, nuclear (see Average potential)
Potential energy function, I1 : 338,365
liquid drop, I1 :661
macroscopic part, I1 : 365
with second minimum, I1 :633
Projection of angular momentum, I1 :90,92
Prolate deformations, dominance of, I1 : 136
Protons, properties of, I : 4
Pushing model, I1 :444
Quadrupole modes, I1 : 507
deformed nuclei, I1 : 363,548
(see also fi and y vibrations)
earth, I1 : 657
five-dimensional oscillator, I1 : 677
high-frequency, isoscalar, I1 : 508
collective coordinates, I1 : 510
contribution to polarizability, I1 :510
coupling to compression, I1 :509
effect of neutron excess, I1 :513
effect of velocity dependence, I1 : 51 1
evidence for, I1 :509
high-frequency, isovector, I1 : 512
contribution to polarizability, I1 : 513
effect of neutron excess, I1 : 513
low-Requency mode, I1 : 520
anharmonic potential and kinetic energy,
II:451,543
anharmonic terms in E 2 moment, I1 :538,
542
comparison with liquid drop, I1 : 529, 531
contribution to polarizability, I1 : 530, 533
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instability, I1 :522
many-phonon states, I1 :347,688
one-particle transfer to, I1 : 537
phonon-phonon interaction, I1 :448,541
schematic analysis, I1 :520
spectra of Cd isotopes, I1 : 532
spectra of even Sm isotopes, I1 : 534
spectra of even 0 s and Pt isotopes, I1 :536
static quadrupole moment, I1 :523
systematics, I : 196,I1 :48, 529, 531
transition to rotation, I1 : 537, 545
yrast spectra, I1 :537,683
one-particle response function, I1 :466
shape and angle variables, I1 : 677
(see also Vibrational degrees of freedom)
Quadrupole moment (see E 2 moment)
Quanta of vibration, I1 :330
Quantization of flux (see Superfluidity)
Quark model for hadrons, I :41, 59,64
Quasideuteron effect in photoabsorption, I1 : 479
Quasiparticles
Fermi gas, I :286
pair-correlated system, I1 : 240, 647
Quenching of orbital moment, I1 : 218

r process in nucleosynthesis, I : 201,206
9 symmetry, I1 : 8, 19
even-even nuclei, I1 :29
particle-rotor model, I1 : 200
Racah coefficients, I : 73
Radius parameter
Coulomb energy, I : 142, 161
nuclear density, I : 138
effect of rotation, I1 : 173
Raman scattering, I1 :492
Ramsauer-Townsend effect, I : 166
Random matrix, I : 294
analysis of metallic particles, I1 : 587
level spacings, I : 156, 180
level widths, I : 182
Random-phase approximation, I1 :439
Rearrangement energy, I : 330
Reciprocity relation for inverse reactions, I :27,

101

Recoil term in particle-rotor model, I1 : 201,205
Recoupling coefficients, I : 72
Reduced matrix elements, I :81
coupled states, I : 83
in isospace, I :95
symmetries, I : 85
Reduced transition probability, I : 83
Refractive index from scattering amplitude,
I :260
Regge trajectories, I : 13
asymmetric rotor, I1 : 194
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baryonic spectrum, I :65
relation to shell structure, I1 :579
Renormalization of operators (see Polarization
effects and Rotation-intrinsic coupling)
Representations of groups
S,, I : 106, 129
S, I: 127
S",I : 110
V,, I : 133
V4, I : 135
Ug, I : 123
Resonance reactions, I :428
analytic structure of amplitude, I :432
gross structure, I : 434
two-stage fission process, I1 :624
relation to decay, I : 430
scattering amplitude, I :431
single-particle motion, I : 437
unitarity relation, I :432
n+*,'Th, I : 178
n + 240Pu(fission gross structure), I1 : 623
p + I6O, I :357
p + Il6Sn (analog states), I :46
Response function, I1 :436
illustrated for multipole fields, I1 :464
Rotating potential
nucleonic motion in, I1 : 76
pair fields, induced by, I1 :76, 278
Rotation-intrinsic coupling
contribution to B coefficient, I1 : 30, 162, 172
contribution to moment of inertia, I1 : 149,
251, 310
decoupling parameter, I1 :250, 308
AK=O, 11: 152
analysis, 174Hf,I1 : 172
AK= 1, 11: 146
analysis, 175Lu,I1 : 155
analysis, 235U,I1 :281
AK=2, 11: 149
analysis, '@Er, I1 : 158
induced I-dependent moments, I1 : 147, 150,
153, 207
induced pair fields, I1 : 278
one-particle motion, I1 : 249
effects of velocity-dependent fields, I1 :80,
278
estimate from E 2 transitions, I1 : 275
summary of evidence, I1 : 252, 318
particle-rotor model, I1 :203
renormalization of g,, I1 : 209
renormalization of g,, I1 :209, 256
vibrational modes, I1 : 460
Rotation matrices, I : 75
Rotational degrees of freedom
adiabatic condition, I1 : 3
angular variables for vibrations, I1 :677, 686

axial symmetry, I1 :7
survey of additional symmetries, I1 : 18
collective coordinates, I1 :93, 210, 446
connection to deformation, I1 : 2
connection to noncompact symmetry, I1 :4,
41 1
connection to SU, symmetry, 11 :4, 93
effect on level density, I1 :38
gauge space, I1 :393
isospace, I1 :20
molecular symmetries, I1 : 11, 180
nucleon, I :65; I1 :20
9 and 7 symmetry, I1 : 13
violation of, I1 : 14
pair deformation, I1 : 392
redundance of variables, I1 : 12
9 symmetry, I1 : 8
9 symmetry, I1 : 16
termination of bands, I1 :87, 98
triaxial symmetry, I1 : 175
consequences of discrete symmetries,
11: 179
even A , 11: 177
odd A , I1 : 187
wave functions
axial symmetry, I1 :6
with 9 invariance, 11: 10
triaxial rotor, I1 : 178
(see also Regge trajectories and Static deformations)
Rotational energies and spectra
bands in even-even nuclei, I1 : 26, 27, 35
bands in odd-A nuclei, I1 :34
bands in odd-odd nuclei, I1 : 36
expansion in angular momentum
K=O, II:23
K#O, I I : 3 1
expansion in frequency, I1 :24, 65
fission channels, I1 :36, 125
matrix elements (see Rotational intensity relations)
signature-dependent terms, I1 : 32
triaxial rotor
discussion of evidence, I1 : 166, 183, 187,
288
even A , 11: 141, 197
odd A , I1 : 188
(see also Decoupling parameter and Moment
of inertia)
Rotational intensity relations
a decay, 11 : 116, 270
P decay, I1 : 142, 143
EO moment, 11: 171, 173
E 1 moment, I1 : 110, 114
E 2 moment
AK=O, 11: 153, 170
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K forbidden, I1 :143
AK= 1, I1 : 148, 154, 275
AK=2, 11: 150, 160
in band, generalized, I1 : 50, 129, 130
in band, leading order, I1 :45, 46, 129
general structure of, I1 :, 58
I-dependent moments, I1 :60, 208
I-independent moments, I1 : 58
K-forbidden transitions, I1 : 59
leading order, I1 :58
M 1 moments
AK=O, 11: 171
AK= 1, I1 : 156
AK=2, 11: 113, 163
in band, I1 : 56, 209
one-particle transfer, I1 :61, 120
summary of evidence, I1 :61
E 2 moments in band, I1 :46, 129
M 1 moments in band, I1 :57
triaxial rotor, I1 : 192
Rotational invariance, I :9, 70
Rotational motion
effect of pair correlations, I1 :82
in terms of particle excitations, I1 :75, 446
irrotational fluid, I1 :674
large angular momentum, I1 :42
SU, model, I1 :93
(see also Moment of inertia and Rotational
degrees of freedom)
S matrix, I : 100
s process in nucleosynthesis, I :201, 206
4 symmetry, I1 : 16
Saddle-point shape, fission
effect of angular momentum, I1 : 665
evidence on, I1 : 617
liquid-drop estimate, I1 :664
Saturation of nuclear density, I : 139, 25 1
Scalar field, I : 90
multipole expansion of, I : 92
Scattering amplitude, definition of, I : 101
(sd) shell, intrinsic states, 11 : 286
Second minimum (see Fission mode)
Second quantization, I :275
Self-energies, from particle-vibration coupling,
I1 :430
Semidirect radiative capture, I1 :487
Semi-empirical mass formula, I : 141
Seniority, I1 : 641, 691
Separable interaction, connection to vibrational
field, I1 : 340, 443
Separable potentials, relation to shell structure,
I1 : 584
Separation energies for nucleons, systematics,
I : 192
Separation of variables
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pair rotations, I1 :393
rotational motion, I1 :4
vibrational motion, I1 : 333
Serber exchange force, I :244
Shape and angle variables
basic invariants, I1 :678
invariance of Hamiltonian, I1 :680
quadrupole vibrations, I1 :677
symmetries of wave function, I1 :679
Shape deformation, multipole expansion
leptodermous system, I1 : 137
liquid drop, I1 :654
Shape isomers, I1 :26
Shape oscillations, (see Vibrational degrees of
freedom)
Shell model, I : 189, I1 :v
Shell structure
atoms, I : 191; II:584
characterization of, I1 :579
deformed nuclei, I1 :221, 241
large deformations, I1 :591, 602
degeneracies, magnitude of, I1 :586
effect on entropy, I1 :61 1
effect on level densities, I : 187; I1 : 610
energy, I1 :367, 598
dependence on deformations, I1 : 602
dependence on temperature, I1 :371, 607
nuclear masses, I : 168; I1 :601
evidence from systematics, I : 168, 189; I1 :48,
560
fission isomers, I1 : 596, 634
geometry of deformations, induced by, I1 : 591
periodic orbits, relation to, I1 :582
spherical nuclei, I : 224
harmonic oscillator potential, I :221
infinite square well, I1 :581
Woods-Saxon potential, I : 239; I1 : 590
symmetry of potential, I1 :586
trajectories, I1 : 580
Siegert theorem, I : 390
Signature, I1 : 1 1
Single-particle configurations, deformed nucleus
(V"

1)

a-decay fine structure, I1 : 268
classification, observed intrinsic states, I1 :241
A > 230, I1 : 117, 266, 274
systematics 150 < A < 190, I1 : 296
systematics (sd) shell, I1 : 286
contribution to moment of inertia, I1 : 25 1,310
decoupling parameter, I1 :250, 308
E 2 moments, AK= I, 11: 154, 275
effect of Y, deformation, I1 :298
effective mass, evidence from level spacings,
I1 :265
energy spectra, effect of pair correlations,
I1 : 265
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GT moments, I1 :306
M 1 moments, I1 :302
moments, effect of pair correlations, I1 :245
transfer matrix elements, I1 :243, 260
effect of pair correlations, 11:263
Single-particle configurations, spherical nucleus
(closed shell 2 1)
p transitions, allowed, I :346, 349
transitions, forbidden, I :350
classification, observed spectra, I :318
E 2 moments, I:332, 341; II:517
E 3 moments, I1 :565
effect of particle-vibration coupling, I1 : 430
energy levels, I : 318, 326
isospin splitting, I :330
M 1 moments, I :336, 343
M 4 transitions, I :344
parentage factors
(dp) reaction, I : 356
proton resonances, I :357
separation between shells, I : 194, 329
shifts with N and Z, I :329
Single-particle potential (see Average potential)
Single-particle spectrum, deformed nucleus
asymptotic quantum numbers, I1 :217
AN = 2 coupling, I1 :230
large deformations, I1 :216
modified oscillator potential, I1 :219
energy spectra, I1 :221, 596
wave functions, I1 :228, 290
scattering states, I1 : 234, 3 19
small deformations, I1 : 215
strength function, I = 0 neutrons, I1 :234
symmetry quantum numbers, I1 :215
wave functions, spheroidal potential, I1 :227
(see also Shell structure)
Single-particle spectrum, spherical nucleus
electromagnetic matrix elements, I : 387
helicity representation, I :360
level density
shell-structure effect, I1 : 579, 589
smooth part of, I : 188; I1 :606
matrix elements, evaluation, I : 362
radial wave functions, I : 223, 327
reSonance parameters, I :437
schematic, I : 222
Woods-Saxon potential, I : 238
(see also Shell structure)
6 j symbol, I : 73
SL(3,R) (noncompact symmetry), I1 : 41 1
Slater determinant, I :272
Smooth energy, I1 : 368, 598
for harmonic oscillator, I1 : 599, 606
Smooth level density, I1 :368, 606
Space reflection, I : 13

deformations vi6lating, I1 : 14, 561
(see also Parity)

Spectroscopic factor, for transfer reactions,
I :423
Spherical harmonics
addition theorem, I :79
relation to a functions, I :78
transformation under rotations, I :79
Spherical tensors, I : 80
reduced matrix elements, I :8 1
9-symmetry and hermiticity, I : 85
Spherical top, I1 : 179
Spin excitations (1 + mode), I1 :636
coupling strength, I1 :638
evidence for, I1 :638
jj to LS coupling, I1 :640
Spin-isospin wave functions, ( CJ4 symmetry),
I : 133
Spin-orbit interaction (see Average potential and
Nuclear forces)
Spontaneous symmetry breaking
collective modes from, I1 :444
deformation of pair field, I1 :392, 396
deformation of spherical shape, I1 :2, 520
instability of vibrational mode, I1 :338
(see also Static deformations)
Spurious states
associated with rotation, I1 :288, 362
analysis for I9F, I1 :288
particle-vibration analysis, I1 :446
associated with translation, I1 :343
particle-vibration analysis, I1 :445
Stability of nuclei, I : 198, 203
(see also a decay and fission)
Stabitity of nucleon, I :4
Static deformations
hexadecapole, I1 : 140
isospace, I1 : 20
octupole, I1 : 561
pair field, I1 : 392, 647
quadnvp o1e
average potential, I1 : 137
centrifugal distortion, I1 :663
effect on dipole mode, I1 :490
effect on isotope shift, I : 163
effect on octupole mode, I1 : 577
effect on one-particle motion (see Chapter
5)
effect on quadrupole mode, I1 :548
effect on vibrations, I1 : 361, 673
estimates from shell structure, I1 : 135
oblate symmetry, I1 :287
relation to shell trajectories, I1 : 591
systematics, I1 : 133, 134
triaxial, I1 :42, 136
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symmetry, deduced from observed rotational
spectra, I1 :27
violating 9 or 7 symmetry, I1 : 14, 213
(see also Rotational degrees of freedom)
Statistical analysis
level densities, I : 28 1; I1 : 38
level spacings, I : 296
level widths, I : 300; I1 : 628
Statistical model for nuclear reactions, I : 184
Strangeness, I : 38
Strength function
(dp) reaction, I : 227
E 1 resonance, I1 : 503
fission widths of 24LPu,I1 : 623
line shape from dipole-quadrupole coupling,
I1 :454
model for, I : 302
neutron resonances, I : 229
(p 2p) reaction, I :23 1
second moment, I :305
single-particle motion, I :21 1
s-wave neutrons
effect of deformation, I1 : 235
evidence, I : 230
time-dependent description, I : 304
width from particle-vibration coupling, I1 : 440
Stripping process (see One-particle transfer and
Two-particle transfer)
Strong coupling model of nucleon, I1 : 20
Subshells, I : 190
Sum rules
charge-exchange operators, I1 : 412
one-particle moments, I1 : 401
one-particle transfer, I :423
phonon operators, I1 : 690
tensor structure, I1 :410
relation to noncompact groups, I1 : 41 1
(see also Oscillator sums)
Superconductivity (see Superfluidity)
Superfluidity, I1 : 395
associated with 3P pairs, I1 :21
coherence length, I1 :398
condensates, I1 : 396
,He, I1 : 395
Josephson junction, I1 :396
phase transition to normal
by rotation or magnetic field, I1 : 71
by thermal excitations, I1 : 37
quantization of circulation, I1 :397
superflow, I1 : 397
absence in nuclei, I1 : 398
(see also Pair correlations)
Supermultiplet symmetry, I : 38
(see also U, symmetry)
Supershell structure, I1 : 604
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Surface energy, I : 141
shape deformation, I1 :658
symmetry term, I1 : 621
Surface oscillations (see Vibrational degrees of
freedom shape oscillations, and Liquiddrop model)
Surface symmetry energy, 11 : 621
Surface thickness, I : 160
SU, symmetry, I : 124
relation to R,, I : 124
(see also Isospin invariance and Unitary
groups)
SU, symmetry
generators, I1 :93
hadronic spectrum, I : 58, 64
representations, I : 133
rotational band structure, I1 :93
analysis of spurious states, I1 : 289
(see also Unitary groups and Unitary symmetry of hadrons)
SU, symmetry (see U , symmetry)
SU6 symmetry (see Unitary symmetry of
hadrons)
Symmetric top, 11 : 24, 179
Symmetry breaking (see Spontaneous symmetry
breaking and violation of Isospin invariance, Space reflection, and Timereversal invariance)
Symmetry energy, I : 142
surface term, I1 : 621
Symmetry of nuclear deformations, evidence
for, I1 : 27
Symmetry potential, I : 148
Synthesis of elements, I : 199, 206

7symmetry (see Time-reversal invariance)
Temperature, nuclear, I : 154, 288
effect on shell structure, I1 :607
evaporation spectrum, I : 183
Tensor operators, I : 80
Tensor polarizability (see Polarizability tensor)
Thermodynamic concepts in nuclear statistical
model, I : 288
Thomas-Ehrman shift, I : 43, 320
3 j symbol, I :72
Time displacements, I : 9
Time reversal invariance, I : 16, 96
collision processes, I : 100
consequence for rotational bands, I1 : 13
decay processes, I : 102
deformations violating, 11: 14, 21, 213
evidence for, I :20, 27, 29
Kramers’ theorem, I : 19
phases, I : 19
quaternion representation, I :99
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violation of, in KO decay, I :21
Trajectories (see Regge trajectories, Rotational
energies and spectra, and Shell structure
trajectories)
Transitional spectra, spherical-deformed, I1 :545
Transfer reaction (see One- and Two-particle
transfer)
Translational invariance, I : 7
Translational mode
analysis from particle-vibrational coupling,
II:444
constraints on intrinsic excitations, I1 :445
constraints on vibrational modes, I1 :343, 658
Galilean invariance, I : 12; I1 :445
Transmission coefficients
a decay, I1 : 115
deformed nuclei, I1 :269
charged particles, I : 443
fission, I1 : 372
neutron resonances, I : 439, 445
Triaxial deformations
discussion of evidence, I1 : 166, 183, 187, 288
estimate from shell structure, I1 : 136, 287
rotationally induced, I1 :42, 167
Triple-bar matrix elements, I :95
Tunneling motion, molecular spectra, I1 : 18
Two-particle density for Fermi gas, I : 150, 176
Two-particle operators, I : 276
multipole expansion, I : 377
particle-hole transformation, I :373
Two-particle transfer, I :425
effect of static pair field, I1 :394
intensity rules for pair vibrations, I1 :389, 646
pair excitations in region of '"Pb, I1 :645
relation to a decay, 11 249
relation to Josephson current, I1 : 396

U , symmetry, I : 133
(see also SU, symmetry and Unitary
symmetry of hadrons)
U4 symmetry, I :38, 135
effect on p decay, I : 348
U spin, I : 40, 62
Unhindered GT transitions, I1 : 306
Unitary groups, I : 12 1
Casimir operator, I : 124
dimensions of representations, I : I 18
infinitesimal, I : 123
relation to permutation symmetry, I : 122
shift operators, I : 121
special, I : 123
Unitary symmetry of hadrons
p decay, I : 402
classification, I :40
electromagnetic current, I : 386

eIectromagnetic mass splittings, I :61
mass formula, I : 59
SU, (see Isospin)
SU,, I :58, 64
SU,, I :62, 64
U spin, I:40, 62
weak current. I :402
Vector addition coefficient, I : 71
Vector field, I : 91
multipole expansion of, I : 93
Vector mesons, I : 63
role in photo absorption, I1 :480
Vector spherical harmonics, I : 94
Vectors, spherical components of, I :81
Velocity-dependent potential (see Average potential and Effective mass)
Vibrational anharmonicity (see Anharmonicity
of vibrations)
Vibrational degrees of freedom
angular momentum of, I1 : 345, 657
associated with broken symmetry, I1 :444
charge exchange modes (see Isovector modes)
collective coordinates, I1 :337, 442, 510
compression modes, I1 : 666
effect of velocity-dependent potentials, I1 :445
generated by field coupling, I1 : 334, 435
isovector modes, I1 : 375
EX moments, I1 :378
effect of neutron excess, I1 : 380, 493
fields associated with, I1 : 378
liquid drop, I1 : 670
liquid drop, I1 : 654
many-phonon states, I1 : 346, 688
occurrence of, 11 : 326
pair vibrations, I1 :386
fields associated with, I1 : 390
isospin of, 11 :389
shape oscillations, I1 : 341
deformed nuclei, I1 : 361
EO moments, I1 : 358
EX moments, I1 : 348
fields associated with, I1 : 352
liquid drop, I1 :654
M 1 moments, I1 : 357
shape and angle variables, I1 :346, 677
symmetry of amplitudes, I1 : 342
spin excitations, I1 : 383
(see also Dipole, Quadrupole, Octupole
modes, Spin excitations, und Pair vibrations)
Vibration-rotation coupling, I1 : 460
p vibration, '74Hf, I1 : 172
y vibration, 166Er,I1 : 160
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octupole vibrations in Is4Sm, I1 :578
Vibrational intensity relations, for EX moments,
I1 : 349
Waves associated with surface oscillations,
I1 : 656
Weak coupling for vibrations
condition for, I1 : 419
spectrum, I1 : 359
Weak interaction, I : 395
between nucleons, I :23, 397
current, I : 396
intermediate bosons, I :396
unitary symmetry, I :402
(see also p current)
Weak magnetism, I :409,414
Weisskopf units, I :389
Wigner coefficients, I : 7 1
Wigner distribution, I : 157, 297
Wigner-Eckart theorem, I : 82
Wigner force, I :66
Wobbling motion
quadrupole vibrator, I1 : 684
triaxial rotor, I1 : 191
Woods-Saxon potential, I : 222
form factor, I : 160; I1 : 139
radial moments, I : 160
( approximation in p decay, I : 413
x-ray spectra, evidence on charge distribution,
I : 165

Young diagram, I : 106, 128
Young tableaux, I : 108, 128
Yrast spectra, I1 :41
evidence on, I1 : 72
quadrupole vibrations, I1 : 683
triaxial rotor, 11: 190
Zero sound, I1 : 352

NUCLEI
The following index contains references to the
more extensive discussions of properties of individual nuclei.
334,5He,spectra, I:319
'Li, spectrum, I : 319
8Be, aa scattering, I1 : 100
I2B, I2C, I2N, test conserved vector current,
I:415
I4C, I4N, 140,isobaric multiplets, I : 43
I'N, spectrum, I :321

747

I6O(p 2p), I :23 1
I5O, spectrum, I : 321
I6O, photo absorption, I1 :504
spectrum, I :32 1
test of parity conservation, I : 22
170,spectrum, I : 32 1
I7F, spectrum, I : 321
proton resonances, I : 358
2%e, rotational bands, I1 :97
*'Al, 25Mg, spectra, I1 : 284
39K, '9Ca, spectra, I :322
%a, spectrum, I :322
41Ca, spectrum, I : 322
40Ca(dp), I : 356
41Sc, spectrum, I :322
47K, 47Ca, spectra, I :322
48Ca, spectrum, I :322
49Ca, /3 decay, I : 350
spectrum, I : 322, 350
"Co, spectrum, I :323
'6Ni, spectrum, I : 323
60Ni(dp)61Ni,I :228
107,109Ag,
evaporation spectrum, I : 183
"'Sn, lI7Sb, analog states, I :48
111,L12,113,1'4Cd,
spectra, I1 : 532
'14Cd, anharmonicity, I1 : 544
IzoSn, excitation by protons, I1 : 353
I4IPr, E 1 effective charge, I1 : 502
14291443146,148,15%d,
photo absorption, I1 : 491
144,146,148,'So,152,154~m,
spectra, II: 534, 577
'59Tb, spectrum, I1 : 254
'"Ho, rotational bands, I1 : 120
'"Er, y vibration, 11: 159
Id8Er, rotational bands, I1 :63
I6qm, ground-state band, I1 : 103
"*Tm, j3 decay, I1 : 142
172Hf,ground-state band, I1 : 68, 70
174Hf,p vibration, 11 : 168
I7'Yb, spectrum, I1 : 259
transfer intensities, I1 : 260
I7'Lu, spectrum, I1 : 154
176Lu,p decay, I1 : 141
177Lu,177Hf,spectra, I1 : 106
la1Ta, test of parity conservation, I : 24
188,192,196Pt,
spectra, I1 : 536
188*1900s,spectra, I1 :536
Ig7Au,electron scattering, I : 159
photo absorption, I1 : 475
206Pb,pair correlation, I1 :641
207Pb,spectrum, I :324, 325
207Tl,/3 decay, I : 35 1
spectrum, I : 324, 325
208Pb,spectrum, I : 324
(d 'He) to 3 - state, I1 : 562
spin excitation, I1 : 639
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2+ state (4.07 MeV), II:519

209Pb,p decay, I : 352

E 3 effective charge, I1 :565
spectrum, I :324, 325
209Bi,E 3 effective charge, I1 : 565
spectrum, I : 324, 325
(h9,2 3 -) septuplet, I1 :570
233Th,
neutron resonances, I : 178, 180, 182
spectrum, 11 : 554,555

235U,
Coriolis coupling, I1 :277

spectrum, I1 : 274
237Np,a intensities, I1 :268
spectrum, I1 :266
23sU,
fission channels, I1 : 123
ground-state band, I1 :67
239Pu,rotational bands, I1 : 112
241Pu,
fission isomer, I1 :623
'"Cm, 6 + isomer, I1 : 144

